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The main sources for the course are [Mil20], [Ser79], [CF10], [AT09]. Most of

the prerequisites which we state without a proof can be found in [Neu99l §I - §I1]

or [Ser79, §I - §III].

1. LECTURE 1, 1/26/2021

1.1. The main ideas of class field theory, cf. [Mil20, Introduction]. Let K be
a global field (e.g., Q) or a local field (e.g., @,.) Class field theory is the study
of abelian extensions E/K, i.e., (finite or infitnite) Galois extensions whose Galois
group is abelian. The main point is that one is able to understand the structure
and even classify these extensions in terms of an invariant of K itself. In the global
case, this invariant is the idele class group

Ck =Ag/K*.
In the local case, this invariant is the multiplicative group
Cx =K*.

In both cases, C'x contains “all the information” about abelian extensions of K.
But why do we care?

1.1.1. Power reciprocity. For a prime p and an integer n not divisible by p, recall
the Legendre symbol

1, if n is a square mod p,
(n/p) = :
—1, otherwise.

Recall the quadratic reciprocity law:

(p/9)(a/p) = (-1)

for distinct odd primes p, ¢, and

(p—1)(g—1)
g

2
(~1/p) = (-7, @2/p) = (-)"=

One can deduce from global CFT power reciprocity laws for powers greater than 2.
These cannot be stated as neatly, but for powers 3,4 one can obtain a reasonably
concrete statement. For example, one can use cubic reciprocity to quickly compute
that 2 and 7 are not cubic powers modulo 61.

The more important point is that CFT puts quadratic reciprocity into a greater
context. It reveals the deep link between quadratic reciprocity and many other
number theoretic phenomena.
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1.1.2. A classically minded example. As early as Fermat’s time, one was interested
in problems of the followg form: For a fixed integer n, find a criterion for a prime
p to be expressible as
p=2>+ny*, z,ycZ.

For example if n = 1, then we know p is of the form z? + y2 if and only if p = 1
mod 4. In some sense this problem is the starting point of algebraic number theory,
as we know whether p = z2 + 9?2 is related to the prime decomposition of p in the
field Q(v/—1).

Using CFT, one can obtain a complete solution to this problem. There is a whole
book about this [Cox13|. To illustrate, for n = 14, we have:

Theorem 1.1.3. A prime p is of the form z? + 14y? if and only if
(*) (~14/p) =1, and (X?+1)?> —8 has a root mod p.

Here the class field theory of K = Q(v/—14) is at play. The condition p =
2?2 + 149? is equivalent to pOx = pp with p a principal prime ideal in Og. The
condition () is equivalent to that pOx = pp and that p splits in a certain finite
abelian extension H/K, called the Hilbert class field of K. What CFT tells us here
is an equivalence between p being principal and p being split in H. This relationship
can be called “reciprocity”, and is a recurring theme in CFT. We will soon see that
quadratic reciprocity can also be understood in terms of similar philosophy.

1.1.4. Why “class field”? Consider a number field K. By a modulus of K, we mean
a formal finite product

m =7k,
where v; are places of K and e; € Z>(. This should satifying the following condi-
tions:

e If v is a complex place, then v does not appear in m.
e If v is a real place, then the power of v in m is 0 or 1.

Given a modulus m we define the ray class group Cly, as the quotient group of the
group of fractional ideals of K coprime to m modulo the principal ideals generated
by those z € K* satisfying:
e For each real place v appearing in m, the image of  in K,, = R is positive.
e For each finite place p such that p© appears in m, we have f is coprime
with p (i.e., f € Ok ), and f € 1 +p°Ok .
Then Cly, is a finite abelian group. (The finiteness is no longer true for global
fields of characteristic > 0.) The usual class group Cl(Op) is a special example,
corresponding to m = 1. Another example is the narrow class group, corresponding
to m = product of all real places. This is the quotient group of all fractional ideals
modulo those principal ideals generated € K* such that v(z) > 0 for all real
places v, i.e., the totally positive v € K*.
For the given modulus m, CFT implies the existence of a ray class field

Kn/K.

This is the unique (!) finite abelian extension such that whether a prime p of K splits
in Ky, is equivalent to whether p is trivial in Cly,, with finitely many exceptions of
p. (The uniqueness is still true if we replace “abelian” by “Galois”.) In principle,
one can work out a polynomial f(X) € Og[X] such that a prime p of K splits
in Ky, if and only if f(X) mod p splits into linear factors in (O ,/p)[X], with
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finitely many exceptions. Thus we have obtained a criterion similar to condition
(*) in Theorem for p to be trivial in Cl,,. The point is that for each m, there
exists such a criterion.

We have a canonical isomorphism

U Cly, — Gal(Ky/K),
called the Artin map. Any p coprime to m is unramified in K, and

Y(p) = (p, Kn/K).

Here (p, Kin/K) is the arithmetic FrobeniusH Clearly the above formula uniquely
characterizes ¥ since the group Cly, is generated by those p that are coprime to
m. But it is a deep statement in CFT that this formula defines a map on Cl,,.
In other words, if () is a principal ideal that is trivial in Cly,, and if we have the
factorization (z) = []q;", then we have

H(qiva/K)ni =1

in Gal(K,,/K). This statement is sometimes called Artin Reciprocity.

Recall: Let E/K be a finite Galois extension of global fields, and let p be a
prime of K unramified in E. For each prime B of E over p we have a well-defined
arithmetic Frobenius element o = (P, E/K) € Gal(E/K). This is characterized by
the condition that o stabilizes B, and o acts on the residue field k() = Op/PB
by the Frobenius x +— %, where ¢ = |k(p)| = |Ok/p|. When P runs through
the primes over p, the elements (P, E/K) form a conjugacy class in Gal(E/K),
denoted by (p, E/K), and called the Frobenius conjugacy class of p. We have
(p, E/K) = {1} if and only if p splits in E. More generally, if the elements of
(p, E/K) have order f in Gal(E/K), then p factorizes into [E : K]/ f many distinct
primes, with each residue degree being f. If Gal(E/K) is abelian, then (p, E/K)
reduces to a single element.

Remark 1.1.5. In the special case m = 1, the ray class group Cl,, is the usual class
group, and the ray class field Ky, is the so-called Hilbert class field H. It is maximal
finite abelian extension of K in which all places (including archimedean ones) are
unramified. For any prime p of K, we have p splits in H if and only if p is principal.

We have a “generalized Kronecker—Weber Theorem’EI7 stating that every finite
abelian extension E/K is contained in Ky, for some sufficiently large m. In this
way we obtain a complete classification of abelian extensions, as well as understand
the Galois groups and how primes factorize.

The theory sketched above is the so-called ideal-theoretic formulation of global
CFT. The modern formulation using ideles is cleaner, and provides more insight on
how the theory is functorial in K.

2. LECTURE 2, 1/28/2021
2.1. Applications of CFT.

INote that ¥ is said to have the arithmetic normalization. The negative of ¥, which sends p
to the geometric Frobenius (p, £/K)™1, is said to have the geometric normalizatoin.
2The original Kronecker—Weber Theorem is just for K = Q
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2.1.1. Chebotarev Density Theorem. Let E/K be a finite Galois extension of num-
ber fields, not necessarily abelian. Let G = Gal(E/K). For each prime p of K that
is unramified in E' (which is true with only finitely many exceptions), p determines
a conjugacy class (p, E/K) in G.

One of the classical applications of CFT is the following:

Theorem 2.1.2 (Chebotarev Density Theorem). E|Let E/K be a finite Galois
extension of number fields. Let C be a conjugacy class in G = Gal(E/K). The set
of primes p of K such that (p, E/K) = C has density |C| /|G| among all primes of
K. In particular, this set is infinite.

One consequence is that there are always infinitely many primes of K that split
in E (corresponding to C' = {1}), and also infinitely many primes that do not split
in E. Another classical consequence is Dirichlet’s theorem, stating that there are
infinitely many prime numbers in the arithmetic progression a+bn,n € Z, provided

that (a,b) = 1. See Corollary below.

2.1.3. Other applications. There are many other applications that we do not have
the time and space to survey. These include Artin L-functions, Grunwald—Wang
Theorem (see [AT09, Chapter X]), and local-global principle for quadratic forms
(a non-degenerate quadratic form over a number field K represents 0 if and only if
its base change to K, represents zero for each place v), just to list a few. We also
mention that CFT is the GL;-case of the Langlands program, so it is the starting
point of a long long journey...

2.2. CFT for Q.

2.2.1. Review of cyclotomic extensions. Let K be a general field. Let m be a
positive integer such that m # 0 in K. Let p,, be the group of the m-th roots
of unity in K, i.e., the m distinct roots of X™ — 1. Then pu,, is a cyclic group of
order m, and its generators are called primitive m-th roots of unity. We often fix
one primitive m-th root of unity, denoted by (,,. The field K () = K((n) is the
splitting field of X™ — 1 over K, so the extension K(()/K is finite Galois. This
is called the m-th cyclotomic extension.
There is a natural injection

a: Gal(K((m)/K) — Aut(pm) = (Z/mZ)™.
Namely, if a(c) is characterized by o((m) = Co®. In particular, K ((pn)/K s
abelian and its degree divides ¢(m) := |(Z/mZ)*|.
The cyclotomic extensions are closely related to cyclotomic polynomials. For
each positive integer m, we define

q)m(X) = H(X - w)?
where w runs through the primitive m-th roots of unity (say in C). We have the
recursive relations by
B Xm 1
Hd|m,0<d<m (I)d(X) .

P (X)=X—-1, D,(X)
In particular ®,,(X) € Z[X].

3This is also true for global function fields.
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We can naturally view ®,,(X) as a polynomial over K. Then K((,)/K is
obtained by adjoining to K one root of ®,,(X). Note that deg ®,,(X) = ¢(m), so
we see that the following conditions are equivalent:

(i) a: Gal(K(¢m)/K) — (Z/mZ)* is an isomorphism.
(i) [K(Cm) : K] = ¢(m).
(iii) min(¢n/K) = O(X).
(iv) ®(X) is irrreducible in K[X].
2.2.2. Cyclotomic extensions of Q.

Theorem 2.2.3 (Gauss). For each m > 0, the cyclotomic polynomial ®,,(X) is
irreducible in Q[X].
FEzxercise 2.2.4. We prove the theorem in steps. Assume ®,, is not irreducible in
Q[X]. Since it is a monic polynomial in Z[X], it is not irreducible in Z[X] by Gauss’s
Lemma. Hence ®,, = fg, with f,g € Z[X], f irreducible, and deg f,degg > 1.
(i) Suppose ¢ is a root of f such that (P is a root of g for some prime p coprime
to m. Show that f divides g” inside F,[X].
(ii) Under the above assumption, show that ®,, has a multiple root, which is
a contradiction.
(iii) Use the above results to show that every primitive m-th root of unity is a
root of f, finishing the proof.

By the theorem, the injection a : Gal(Q((n)/Q) — (Z/mZ)* is an isomorphism.
We thus have a canonical isomorphism
U =a 1 (Z/mZ)* = Gal(Q(¢n)/Q),
where a goes to the automorphism

Cm > -

Note that if m =2 mod 4, then ¢(m) = ¢(m/2), and hence Q((m) = Q((my2)-
We shall henceforth assume m # 2 mod 4. In this case we have the following facts:
Theorem 2.2.5 (See [Was97] §2). We have Og(c,.) = Z[Cm]. A prime p ramifies
in Q(Gn) if and only if plm. Moreover, the discriminant of Q((n) is
mo(m)

T, P70/

Recall: Let E/K be a finite extension of number fields. We recall the explicit
method to find the factorization of (almost all) primes of K in E. Write E = K (0)
with 8 € Og, which can always be arranged. Consider the ring Og[6]. It is a
subring of O such that Ok [f] ®z Q = E. Such subrings of O are called orders.
Define the conductor of Ok[f] to be

= {a € O | aOg C OK[Q]}
It is the largest ideal of O that is contained in Ok [f]. When Ok [0] = O, § = Og.

Proposition 2.2.6. Let p be a prime of K that is coprime to §. Let f € Ok [X] be
the monic minimal polynomial of 6 over K. Inside k(p)[X] = (Ox /p)[X], factorize
f into irreducible polynomials:

(_1>¢(m)/2

FX) =TT A € kp)[x],
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where f;(X) are irreducible polynomials in k(p)[X]. Then the factorization of p in
FE is given by:

g

pOE = Hm:zu

i=1

where _
B; =pOg + fi(0) Ok,

with f; € Ok [X] a lift of fi. Thus the ramification index of P; over p is e;. More-

over, the residue extension k(P;) over k(p) is isomorphic to the simple extension

k(p)[X]/(fi(X)) over k(p). In particular it has degree deg f;.
Proof. See [Neu99, Chapter I, Proposition 8.3]. O

Lemma 2.2.7. For any prime p coprime tom, the map ¥ : (Z/mZ)* = Gal(Q((,,)/Q)
sends p to (p, Q(Cn)/Q).
Proof. Write E for Q((,). Let 8 be a prime of E over p. Recall that (p, E/Q) is the
unique element of the decomposition group Dy (E/Q) (i.e., the stabilizer of 9B in
Gal(E/Q)) such that (p, E/Q) induces = — zP on the residue field k() = Ok /B.
We only need to check that ¥(p) € Dyp(E/Q), because then it is clear that ¥(p)
induces z — P on k(). Let
Em — 1@1 ...f;g c FP[X]

be the irreducible factorizatoin in F,,[X]. Since

O = Z[Gn] = ZIX]/(®m (X)),
the prime factorization of pOf is given by B - - - Py?, where P; = (fi(Cm),p)7 for

any f; € Z[X] lifting f;. (Since we know p is unramified in F, in fact all e; = 1.)
Suppose ¥(p)(P;) =P, for some ¢ # j. Then

B, = (fi(Ch),p) = (h(Gm),p),
where h(X) = f;(X?) € Z[X]. Since h = ff mod p, we have

a contradiction. We have thus proved that ¥(p) stabilizes each 3; as desired. O

APPENDIX. RECALL OF ELEMENTARY RAMIFICATION THEORY

We recall some basic facts from ramification theory. See [Neu99, §1.9] and [Ser79,
§L.7] for details.

The global case. Let E/K be a finite separable extension of number fields. Fix
a prime p of K (i.e., a prime p of O). We have the factorization

g
pOE = H&B?,
i=1
where 3; are distinct primes of I/, and e; € Z>;. The integer e; is called the
ramification index of YB; over p, and we also denote it by e(;/p). Define f; :=
[k(B:) : k(p)], called the residue extension degree. We also denote it by f(B;/p).

Then we have ’

Zeifi = [E : K]

i=1
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From now on, we always assume that E/K is Galois (i.e., separable and normal).
Then e; and f; are independent of i, i.e., they depend only on p. Writing e, f for
them, we have

efg=|F: K].
If e=[E: K] (resp. if f=[E: K], resp. if g = [E : K]), we say that p is totally
ramified (resp. inert, resp. split) in E/K.

If e = 1, then we say that p is unramified in E/K. In this case we also say that
PB; is unramified over p (for any i). We know that only finitely many primes of K
ramify in K. These are precisely the prime divisors of the relative discriminant of
E/K (an ideal of Ok). See [Ser79l §II1.5] or [Neu99, §I11.3].

For each i, we have the decomposition group D; = Dy, (E/K) C Gal(E/K),
which is defined to be the stabilizer of 3; in Gal(E/K). If v € Gal(E/K) maps ;
to B;, then yDiy~t = D;. For any i, j, such v always exists. Hence the D;’s are
conjugate inside Gal(E/K).

The residue extension k(93;)/k(p) is an extension of finite fields, so Gal(k(B;)/k(p)) =
Z] fZ, where a generator is given by the Frobenius z — z!*®)1 We have a natural
surjective homomorphism

Di — Gal(k(%:)/k(p))-

Define its kernel to be the inertia group I; = Iy, (E/K). We have |D;| = ef, |I;| = e.
Let Z; = EP" and T; = E'i, called the decomposition field and inert field of 3;
respectively. Thus

f
E 5 T, D Z; % K,
wherethe superscripts are the degrees of the extensions. By construction E/Z; and

E/T; are Galois with Galois groups D; and I;. Also, T;/Z; is Galois with Galois
group D;/I; = Gal(k(B;)/k(p)). Let P, z be the prime of Z; below PB,. Then

Bi,z0p = %7,
i.e., B;,z does not decompose into distinct primes in £, thus the terminology “de-
composition field”. Also, P; zOr, is a prime ideal of Or,, i.e., B; z is inert in T3,
thus the terminology “inert field”. Let B; + = B, zOr,;. We have k(B r) = k(B:),
and k(Pi z) = k(p).

In terms of the invariants e, f, we have
e(Biz/p) = f(Biz/p) =1
e(Bir/Biz) =1, f(Bir/Biz) = [,
e(PBi/Bir) = e, [(Bi/Pir) = 1.
Note that 9, 7 is totally ramified in the extension E/T;.

If E/K is abelian, then D;,I;, Z;,T; are all independent of i, and we omit the
subscript 7. In this case, p decomposes into ¢ distinct primes in Z. Each of them
stays inert and unramified in 7/Z. Each of the resulting primes in T is totally
ramified inside E/T. The extension T'/K is the largest subextension of E/K in
which p is unramified.

Finally, we remark that all the above essentially also works with number fields
replaced by global function fields, which means finite separable extensions of Fy(t).
The only modification needed is that prime ideals of Ok and O have to be replaced
by places of K and F, i.e., equivalence classes of absolute values. Here two absolute
values on a field are called equivalent if they differ by a positive real power. Instead
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of looking at the decomposition of pOp into primes of Of, we look at how a place
of K extends to different places of E. See [Neu99l §IT] for details.

The local case. Recall that a non-archimedean local field is a finite extension of
Qp or Fy((t)). Let E/K be a finite Galois extension of non-archimedean local fields.
(In the archimedean case, the only non-trivial extension is C/R, which is of course
well understood.) We write py for the unique maximal ideal in O, and write kx
for the residue field Ok /px. Similarly we have pg and kg. Everything we said in
the global case holds verbatim in the local case, with the simplification that g =1
always, i.e., pxOp = p%. (For instance, “split” never happens unless £ = K.) The
decomposition group D, (E/K) is just Gal(E/K), so this notion is useless in the
local case.

From global to local. Let E/K be a finite Galois extension of number fields. Let
B be a prime of £/ above a prime p of K. Consider the completions Egp and K.
The extension Eq /K, is Galois, and its Galois group is canonically identified with
the decomposition group Dy (E/K). Under this identification the inertia subgroup
of Gal(Eyp/K,) corresponds to the inertia subgroup of Dy (E/K).

Again, everything also holds for global function fields, provided that we replace
primes by places.

3. LECTURE 3, 2/2/2021
3.1. CFT for Q continued.

Corollary 3.1.1. For a prime p coprime to m, let g be the number of distinct
prime of Q((n) over p, and let f be the residue extension degree. Then f = the
order of p in (Z/mZ)*, and g = ¢p(m)/f.

Proof. Recall that ¢(m) = [Q((m) : Q] = efg, where e is the ramification index of
p. We know e = 1. Now f is the order of (p, Q((,)/Q), which is equal to the order
of p in (Z/mZ)* by Lemma [2.2.7} O

If P is a prime of Q((,,) above p, then Q((m)yp = Qp(¢m) as Qp-algebras. We
hence deduce the following local result, which can also be proved purely locally, see

[Ser79, §IV.4].

Corollary 3.1.2. If p is coprime to m, then Q,((n)/Q, is unramified and has
degree equal to the order of p in (Z/mZ)*.

We can now deduce Dirichlet’s theorem on primes in arithmetic progressions
from the Chebotarev Density Theorem.

Corollary 3.1.3 (of Lemma and Theorem 2.1.2). Let a,m be coprime positive
integers. There are infinitely many primes in the arithmetic progression a+mmn,n €
Z.

Proof. Primes in this arithmetic progression are precisely those p such that ¥(p) =

U(a) € Gal(Q((m)/Q). Since {T(a)} is a conjugacy class in Gal(Q((,)/Q), the
density of such primes is 1/¢(m) > 0. O

For Q, a modulus m is a symbol m = m or m = com, with m € Z~o. When
m = m, the ray class group Cl,, is defined to be the quotient group of the group
of fractional deals of Q coprime to m modulo those principal ideals generated by
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f € Q% such that f is coprime to m (i.e., f = a/b with a,b coprime to m) and
f=1 mod m (ie, ab~ =1 in (Z/mZ)*). When m = com, the definition of Cly
is the same but with the extra condition f > 0.

Ezercise 3.1.4. We have an isomorphim (Z/mZ)* = Cle,, under which each
prime number p coprime to m goes to the class of the prime ideal (p). Similarly,

(Z/mZ)* | {£1} = Cl,.

Theorem 3.1.5. The extension Q((,,)/Q is the ray class field corresponding to
m = ocom, and U is the Artin map, after identifying (Z/mZ)* with Cleom,.

Proof. For a prime p coprime to m, p splits in E if and only if (p, E/Q) = 1, if and
only if ¥(p) = 1 (by Lemmal[2.2.7), if and only if p = 1 in (Z/mZ)* = Cl,,. By the
characterization of the ray class field Qg we have Qn = E. Since ¥(p) = (p, E/Q),
U is the Artin map. O

Theorem 3.1.6 (Kronecker—Weber). Every finite abelian extension E/Q is con-
tained in Q((,) for sufficiently large m.

Remark 3.1.7. Given a finite abelian extension E/Q, one can characterize the small-
est m such that £ C Q({,) as follows. Firstly, the prime divisors of m are precisely
the primes that are ramified in E. Secondly, m is the smallest such that the map
(Z/mZ)* — Gal(E/Q) sending every unramified prime p to (p, E/Q) is well de-
fined.

Remark 3.1.8. The generalized Kronecker—Weber Theorem in CF'T states that every
finite abelian extension of a number field K is contained in Ky, for a sufficiently
large modulus m. For K = Q, all sufficiently large moduli are of the form m = com
(that is, oo must appear), and we have seen that Qoo = Q((n)- In contrast, The
ray class field corresponding to the modulus m = m is Q((n + ¢;,}), the totally
subfield of Q((). These fields are clearly not large enough for Kronecker—Weber
to hold.

3.1.9. Using the Kronecker—Weber theorem and the Artin isomorphism
U (Z/mZ)* — Gal(Q(¢n)/Q),  p = (9, Q) /Q),

we have obtained a classification of all the abelian extensions F/Q, as well as
understood the Galois groups Gal(E/Q) and how unramified primes decompose
in F (since we understand the elements (p, E/Q), which is just (p, Q((n)/Q)|E if
E C Q(¢m))- This is essentially the main content of global CFT for Q.

3.1.10. We sketch how one can deduce quadratic reciprocity as an almost formal
consequence of the above facts. For simplicity, we only consider distinct odd primes
p,q with ¢ =1 mod 4. We need to show (p/q) = 1 if and only if (¢/p) = 1.

Since (Z/qZ)* = Gal(Q(¢,)/Q) is cyclic (as g is prime), there is a unique qua-
dratic extension K/Q inside Q(¢,). Since ¢ is the unique finite prime that ramifies
in Q({y), it is also the unique finite prime that ramifies in K. Thus K has to be
Q(\/q) (note that both ¢ and 2 ramify in Q(y/—¢), whose discriminant is 4¢), i.e.,
we have shown that Q(,/q) C Q((;). See also the exercise below for an explicit
embedding Q(,/q) C Q(¢;). Now the kernel of

F:(Z/qZ)* 2 Gal(Q(¢,)/Q) — Gal(Q(vq)/Q)
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is precisely the subgroup of square elements, since (Z/qZ)* is cyclic. Hence (p/q) =
1 if and only if p € ker F', if and only if (p,Q(¢,)/Q) fixes Q(y/q), if and only if

(p,Q(/q)/Q) = 1, if and only if p splits in Q(,/g), if and only if X? — ¢ splits
modulo ﬂﬂ, if and only if (¢/p) = 1.

Exercise 3.1.11. Complete the proof in the case p = ¢ =3 mod 4.

Ezercise 3.1.12. Let ¢ be an odd prime number. Let
q
y = (/0 € Q)
j=1
where (j/q) is the Legendre symbol. Show that y? = (—1/q)q -

3.2. Ramification in the cyclotomic extension. Let p be a prime. If p|m, then
how does p behave in Q(()? For simplicity we only deal with the case m = p",
but see Remark B.2.6] below.

Lemma 3.2.1. Suppose m = p". Then p is totally ramified (i.e., ramification
index = degree) in Q(¢m).

Proof. We have @,,(X) = (XP" 71)/()(”“1 —1). Modulo p this polynomial becomes
(X —1)P /(X —1)P" " = (X —1)P" P = (X — 1)?(™). Hence pOgc,,) = P,
O

where ‘B is generated by (,, — 1 and p.

As before, we immediately deduce a local statement, which again has a purely
local proof as in [Ser79, §IV.4].

Corollary 3.2.2. Let m = p". Then Qp((n)/Qp is totally ramified, and the degree
is ¢(m).

3.2.3. Structure of Qu(¢m)/Q, for general m. Fix a prime p. To simplify notation,
for each integer m > 1 we write K, for Q,({). Firstly, we can combine Corollary

and Corollary as follows.

Proposition 3.2.4. Let m = np”, where n € Z>1 is coprime to p, and r € Zx>.
Let e be the ramification index of K,,/Qp, and let f be the residue extension degree
of K, /Qp. Thene = ¢(p"), and f = the order of p in (Z/nZ)*. Moreover, K,,/Q,
is the linearly disjoint compositum of K, /Q, and Kyr /Q,.

Proof. We have seen the special cases m = n and m = p” in Corollary [3.1.2] and
Corollary [3.2.2] Note that K,, is the compositum of K, and K- over Q,, because
(nCpr is a primitive m-th root of unity. The proposition then follows from the
following general fact. U

Fact 3.2.5. Suppose E/F is a finite Galois extension of local fields. Suppose E
is the compositum of two normal subextensions E,/F and E,/F, where E,/F is
unramified and E,./F is totally ramified. Then the ramification index e(E/F) is
equal to [E, : F], and the residue extension degree f(E/F) is equal to [E, : F]. In
particular [E : F] = [E, : F|[E, : F], and so E./F and E, /F are linearly disjoint.

4Note that the conductor of Z[\/q) in Og(q) = Z[\/E;l] contains 2 and is therefore coprime

to p. (In fact, the conductor is 2(9@(\/@ .) Therefore the splitting of p is equivalent to the splitting
of X2 — ¢ modulo p.
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Proof. The ramification degrees satisfy
e(E/F) = e(E/Ey)e(Ey/F) = e(E/E;)e(E,/F).
Since e(E,/F) = 1, we have e(E/F) = e(E/E,) < [E : E,] < [E, : F] =
e(E./F) < e(E/F). Hence equality must hold everywhere. Similarly, we have
f(E[F) = f(E/E)f(E,/E) = f(E/E.) f(Eu/F).

Since f(E./E) = 1, we have f(E/F) = f(E/E,) < |[E : E,] < [E, : F] =
f(Ey/F) < f(E/F). Hence equality must hold everywhere. O

Remark 3.2.6. In the global setting, if m = np"” with p fn, it is a lot easier to see
that Q((,,) is a linearly disjoint compositum of Q(¢,,) and Q({pr). Just use that
d(m) = ¢(n)d(p™)! In fact, using this linearly disjointness we can easily understand

the behavior of p in Q((,) by combining Corollary and Lemma For
instance, we have e = ¢(p”) and f = order of p in (Z/nZ)*. We leave the details

to the reader. (Of course these formulas for e, f also follow from the local formulas

in Proposition )

4. LECTURE 4, 2/4/2021
4.1. The local Artin map for Q,.

4.1.1. Fix a prime p. For each m € Zx1, write K,,, for Q,({y,). Write oy, for the
natural injecition Gal(K,,/Q,) — (Z/mZ)*.

Write m = p"n, with p /n. We have seen in Proposition that K,,/Q, is the
linearly disjoint compositum of K,-/Q, and K,,/Q,. Therefore we have a canonical
isomorphism

Gal(K,/Qp) = Gal(K,,/Qp) x Gal(Kp/Qp),
induced by the two natural projections. Under this decomposition, the injection
oy, 1s compatible with the injections ay, and ayr, if we identify (Z/mZ)* with
(Z/nZ)* x (Z/p"Z)* via the Chinese Remainder Theorem.

Since K,,/Q, is unramified, its Galois group is generated by the Frobenius ele-
ment. Clearly «,, sends the Frobenius to p € (Z/nZ)*. (This statement is strictly
easier than the global statement Lemma ) We have also seen in Proposition
that a,r is surjective. Therefore the image of oy, is the subgroup

{p) x (Z/p"Z)* C(Z/nZ)" x (Z/p"Z)" = (Z/mZL)".
4.1.2. Recall that Q) = p? x Z, . Define the map
Jm 2 Qp — (Z/mZ)* = (Z/nZ)" x (L[p"ZL)"
by combining the maps
P’ = (Z/nZ)*, prrp

and
ozt

7y ——— Ly =L, /(1 +p"ZLy) = (Z/p"Z)".
Clearly the image of j,, is equal to the image of a,,, so the composition a;! o j,,
makese sense. We thus get a surjective homomorphism:

Um = a0 1 Q) — Gal(Ky, /Qp),
called the local Artin map for the extension K,,/Q,.
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If I is a multiple of m, then we have commutative diagrams

Gal(I;/Q,) —— (Z/1Z)*

| |

Gal(Kp /Qp) —— > (Z/mZ)*
and

— (2/1z)*

|

I (Z)mZ)*

where all the vertical maps are the natural ones (noting that K, C K;). Therefore
the following diagram commutes

QX —> Gal(K,/Q,)

|

Q) — Gal(K:n/Qy)

In other words, we have a homomorphism

¢ Qy — lim Gal(Kn /Qp) = Gal(Q/Qy),

where ngd is the union of all K,,’s. Since each 1, is surjective, we know that 1
has dense image, where Gal((@;yd /Q,) is endowed with the profinite topology.

Theorem 4.1.3 (Local Kronecker—Weber Theorem). Each finite abelian extension
E/Q, is contained in some K,y,.

By the theorem, ngcz is the maximal abelian extension of Q,, inside @p, denoted
by ng. (The mazimal abelian extension makes sense, as the compositum of two
finite abelian extensions is finite abelian.) Hence % is a homomorphism

P QY — Gal(Q3°/Qy).

This is called the local Artin map. One of the main goals of local CFT is to construct
the analogue of 1) when Q, is replaced by a general local field K. The general local
Artin map is of the form

¢ K* — Gal(K*/K).

4.2. The idelic global Artin map. Fix m € Z~;. For any prime p, we can iden-

tify Gal(Q,(Cm)/Qp) with the decomposition group D, (Q(()/Q) € Gal(Q(()/Q).
(The decomposition group does not depend on the choice of a prime of Q((,,) above
p, since the extension is abelian.) Thus we have an embedding Gal(Q,((m)/Qp) —
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Gal(Q(¢m)/Q). The following diagram commutes:

QF —2 5 Gal(Qy(Gm) /Qy)

(Z/mZ)* —> Gal(Q((n)/Q)

where the bottom map is the global Artin map, and we have written v, , and
Jm.p for what were previously denoted by v, and j,,. We denote the map Q; —
Gal(Q(¢m)/Q) resulting from either way of composition by U, .

Clearly when p runs through all the primes, the images of j,, , generate (Z/mZ)*.
This suggests that we should think of the global Artin map more canonically as a
map from “[[, Q" to Gal(Q(¢m)/Q). This map should just be the product of the
maps ¥, ,, : QF — Gal(Q((,)/Q). However, we immediately see that this strategy
does not make sense, because there are infinite many p’s (!) and we cannot take
the product of infinitely many maps into Gal(Q({,,)/Q). This problem is solved
by Chevalley’s idea of using ideles. In the current example, we have the following
two key observations:

(i) If 2 € Q*, then for almost all primes p the image of z in Q) lies in Z.
(ii) If p is a prime not dividing m, and if € Z), then the local Artin map
Ymp + Qp — Gal(Qp(Gn)/Qp) kills z.

Based on observation (ii), the infinite product [, ¥, () makes sense, as long
as x, € Z,; for almost all p. Thus we consider the elements (z,), of [[, Q; such
that x,, lies in Z) for almost all p. Such elements are called the finite ideles. They
form a subgroup of Hp Q, , denoted by A;. Define the group of ideles to be

AX = R* XA;.

By the above observation (i), Q* embeds diagonally into A*. That is, we map
x € Q% to the idele (2o, 2, X3, - ), where each x, is just x.
The idelic global Artin map for the extension Q((,,)/Q is a map

U, : A — Gal(Q(¢r)/Q)

defined as follows. For & = (Too, Zp) = (Too, T2, 23, -+ ) € AX, we have

U (2) = U oo (@oo) - [ [ Yamip ().
P
Here W,, ;, is the map Q) — Gal(Q((rn)/Q) defined before, and ¥y, o is the map
R* — Gal(Q(&n)/Q) sending all positive reals to the identity and sending all

negative reals to the complex conjugation in Gal(Q(({,)/Q) (which corresponds to
—1 € (Z/mZ)*).

Ezercise 4.2.1. Check that U,, is well defined, and that it is trivial on the diagonally
embedded Q*.

As in the local case, when m varies the global Artin maps for Q(¢,,)/Q glue
together to a map

U A — lim Gal(Q(¢n)/Q) = Gal(Q¥/Q).

m
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By the global Kronecker-Weber Theorem, the right hand side is Gal(Q*/Q). By
the above exercise, we can replace the left hand side by A* /Q*. Thus we have

T AX/Q* — Gal(Q™/Q).

One of the main goals of global CFT is to generalize this map when Q is replaced
by an arbitrary global field K. The general global Artin map is of the form

U A% /K* — Gal(K*™/K).
5. LECTURE 5, 2/9/2021
5.1. Recall of profinite groups and inifinite Galois theory.

5.1.1. Inverse limits. Recall that a directed set is a set I equipped with a binary
relation >, satisfying:
(i) i>idforallie I
(ii) If ¢ > j and j > k, then i > k.
(iii) For any i,j € I, there exists k such that k >4 and k > j.

FEzample 5.1.2. Below are typical examples of inverse systems that we will use.

(i) I =Z>, with the natural order >.
(ii) I = Z>1, where m > n if and only if n|m.
(iii) Let G be a topological group. Let I = the set of all finite indexed open
normal subgroups of G. For Hy, Hy € I, we define H; > Hy if Hy C Hs.
(iv) Let E/K be a field extension. Let I = the set of all fintie Galois extensions
of K inside E. For Ly, Lo € I, we define Ly > Lo if L1 D Lo.

Ezercise 5.1.3. Check examples (iii) and (iv).

Let C be an arbitrary category, e.g., the category of sets/groups/topological
groups, etc. Let I be a directed set. By an inverse system in C indexed by I, we
mean a family of objects (G;)ier in C together with morphisms f; ; : G; — Gj
(called transition maps) defined whenever ¢ > j. These should satisfy:

(i) For all i € I, we have f; ; = idg,.
(ii) If i > j > k, then f; : G; — Gy, is the composition G; fl—J> G; f]—k> Gy.

Example 5.1.4. Let G be a topological group. Let I = the set of all finite indexed
open normal subgroups of G. Then (G/N)n¢; is an inverse system of finite groups.
Here when N > N’, the transition map G/N — G/N’ is the projection (since
NCN')

Ezample 5.1.5. Let E/K be a field extension. Let I = the set of all fintie Galois
extensions of K inside E. Then (Gal(L/K))Le; is an inverse system of finite groups.

Here when L > L' the transition map Gal(L/K) — Gal(L'/K) is the restriction
map (since L D L")
Let (G;)icr be an inverse system in C. By an inverse limit of (G;);cs in C, we
mean an object G in C together with morphisms p; : G — G; for all ¢, satisfying:
(i) The p; are compatible with the transition maps, i.e., whenever i > j the
composition G 25 G; ﬁ—7> Gj is pj.
(ii) If H is an object in C and if ¢; : H — G; are morphisms defined for all

i compatible with the transition maps, then there is a unique morphism
u: H — G such that ¢; = p; o u for all 4.
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An inverse limit may not exist. If it exists, it is unique up to unique isomorphism.
We denote it by @z’el G;.

Lemma 5.1.6. Let (G;);er be an inverse system of topological groups. Suppose J
is a cofinal subset of I, meaning that Vi € I,3j € J such that j > i. Then the
inverse limit @je] G; exists if and only if I'&niel G; exists. When they both exist,
they are naturally isomorphic.

Proof. Exercise. U

5.1.7. Inverse limits of topological groups.

Theorem 5.1.8. Let C be the category of topological spaces/topological groups/topological
rings. Let (G;)icr be an inverse system in C. Then the inverse limit @iel G; ex-
151s.

Proof. Define G = (G})icr to be the subset of [[,.; G;, consisting of (g;);er satis-

iel
fying:

fiilg) = g5, Vijelst i>j.
Then G is a subgroup of [[,c; G, and it is equipped with natural maps p; : G — G;.

We endow [[,.; G with the product topology’} and endow G = @iel G; with the
subspace topology inherited from [], G;. Equivalently, the topology on G is the
weakest topology (i.e., the topology having the least open sets) such that each
natural map p; : G — G; is continuous. We leave it as an exercise to check that G
is the inverse limit in C. (]

Remark 5.1.9. Since the topology on G = yLnieI G; is the weakest such that each
G — G, is continuous, we know that for a topological space T'and amap f : T — G,

the map f is continuous if and only if the composition T’ ER G — G, is continuous
for all 7 € I.

Remark 5.1.10. Note that we can always view an abstract set/group/ring as a
topological group/ring by considering the discrete topology. The topology on the
inverse limit of discrete objects is discrete.

Now let (G;)ier be an inverse system of finite sets/groups/rings. On each G;
we put the discrete topology. By Tychonoff’s theorem, the product of arbitrarily
many compact topological spaces is compact. Hence J], G; is compact. It is also
easy to see that [[, G; is Hausdorff. Clearly I&Hl G, is a closed in [], G;. Hence it
is also compact Hausdorff.

Definition 5.1.11. A profinite group is a topological group that is isomorphic to
the topological group @ie s G, for some inverse system of finite groups (G;)ic;-

Remark 5.1.12. By definition, a profinite group is just a topological group satysfing
some properties. The presentation of it as an inverse limit of finite groups is not
part of the datum.

5A basis of open sets is given by sets of the form Hie] Gg C Hiel G;, where G; = @G; for

almost all 4, and G/ is open in G; for all i
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Ezample 5.1.13. For each prime p, the group Z, with its standard topology induced
by the p-adic absolute value is profinite. In fact, the natural group isomorphism
Ly = @n Z/p™Z is a homeomorphism. Similarly, Z, with the standard topology

is a profinite topological group isomorphic to @n(Z/ pZ)*.

Theorem 5.1.14. Let G be a Hausdorff topological group. It is profinte if and
only if it is compact Hausdorff and 1 admits a neighborhood basis consisting of
open subgroups.

Remark 5.1.15. In any topological group, any open subgroup is closed, because the
complement is a union of cosets of that subgroup which are all open. In a compact
group, all closed subgroups are compact, and a closed subgroup is open if and only
if it has finite index.

Proof. For the “only if” part, we have already seen that G is compact Hausdorff.
ftG= @ie s G, is a presentation of G as an inverse limit of finite groups, then
(ker(G — G;))ier is a neighborhood basis of 1 in G consisting of open (normal)
subgroups.

For the “if” part, since all open subgroups are of finite index, it is easy to see that
1 admits a neighborhood basis A consisting of open normal subgroups. (Given any
open subgroup, since it is of finite index, it has only finitely many conjugates. The
intersection of all the conjugates is an open normal subgroup.) For each N € N we
have the finite quotient group G/N. The set N is a directed set where Ny > N, if
N; C Ng, and (G/N)nen is an inverse system of finite groups. We can thus form
the profinite group G’ := @NEN G/N.

One checks that the natural map G — G’ is continuous (easy) and injective
(using that the N’s form a neighborhood basis of 1 and that G is Hausdorff).
We claim it is surjective. Let (gn)nven € G'. For each N € N, the coset
gn N is closed in G. Every finite subcollection of the closed sets (gnN)nenr, say
gn, N1, -+, gn, Nk, has non-trivial intersection. This is because we can find N € A/
such that N C Ny N---N Ng, and we have gyN C gn, N1 N --- N gy, Ni. Since
G is compact and since every finite subcollection of (gnyN)near has non-empty
intersection, we hvae

n gNN 7£ @

NeN
Now any element of the above set maps to (gn)n € G’. Thus we have shown that
the natural map G — G’ is a continuous bijection. Since the left hand side is
compact and the right hand side is Hausdorff, this map is a homeomorphism. [

Ezample 5.1.16. In Z,, 0 has a neighborhood basis consisting of open subgroups
p"Zyp. In Z,;;, 1 has a neighborhood basis consisting of open subgroups 1 + p"Z,.

Definition 5.1.17. A locally profinite topological group is a Hausdorff group such
that 1 admits a neighborhood basis consisting of compact open subgroups. Equiv-
alently, it is a Hausdorff group containing a profinite group as an open subgroup.

Ezample 5.1.18. The groups Q, and Q,° are locally profinite, since they contain the
profinite groups Z, and Z, as open subgroups respectively. However Q, and Q,
are not profinite, since they are not compact. Also, GL,(Q,) is locally profinite,
containing the profinite group GL,(Z,) as an open subgroup.

We have a convenient criterion characterizing dense subsets of a profinte group.
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Lemma 5.1.19. Let G be a profinite group, and fix an isomorphism G — @iel Gy,
where (G;)ier is an inverse system of finite groups. A non-empty subset S C G is
dense if and only if its image in G; is G; for each i € I .

Proof. If S is dense, then its image in G; is also dense since G — G is continuous.
But G; is discrete, so a non-empty dense subset of GG; must be G;.

For the converse direction, we assume without loss of generality that G =
im, G; C [[,Gi. Let g = (gi)ier € G, and let U be an open neighborhood of
g. We need to show that SNU # 0. Up to shrinking U, we may assume that
U ={(h); € G|Vié€ly h;=g;}, where Ij is a finite subset of I. (This follows
from the way the product topology on [], G; is defined.) Since I is finite, there
exists k € I that is a common upper bound of all elements of Iy. Let s € S be a
preimage of gr € Gi. Then the image of s in G; is g; for all 7 € Iy. Hence s € U.
This shows that S is dense in G. ]

The following fact characterizes (locally) profinite groups topologically. We will
not need it.

Fact 5.1.20. Let G be a topological group. Then G is profinite (resp. locally profi-
nite) if and only if it is Hausdorff, compact (resp. locally compact), and totally
disconnected, meaning that every connected component is a point.

5.1.21. Profinite completion. Let G be a topological group. We define its profinite
completion to be

=limG/N,
i

where N runs through open normal finite indexed subgroups of G. (Here note that
the quotient topology on each G/N is discrete, by the openness of N.) Then G
is profinite. There is a canonical continuous homomorphism G — @ and every
continuous homomorphism from G to a profinite group H factors through a unique
continuous homomorphism G- H. In general the map G — G is neither injective
nor surjective. This map is an isomorphism if and only if G is profinite. (The only if
part is trivial, and the if part is essentially proved in the proof of Theorem [5.1.14])
Note that this means when G is profinite, we have a canonical presentation of G as
an inverse limit of finite groups.

Corollary 5.1.22. Let G be a topological group. The image of G — G is dense in
G.
Proof. This follows immediately from Lemma O

Ezercise 5.1.23. Prove that there is a natural isomorphism of topological groups
7 = [ 2,
P
where p runs through all the primes. Here we view Z as a discrete topological

group, and Z is its profinite completion.

5.1.24. Infinite Galois theory. See [Mor96, §17] Let E/K be a Galois extension
(i.e., normal and separable), not necessarily of finite degree. Let I be the set of
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finite Galois extensions of K inside E. We have a natural isomorphism of abstract
groups
Gal(E/K) = @Gal(L/K).
Lel

The right hand side has the profinite topology, so we obtain a topology on Gal(E/K),
called the Krull topology. By definition, Gal(F/K) with the Krull topology is a
profinite group. Equivalently, the Krull topology on Gal(E/K) is obtained by re-
quiring (Gal(L/K))Les to be an open neighborhood basis of 1.

Theorem 5.1.25. The map L — Gal(E/L) is an inclusion-reversing bijection
from the set of intermediate extensions of E/K to the set of closed subgroups
of Gal(E/K). Under this correspondence, we have L/K is finite if and only if
Gal(E/L) is an open subgroup of Gal(E/K). In this case [L : K] = [Gal(E/K) :
Gal(E/L)]. We have L/K is normal if and only if Gal(E/L) is a normal sub-
group of Gal(E/K). In this case, we have a topological isomorphism Gal(L/K) =
Gal(E/K)/Gal(L/K), where the right hand side has the quotient topology.

Ezxercise 5.1.26. Prove the above theorem using finite Galois theory.

Ezxample 5.1.27. Let F, be a finite field. For each n € Z>1, we have Gal(Fyn /F,) =
Z/nZ. Taking the inverse limit in n on the two sides (with respect to divisibility),

we have a topological isomorphism Gal(F,/F,) = Z.

Ezample 5.1.28. For each m € Z>1, we have a canonical isomorphism (Z/mZ)* —
Gal(Q(¢m)/Q). Taking the inverse limit we obtain a topological isomorphism
fm (Z/mZ)* = Gal(Q®°'/Q). The left hand side is often denoted by Z*.

Ezample 5.1.29. For each m € Z>1, the local Artin map for Q, gives rise to a sur-
jective continuous map Q) = Gal(Q,(¢n)/Qp). Taking the inerse limit we obtain
a continuous map Q¢ — Gal(Qg¥' /Q,). This in fact induces an isomorphism from
the profinite completion of Q) to Gal(@f)yd /Qp). Recall that Q) is only locally
profinite. If we identify it with Z x Z, then its profinite completion is Z x Z,. We

thus have two closed subgroups Z and Z, . Under the Galois correspondence they

correspond to Qp(Cpee) == U, Qp(Gpr) and U, 1 Qp(Cn)-

6. LECTURE 6, 2/11/2021
6.1. Recall of local fields.

6.1.1. Discretely valued fields. Let K be a field. Recall that a discrete valuation on
K is a surjective function v : K — Z U {00}, satisfying

e v(z) =00 if and only if z =0

* v(zy) = v(z +y)

e v(z+y) = min(v(z),v(y))
for all z,y € K. The pair (K,v) is called a discretely valued field.

Remark 6.1.2. Some authors define a discretely valuation without requiring that
v is surjective. Then either the image of v is {0,00} (in which case v is called
trivial), or there exists a unique n € Zx>; such that nv is a discrete valuation in
our sense. In the latter case the difference in the two definitions is just a matter of
normalization.
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Ezample 6.1.3. Let K = Q, and let p be a prime. We obtain a discrete valuation v,
on Q as follows. For any non-zero integer a we define v,(a) € Zs¢ such that p’r(®) is
the precise power of p dividing a. For x = a/b € Q*, we define v, (x) = vp(a)—v,(b).
Finally we define v,(0) = oo (of course!).

By Ostrowski’s theorem, every discrete valuation on QQ, when canonically nor-
malized, is of the form v, for a unique prime p.

Ezample 6.1.4. Let K = F,(¢t). For f € K*, define v;(f) to be the “order of zero
or pole” of f at t = 0. Then wv; is a discrete valuation on K.

Let (K, v) be a discretely valued field. Define
Ok =0k, :={x € K |v(z) >0}
Mg =mg, :={z € K |v(z) > 0}.
Then O is a subring of K, called the valuation ring of v, and mg is the unique
maximal ideal of O. In fact, Ok is a DVR, namely a PID with a unique prime
ideal. (See [Ser79, §§I.1, 1.2] for various characterizations of a DVR.)
Any generator of mg is called a uniformizer. The uniformizers are precisely the
elements m € K satisfying v(m) = 1.
We have
O ={z e K|v(z)=0}.
The non-zero ideals of O are of the form m}j,n € Z>;. Among these, only mg is
prime. The field Ok /my is called the residue field of (K,v), which we will denote
If we fix a uniformizer 7 € Ok, then for any © € K* we recover v(x) as the
unique integer n such that 7"z € O). Note that the notion of a uniformizer, as

well as the subset O C O, depend only on the ring structure of O . This way
we recover v from the subring Ox C K. In fact, we have a bijection

(6.1.4.1)
{discrete valuations on K} <— {subrings O C K s.t. O is DVR and K = FracO}.

Thus in a sense, the theory of discretely valued fields is equivalent to the theory of
DVR’s.

Let (K,v) be a discretely valued field. Pick a real number 0 < oo < 1 and define
the corresponding absolute value

ol 1= 0"

for x € K. (Here a® = 0.) Then |-|, is a nonarchimedean absolute value, i.e., a
function |-| : K — R> 0 satisfying
(i) |z| = 0 if and only if 2 = 0.

(i) [z = o ]

(iii) |z +y| < max(|z], [y]).
(Conversely, every non-archimedean absolute value |-| on K such that |K*| is a
discrete subgroup of R comes from a discrete valuation and a choice of «.) We
then obtain a metric on K by

d(z,y) = |z = yl,,

and hence a topology on K. Under this topology K is a Hausdorff topological field.
(Recall that a topological field is a topological ring which is also a field, and on
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which the multiplicative inverse is continuous.) Clearly the topology depends only
on v, not on the choice of a.

An equivalent way to define the topology on K is to declare that for each x € K,
we have a neighborhood basis of x given by {z +m’%} .

6.1.5. Completion. Let R be a noetherian local ring, with unique maximal ideal m.
Recall that the completion of R (as a local ring) is defined to be the ring
R" = m R/m%.
nEZZl
There is a natural ring homomorphism R — R". We call R complete, if the natural

map R — R’ is an isomorphism. It is a fact that R” itself is a Noetherian complete
local ring. Its maximal ideal is generated by the image of m.

Lemma 6.1.6. Let (K, v) be a discretely valued field. The following conditions are
equivalent:

(i) K is complete w.r.t. the metric d(z,y) = |z —yl|,, where ||, = a*") for
some 0 < o < 1. (Recall that a metric space is complete if all Cauchy
sequences converge.)

(ii) Ok is comlete w.r.t. the metriz d(x,y).

(iii) Ok 1is a complete local ring.
If the above conditions are satisfied we say that (K, v) is complete.

Proof. For (i) < (ii), use that Ok is open in K, that multiplication by 7~! is a

homeomorphism on K, and that {r7"Og}, -, is an open covering of K, where 7
is a uniformizer. For (ii) < (iii), use that {m™} -, is a neighborhood basis of 0 in
Ok. B O

Let (K,v) be a discretely valued field. The completion O% of Ok is again a
DVR, and if 7 is a uniformizer in O then the image of w in O% is a uniformizer.
Let K" be the fraction field of O%. Then there is a unique discrete valutation v”
on K" corresponding to the subring O% under the correspondence (6.1.4.1). We
have a natural embedding K — K" extending the natural map O — O%. This
map has dense image, and is compatible with the valuations v on K and v" on
K”. The discretely valued field (K", v") is called the completion of (K,v). By
construction, (K”,v") is complete. Recall that O /m’ = Of /m% . (which is a
general property of the completion of a local ring). In particular, (K”,v") has the
same residue field as (K, v).

(Alternatively, one obtains K" by completing the metric space K in the usual
sense as in analysis. One then checks that the metric on K" comes from a discrete
valuation, and that the corresponding valuation ring can be identified wtih O%.)

Ezample 6.1.7. The completion of (Q,v;) is (Qp,v,). The valuation rings are Z )
and Z,, respectively, and the residue fields are both IF,.

Ezample 6.1.8. The completion of (Fy(t),v:) is the Laurent series field Fy((t)) =
{Ziz" ait’|n€Z,a; € IFq}. The valutation v; extends to Fy((t)) as follows. For

each f = > a;t" € F,((t)), ve(f) is the least i such that a; # 0. The valuation rings
in F,(t) and F,((t)) are Fy[t] and F,[[t]] respectively. The residue fields are both

F,.
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6.1.9. Local fields.

Definition 6.1.10. By a non-archimedean local field, we mean a complete dis-
cretely valued field whose residue field is finite.

There are also archimedean local fields, which turn out to be just R and C. We
shall not pay too much attention to them.

To simplify the language, we simply say “local fields” when we mean
non-archimedean local fields.

Lemma 6.1.11. Let (K,v) be a discretely valued field whose reside field k is finite.
Then m%; is a finite-index subgroup of O . The index is |k|".

Proof. For each n € Z>1, we have a short exact sequence

1 — my/mitt — O /mit — O /mly — 1.

The term m} /m7%t" is a 1-dimensional k-vector space. (Use that my is princi-

pal.) Also Ok /m}. = k. Hence by induction each Ok /m? is a finite ring, whose
cardinality is |k|". O

Now let (K, v) be a discretely valued field with finite reside field. We know that
{m%},~; form a neighborhood basis of 0 in Ok. By the above lemma, each m} is
an open subgroup of finite index. Therefore the natural map

O — O?( = 1&1 OK/m?(
n€l>1
can be identified with the natural map from the topological group O to its profinite
completion. Hence Ok is complete if and only if O is profinite. We conclude that
if (K, v) is a local field, then (O, +) is profinite (and hence compact), and (K, +)
is locally profinite (and hence locally compact).

Conversely, by similar considerations, every discretely valued field that is locally
compact is a local field ([Ser79, §I1.1]).

7. LECTURE 7, 2/16/2021
7.1. Recall of local fields, continued.

7.1.1. Structure of (K, +) and (K*, x). Let (K,v) be a discretely valued field, with
residue field k.
Inside (K, +), we have open subgroups
KD>OgDmgomi D---DOmhk D---
They form a neighborhood basis of 0. The successive quotients m’ /m’}jl are all
1-dimensional k-vecotr spaces, for all n > 0.
After fixing a uniformizer 7, we have an (topological) isomorphism

Zx Ok = (K*,x), (n,z)—n"z.
Let U = O, and U,, = 1 + m’ for n > 1. Then inside U we have open subgroups
U>U;2U0U,D0---D2U0,D---

which form an open neighborhood basis of 1. We have group isomorphisms U/U; =
k*,and U, /Upy1 = m’}(/m"K+1 induced by x — x — 1. In particular, U, /Up,+1 = k.
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If (K,v) is assumed to be complete, then by definition

OK = I&HOK/‘I’(I?(,

i.e., the group structure of O is determined by the quotients Ok /m’%, which are
successive extensions of copies of k. If we further assume that (K, v) is a local field
(i.e., k is finite), then U is profinite since it is compact (because U = O —mg is a
closed subset of Ok ) Hausdorff and 1 has a neighborhood basis consisting of open
subgroups (i.e., the U,’s). It follows that

U 2 lim U/U,.

In this case we also know that K> = 7Z x U is a locally profinite group.
Finally, when we assume (K, v) is complete and is of characteristic zero, there
exists n (which depends on K') such that the exponential map

T — Z z™/m!

m>0

defines an isomorphism of topological groups
(mk,+) = (Un, x).

(Here we need n to be sufficiently large for the exponential series and the logarithmic
series to converge on mY and U, respectively.) This restricts to an isomorphism
m’}(l = U, for all n’ > n. Note that the exponential map does not make sense
when char(K) > 0, as 1/n! does not exists when char(K)|n.

Lemma 7.1.2. Let (K,v) be a complete discretely valued field of characteristic
zero. Then every finite index subgroup of (Ok,+) is open, and every finite index
subgroup of K* is open.

Proof. Let H be a subgroup of Ok of index j € Z>;. Then H contains jOx =
m}’((j ), which is an open subgroup of Ok. Here when writing v(j) we view j as an
element of Ok. Since j # 0 in Ok (because char(K) = 0), we have 0 < v(j) < oco.
Since H contains an open subgroup of Ok, it is open itself.

Now let H be a subgroup of K* of index j € Z>;. Fix a uniformizer 7, and
identify K* with 7% x U. Then H contains (K*)J = 7% x UJ. It suffices to show
that jZ x U7 is open inside Z x U. Since Z is discrete, we only need to show that
U7 is open in U. Find n large enough such that (U,, x) = (m%,+). Then we
have a topological isomorphism (U, x) = (O, +). Under this isomorphism U}
corresponds to jOx = m})(u), which is open in OKﬁ Hence U} is open in U,,. Now
UJ D Uj, and U7 is open in U, which is also open in U. Therefore U7 is open in
U, as desired. O

6Note that the exponents in the notations U% and m}){(j) have different meanings: U% is the
subgroup of U, consisting of the j-th poweres, whereas va(]) is the ideal of Ok generated by the

v(j)-fold products of elements of mg, or equivalently mUK(j) =D Ok.
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7.1.3. Series expansion. Let (K,v) be a local field, or more generally a complete
discretely valued field. Then an infinite series ) -, a, in K converges (w.r.t.

the absolute value |z| = a*®) where 0 < a < 1) if and only if v(a,) — +oc.
Algebraically, the sum of this series can be understood as follows. Up to dropping
finitely many terms, we may assume that a, € Ok for all n. Then inside each
Ok /le7 the images of a,’s are almost all zero, since for almost all n we have
v(an) > 1. Let v, € Ok /mk. be the sum of the images of all a,,’s, which is a finite
sum. Then (vy,)y, is an element of lim O /mY. By completeness this inverse limit
is isomorphic to Ok itself, so (v )n cbrresponds to an element v € Ok. This 7 is
equal to Y ay,.

From now on we assume that (K, v) is a local field. If we fix a uniformizer = € K,
then a series of the form Y, .  a,7"™, where m € Z and a,, € O, converges. We
can represent an arbitrary element of K by such a series, where a,, are required to
be Teichmiiller representatives, which we recall as follows.

Let k& be the residue field, and let p be the characteristic of k. The surjective
homomorphism O} — k* has a unique multiplicative section  — [z], called the
Teichmiiller section or Teichmiiller lift. Concretely, for each x € k*, we define [x]
to be

. pn
(7.1.3.1) ngrfooyn ,
where y,, € OF is an arbitrary lift of 2P " = *\/z € k*. (Note that x + 2P is

an automorphism of k*, so it makes sense to take p-th roots.) The image of [] is
precisely the set of (¢ — 1)-th roots of unity in O, where ¢ = |k|.

Exercise 7.1.4. Show that the limit converges by checking that (y2") is
a Cauchy sequence. Also show that the limit is independent of the choices of y,,.
Show that [-] is indeed a multiplicative section of O — k*. Finally, show that
any other multiplicative section of O — k* must equal [-].

Example 7.1.5. Let K = Q5. The Teichmiiller lift of 4 € F5 is —1 € Zs.

Remark 7.1.6. The map [-] is additive if and only if char(K) > 0. In this chase
char(K) = char(k) = p, and [-] extends to a field embedding k — K.

Proposition 7.1.7. Let (K, v) be a local field. Fix a uniformizer w. For each y €
K>, there is a unique sequence (an)n>y(y) where each a, € {0} U [k*] C {0} U O

such that
Y= Z anm".

This is called the Teichmiiller expansion of y with respect to m.
Proof. Exercise. O

Remark 7.1.8. If char(K) > 0, we have seen that the subset {0} U [k*] is in fact a
subfield of K isomorphic to k. In this case the Teichmiiller expansion gives a field
isomorsphim K = k((t)),m +— t, where k((t)) is formal Laurent series field. The
valuation v on K corresponds to the valuation v; on k((t)).

Remark 7.1.9. If L is a complete discretely valued field whose residue field [ is of
characteristic 0, then there is still a unique multiplicative section of O — *, and
this section extends to a field embedding | — L. We again have an isomorphism
L =1((t)). In this course we will not study such fields.
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Remark 7.1.10. Let (K,v) be a local field with char(K) = 0. Suppose y,z €
K* have Teichmiiller expansions »_ a, 7™ and »_ b, 7" respectively. Then we have
y+ 2z = > (an + b,)m™, but this is in general not the Teichmiiller expansion of
y+ z. If m can be and is taken to be p (i.e., K is “absolutely unramified”), then
the coeflicients of the Teichmiiller expansion of y 4 z is given by certain universal
polyonimals called Witt polynomials evaluated at (a,,b,),. There is a similar
story for multiplying two Teichmiiller expansions. See [Ser79l §§11.5, I1.6] for more
details.

7.2. Extensions of local fields.

Theorem 7.2.1. Let (K,v) be a complete discretely valued field, and let E/K be
a finite extension of fields. Then there is a unique discrete valuation w on E and
a unique € € Z>1 (called the ramification index) such that

w(z) =ev(z), VreK.

(In other words, w is the unique discrete valuation on E that extends v up to
scaling.) Moreover, (E,w) is complete, O is the integral closure of Ok in E, and
the residue field Og/mpg is an extension of Ok /my of degree f = [E : K]/e. In
fact we have the following formula for w:

w(y) =v(Ng/x(y)/f, Vy€E.
Proof. See [Ser79, §I1.2 ]. 0

By the theorem, every finite extension of a local field has the canonical structure
of a non-archimedan local field. When we consider a finite extension of local fields
E/K, it is always understood that the discrete valuations on E and K are related
as in the theorem.

Fact 7.2.2. Every local field is isomorphic to a finite extension of Q, (if the charac-
teristic is zero), or isomorphic toFq((t)) for some finite field Fy (if the characteristic
is positive).

8. LECTURE 8, 2/23/2021

8.1. Unramified extensions. Let (K,v) be a local field, with residue field k.
Recall that a finite extension E/K is called unramified, if it is separable and the
ramification index e = 1, i.e., E/K is separable and a uniformizer in K stays to be
a uniformizer in E. In this case, E/K is Galois, and the natural homomorphism
Gal(E/K) — Gal(kg/k) is an isomorphism. (Here kg denotes the residue field of
E.) Let n = [E: K] = [kg : k]. We always identify Gal((kg/k) with Z/nZ, where
1 € Z/nZ corresponds to the Frobenius z +— 2/* in Gal(kg/k). The corresponding
generator of Gal(E/K) is again callled the Frobenius, usually denoted by o.

Fact 8.1.1 (See [Ser79, §I11.5]). The natural functor
{finite unramified extensions of K} — {finite extensions of k} ,
Er— kE

is an equivalence of categories. Here the morphisms in the two categories are K-
algebra maps and k-algebra maps respectively. Moreover, if E/K is a finite unram-
ified extension and L/K is an arbitrary finite extension, then the set of K-algebra
maps B — L is in natural bijection with the set of k-algebra maps kg — k.
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Let L/K be a finite extension. By Fact subextensions of L/K that are un-
ramified over K are in bijection with subextensions of k,/k. The one corresponding
to kr, is the maxmal unramified extension of K inside L.

If we fix a separable closure K* of K, then it follows easily from Fact that
for each n € Z>1 there is a unique unramified extension K,,/K of degree n inside
K*. (The uniqueness boils down to the fact that in a fixed extension of finite fields,
there is at most one subextension of each given degree.) We have

K, C K,,

whenever n|m. Let

= J K.

n>1

This is a field extension of K inside K*® such that every unramified extension of K
inside K* is contained in K.

Then the discrete valuation v on K extends to a discrete valuation on K" (but
K™ is not complete). The residue field of K" is an algebraic closure k of k.
The extension K"'/K is Galois, and Gal(K"'/K) is topologically isomorphic to
Gal(k/k) = Z. Under this identification, the image of 1 € Z in Z corresponds to
the Frobeinus o € Gal(K"/K), i.e., the element o which restricts to the Frobenius
in every Gal(K,/K).

Denote by Gk the infinite Galois grouip Gal(K*/K). Under the Galois corre-
spondence, K" /K corresponds to a closed subgroup of Gk, denoted by I, called
the inerta group of K. This can also be built from finite inertia groups as fol-
lows. For each finite Galois extension L/K inside K*®, we have the inertia group
I(L/K) C Gal(L/K) corrresponding to the maximal unramified extension of K
inside L. Under the map Gx — Gal(L/K), Ix maps to I(L/K). This induces a
map

I — lim I(L/K)
L

where the inverse limit is taken over all finite Galois extensions L/K inside K*.
This map is a topological isomorphism.
By Galois theory we have a short exact sequence

1 — I — G — Gal(K"“/K) 27 — 1.
8.2. The Local Reciprocity.

8.2.1. Maximal abelian extension. Let E/K be a separable extension of fields.
Given any two finite abelian (i.e., finite Galois with abelian Galois group) exten-
sions L1/K, Ls/K inside E, the compositum L;Lo/K is still finite abelian. The
compositum of all such extensions is called the mazimal abelian extension of K in
E. This is in general infinite over K.

We often fix a separable closure K* of K. Then we write K2P for the maximal
abelian extension of K inside K°.

Ezercise 8.2.2. The natural map Gal(K*/K) — Gal(K?"/K) identifies Gal(K*"/ K)
with the maximal Hausdorff abelian quotient of Gal(K?®/K). The kernel is the clo-
sure of the derived subgroup of Gal(K*®/K).
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From now on we fix a local field K, and fix a separable closure K*. All finite
separable extensions of K are assumed to be inside K*. Note that K2> > K. We
now state the first main theorem of local class field theory.

Theorem 8.2.3 (Local Reciprocity). There ezxists a unique homomorphism
bx : KX — Gal(K*"/K)
satisfying the following conditions. For every subextension L/K inside K®P, we
write ¢ i for the composite map K* o, Gal(K*"/K) — Gal(L/K).
(i) For any uniformizer m € K, the image of m under ¢ppuw/ @ K* —
Gal(K" /K) is the Frobenius o.
(ii) Let L/K be a finite abelian extension (always assumed to be inside the
fized K*, and hence inside K*°). Then ¢r/K is surjective, and its kernel is
Np k(LX) In particular, we have an induced isomorphism : K* /Ny /i (L*) =
Gal(L/K), which we still denote by ¢r /5.

Note that every z € O can be written as ¢ = 7 /7’ for two different uniformizers
7 and 7', It immediately follows from condition (i) that = € ker ¢xw k. Thus

¢xur i factors as K = Z EN Gal(K"/K). If we identify Gal(K™/K) with Z as
usual, then clearly f:Z — Gal(R"/K) is just the canonical map Z —» Z.

8.3. Consequences of Local Reciprocity.

Definition 8.3.1. A norm subgroup of K* is a subgroup of the form Ny g (L*)
for some finite abelian extension L/K. For brevity, we write Nz for Ny i (L*)
when K is fixed.

Remark 8.3.2. By a result called the “norm limitation theorem”, the set of norm
subgroups of K* does not change if in the definition we allow arbitrary finite
extensions L/K. For the moment we will not use this result.

Corollary 8.3.3. Every norm subgroup is of finite index in K*.

Proof. If L/K is a finite abelian extension, then the index of N in K* is equal to
the size of Gal(L/K), which is finite. O

Corollary 8.3.4. Every subgroup of K™ containing a norm subgroup is itself a
norm subgroup.

Proof. Say N is a subgroup of K* containing a norm subgroup Ny . Recall that we
have the isomorphism ¢,k : K* /Ny = Gal(L/K). Let Gal(L/L’) be the image
of N in Gal(L/K). Then N is equal to the kernel of ¢,/ : K* — Gal(L'/K),
which is NL/. O

Corollary 8.3.5. Let L, L' be finite abelian extensions of K (inside K*®). The
following statements hold.

(i) L C L' if and only if N, D Nyp:.

(Z’L) Np..o =N NN Npr.

Proof. By Npyx = N/ © Np//r, we have the “only if” in (i). This also implies
the containment C in (ii). For the containment D in (ii), use that Ny, is the kernel
of ¢,k + K* — Gal(L/K), and similarly for N, and Np.z/. It suffices to show
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that the map Gal(L-L'/K) — Gal(L/K) x Gal(L'/K) is injective. But this is true
by general Galois theory.

We now use (ii) to prove the “if” in (i). By (ii) and by the assumption Ny, D Ng-,
we have Np.p» = Np,. But then [L- L' : K] =[L': K],and so L C L. O

9. LECTURE 9, 2/25/2021
9.1. Consequences of Local Reciprocity, continued.

Corollary 9.1.1. The map L — Ny, is an inclusion-reversing bijection from the
set of finite abelian extensions of K (inside K*") to the set of norm subgroups of
K*.

Proof. By part (i) of Corollary this map is inclusion reversing and injective.
Surjectivity follows from the definition of norm groups. O

Corollary 9.1.2. Let L,L' be finite abelian extensions of K. Then Npnp =
NL . NL"

Proof. We know that LN L’ is the largest abelian extension of K contained in both
L and L’. On the other hand Ny, - N is a norm subgroup (since it contains a norm

subgroup), and it is clearly the smallest norm subgroup containing both N and
Np. The assertion then follows from Corollary [0.1.1] O

Lemma 9.1.3. Let L/K be a finite extension of K (not necessarily abelian). If
Np/k(L*) is of finite index in K*, then it is open.

Proof. We know that O is compact, so N,k (OF) is closed in K*. Also note
that Np/x(OF) = Np/x(L*)NOk. (For z € L we have vg (N i (x)) = for(x).)
Therefore N,/ (OF) is closed and of finite index in O, and hence open in Op.

It follows that N,k (L*) contains an open subgroup of K*, and is therefore itself
open. ([

Remark 9.1.4. In fact, by the norm limitation theorem, we have N, x(L*) =
Ng)k(E*), where E is the maximal abelian extension of K in L. Hence Ny, /g (L*)
is automatically of finite index in K*.

Remark 9.1.5. If K has characteristic zero, then the lemma is superfluous as every
finite index subgroup of K* is open.

Corollary 9.1.6. Every norm subgroup of K* is open and of finite indez.

Note that the six Corollaries [8.5.9} [8.0.4] B.5.5, [0.1.1] 0.1.2] [0.1.6] are all conse-

quences of the existence of the local Artin map ¢ . We haven’t used the uniqueness.

9.2. The Local Existence Theorem. We now state the second main theorem of
local class field theory.

Theorem 9.2.1 (Local Existence Theorem). The norm subgroups of K> are pre-
cisely the open finite index subgroups of K.

Corollary 9.2.2. The map L — Ny, (L*) is a bijection from the set of finite
abelian extensions of K to the set of open finite index subgroups of K*.

Proof. Combine Corollary [0.1.1] with Theorem [9.2.1] O
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Corollary 9.2.3. The map ¢ induces an isomorphism from the profinite comple-
tion of K* to Gal(K*"/K).

Proof. Exercise. (Use that Gal(K?*P/K) = lim Gal(L/K), where L runs through
the finite abelian extensions of K.) O

Ezample 9.2.4. Let p be an odd prime. The degree p-extensions of Q, are all
abelian, and they correspond to index p (and open, which is automatic) subgroups
of Q. We have

QFf 2 p” xS 2L xFY x (1+Z,) XL xFY x 7Ly,

where we used the exponential map for (14+Z,, x) = (Z,,+). The index p subgroups
of Q, are in bijection with the index p subgroups of Q. /(Q,’)?, and the latter is
isomorphic to Z/pZ x Z/pZ. Thus we have p + 1 such extensions. Among them,
one is unramified, and the other p extensions are totally ramified. Note that for
m = (3% — 1)p?, we have Gal(Qy(Gn)/Qy) = Z/pZ x (Z/p*Z)" = Z/pL x Z/(p —
1)Z x Z/pZ. Denoting this group by G, we have G/G? =2 Z/pZ x Z/pZ. Therefore
inside Q,(¢,) we find all the p + 1 extensions of Q,, of degree p.

Ezample 9.2.5. Recall that K, /K denotes the unramified extension of degree n.
Let 7 be a uniformizer of K. The map ¢g, /x : K* — Gal(K,/K) sends 7 to o
which has order n, and sends Oy to 1. Hence the kernel of it is 7"20%. (Note
that this subgroup of K* is independent of the choice of 7.) We conclude that
Nk, = m"20;. After some reduction steps, this fact boils down to the surjectivity
of the norm map between two finite fields, which can be proved elementarily. (For
instance, use that the non-zero elements of a finite field form a cyclic group.)

9.3. The field K. In the following discussion, we assume the existence of the local
Artin map ¢x as in Theorem Fix a uniformizer 7 € K*. Let K, C K?P
be the fixed field of ¢x(7) € Gal(K2"/K). The next lemma gives an intrinsic
characterization of K.

Lemma 9.3.1. The field K, is the union of finite abelian extensions L/K such
that m € Np,.

Proof. We know that K is the union of finite abelian extensions L/K such that =
lies in the kernel of ¢k : K* — Gal(L/K). But the last condition is equivalent
tom e Nyp. O

Remark 9.3.2. If L/K is any finite Galois extension such that 7 € Np,x(L*),
then L/K must be totally ramified. To see this, use the formula vx (N /x(x)) =
f(L/K)vp(x),Yo € L*. Since the left hand side can assume 1, we must have
FL/K) = 1.
Recall that K* has a tower of subgroups
K*>U>U;DUyD -+,

where U = OF and U,, = 1+ m’%. For any choice of uniformizer 7, we have
K> =72 xU.

Proposition 9.3.3. Assume the existence of ¢ as in the Local Reciprocity The-
orem (Theorem[8.2.9), and assume the Local Existence Theorem (Theorem .
Choose a uniformizer m € K. The following statements hold.
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(i) For eachn > 1, let K ,, be the finite abelian extension of K characterized
by the condition
Nk, =7"xU,.
(This exists by the Local Ezistence Theorem, since w* x U, is an open
finite index subgroup of K*.) Then Ky =J,, Krn.
(ii) We have K* = K K™.

Proof. Clearly K, C K . To show that K, = J,, Kxn, we need to show that an
arbitrary finite abelian extension L/K satisfying 7 € Ny, is contained in K ,, for
some n. We know that Ny, is open, so it must contain an open neighborhood of 7
in K*. But ({7} x Uy)n>1 form a neighborhood basis of 7. Hence N; contains
{m} x U, for suitable n. Since Ny, is a group, it also contains N _,. But then we
have L C Ky ,.

We now show that K? = K, K". For this we need to show that an arbitrary
finite abelian extension L/K is contained in K, , K" for some n. We know that
Ny, is an open finite index subgroup of K *. Since Ny, is open, it must contain U,
for some n. Since Ny, is of finite index in K*, it cannot be contained inside U,
i.e., there exists x € N with v(z) # 0. Write z = 7¥(®)y, with y € U. Note that
a suitable power of y lies in U, since [U : U,| < co. Hence after raising x to a
power we may assume that & = 7°(®*)y with y € U,,. But then N, contains 7*(*).
Therefore

T™n

Nr D 7TvZ x U,
for some integers v,n > 1. Note that

7TUZ x U, = (WUZ X U)ﬂ (’]TZ X Un) = NKU ﬁ]\/va71 :NKW,n-K

(Recall that K, denotes the degree v unramified extension of K.) Hence L C
Kpn Ky CKypp- K™, O

"

10. LECTURE 10, 3/2/2021

10.1. The Local Existence Theorem, continued. In the proof of Proposition
[0:3:3] we essentially showed the following fact: Let U be a profinite group. Then
every open finite index subgroup of Z x U contains vZ x U’ for some v > 1 and
some open subgroup U’ C U. In particular, the profinte completion of Z x U is
ZxU. Using this, we can give a more conceptual (but essentially the same) proof of
the fact K = K, K" using infinite Galois theory and Corollary as follows.
(Note that Corollary still assumes the Local Existence Theorem.)

Alternative proof of P'roposz'tionm (ii). Since K* = 7% x U as a topological
group and U is profinite, the profinite completion KX of KX is isomorphic to
72 x U (by the preceding paragraph). When we identify this with Gal(K*"/K) as
in Corollary the subgroup 7L corresponds to Gal(K?"/K ) and the subgroup

U corresponds to Gal(K?/K"™). Since the intersection of these two subgroups is
trvial, we have K?° = K. - K. O

Note that U is a canonical subgroup of KX , buﬁ_zZ is not canonical as it depends
on w. (Rather, we have a canonical quotient map K> — 7 induced byv: K* = 7Z.)
This corresponds to the fact that K" /K is canonical and K, /K is not.

From the above alternative proof, we easily see that ¢k restricts to an isomor-
phism of topological groups U — Gal(K,/K).
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Proposition 10.1.1. Assume the Local Existence Theorem. Then ¢y in the Local
Reciprocity Theorem is unique.

Proof. Suppose ¢’ is another choice. For any uniformizer = € K, use ¢k to define
K, and use ¢’ to define K. Note that K, = K/, since they are both the union
of finite abelian extensions L/K such that 7 € N;. We have K2 = K, K", We
have ¢ (7) acts via the identity on K, and acts via o on K"'. Ditto for ¢ ().
Therefore ¢x(m) = ¢ (7). Now note that the set of all possible uniformizers of
K actually generate K*. (Clearly K* is generated by one uniformizer and U, but
any element of U is a ratio of two uniformizers.) Hence ¢ = ¢/ O

Remark 10.1.2. In the above proof, we needed the Local Existence Theorem only
for the knowledge that K = K K.

10.2. Idea of Lubin—Tate theory. Lubin—Tate theory gives a self-contained ex-
plicit construction of K ,, for any uniformizer 7 of K. It also constructs an
isomorphism U = Gal(K,/K), as predicted in by the Local Reciprocity Theorem
and Local Existence Theorem.

Example 10.2.1. Let K = Qp, ™ = p. Then K, , = Q,({n).

The construction of Q,({y~) can be interpreted as follows. Let A = |J, my,
where L runs through finite extensions of Q,, inside @p. For each L, we transport
the multiplicative group structure on 1 + my, to a group structure on my via the
bijection 1 +m; = my, 2+ = — 1. Then for z,y € my,, we have

e+t y=Q1+z)1+y)-1l=a+y+ay

where +' is the group operation. We can think of +’ as a deformation of the usual
group operation + on my, where the difference is only in “higher order terms”.
Since the formula defining +’ is independent of L, we get a group structure +’ on
A. Let

Apn=KzelA|z+ -+ 2=0
————
p™ times

Then Qp(Cpr) = Qp(An).

The Z-module A,, is a free Z/p™Z-module of rank 1. The action of Gal(Q,(A,)/Qp)
on A,, gives rise to a homomorphism Gal(Q,(A,)/Qp) — (Z/p"Z)*. Taking the in-
verse limit in n we get a homomorphism Gal(Qp(Cpe)/Qp) — Lim (Z/p"Z)* = Z;;.

This is an isomorphism, and the inverse ismorpism Z; = Gal(Qp(¢p= ), Qp) is equal
to the negative of the local Artin map.

How do we generalize this to construct K ,, for general K and 77 We define the
set A in the same way, and we need a group structure +' on A (which depends on
7) deforming the usual 4. This time, z +’y will no longer be given by a polynomial
in x,y. It is rather a power series in x,y of the form

x + y + higher degree terms,

and the coefficients are in Ok . Lubin and Tate figured out the suitable power series
to be used here, and this is called the Lubin—Tate formal group law. One of the
key features in the construction is that Og-acts on this group via endomorphisms,
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Thus we have a ring homomorphism Ok — End(A, +'), which we will denote by
a +— [a]. Define

Ap={zeA|[r"z=0}
The A,, is an Og-submodule of A, and it is in fact an O /7™-module. It turns out
to be a free Ok /m"-module of rank 1. Define

Kpn=K(Ay).

Then we have a natural homomorphism Gal(K ,/K) — (Og/7")*. Take K, =
U,, Kxn. The map Gal(K,/K) — @n(OK/w")X = Oy is an isomorphism, and
its inverse is the negative of the restriction of the local Artin map.

11. LECTURE 11, 3/4/2021
11.1. Formal group laws. We closely follow [Mil20, §I.2]

11.1.1. Formal power series. Fix a commutative ring A with 1. (We will set A =
Ok.) Let A[[X1,- -, X,]] be the formal power series ring, and let A[[ X7, ..., X,]]+
be the subset consisting of power series whose constant terms are zero.

Let f(Xh e 7Xn) € A[[Xla o ,XnH, and let gl(YVla e 7}/7n)7 o 'gn(Y1a U 7}/7n) €
A[[Y1,- -+ ,Y,]]- The substitution

f(gl(yh... ’Ym)7... ’gn(Yh... ,Ym))

does not make sense in general. For instance, if f = f(X;) = X; + X? +
-+-,9 = g(X1) = 1, then f(g) does not make sense. It makes sense whenever
each g; has zero constant term, i.e., g; € A[[Y1, - ,Ym]]+. In this case, we have
flgr, -+ s gn) € A[[Y1, -+, Y]] If we know that f € A[[Xy,---, X,]]+ in addition,
then £(g1,-+ +gn) € Al[Ya,- -+ , Vo]l

Lemma 11.1.2. (i) Let f € A[[T]],g,h € A[[T]]+. The two interpretations
of f(g(h)) are the same.
(ii) Let f € A[[T]]+. Then f admits a composition right-inverse g € A[[T]]+,
i.e., f(g(T)) = T, if and only if the linear term of f is aT for some
a € A*. In this case we also have g(f(T)) =T.

Proof. Part (i) is obvious, so we only prove (ii). Write f(T) = 3,5, a;Th. If
f(g(T)) =T, then

(11.1.2.1) a19(T) + azg(T)* +--- =T.

The linear coefficient on the LHS is divisible by a1, so a; € R*.
Conversely, assume a; € R*. Write g = >, b;T". We solve for b; consecutively

from . The linear coefficient of both sides is a1by = 1, so by = afl. The
quadratic coefficient is a;by + agb? = 0, from which by = —aj ' (agb?). In general,
the n-th coefficient is a1b,+ polynomial in (as, - , a@n, b1, -+ ,bp—1) = 0, S0 we can
solve for b,,.
Now assume f(g(T)) = T, and we show that g(f(T)) = T. Clearly the linear
coefficient of g is also in A*. Thus there exists h € A[[T]]+ such that g(h(T)) =T.
)

Then f(T) = f(9(W(T))) = (T), so g(f(T)) = g(h(T)) = T. O

Ezercise 11.1.3. Part (ii) of the above lemma can be viewed as a version of the
Inverse Function Theorem. State and prove a multi-variable version.
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Example 11.1.4. Assume that A contains Q. Then we can define
f(T) =log(1+T) == (~T)"/n,
n>1

and

g(T)=el —1= ZT"/n!.

n>1
We have f(g(T)) = g(f(T)) =T.
11.1.5. Azioms for a formal group law.

Definition 11.1.6. A formal group law over A is a power series F(X,Y) €
A[[X, Y]]+ satisfying certain axioms. For f,g € A[[Z1, -, Z,]]+, we write f +p g
for F(f,g) € Al[Z1,- -, Zy]]+. (In particular, we write X +5Y for F(X,Y) itself.)
The axioms are as follows:

(i) (Associativity.) We have
X+4rY+r2Z)=(X+rY)+rZ € AHX,Y, Z]]+.
(ie., F(X,F(Y,2)) = F(F(X,Y),Z).)
(ii) (Commutativity.) We have
X+rpY =Y +r X € A[[X7YH+.
(e, F(X,Y)=F(Y,X).)
(iii) (Identity.) We have
X 4+50=X.
(ie., F(X,0)= X))
(iv) (Inverse.) There exists i(X) € A[[X]]+ such that
X +ri(X)=0.
(ie., F(X,i(X))=0.)
We immediately observe that by axioms (ii) and (iii), we have
F(X,Y)= X +Y + higher degree terms,
and none of these higher degree terms is a pure power of X or Y. By this and by
axiom (iv), we have
i(X) = —X + higher degree terms.
We think of + ¢ as a deformation of the usual 4, and think of i(X) as a deformation
of the usual —.

Ezercise 11.1.7. Show that ¢(X) is uniquely determined by F(X,Y).

Lemma 11.1.8. Suppose F € A[[X, Y]]+ is of the form F(X,Y) = X +Y+ higher
degree terms, and suppose F satisfies axiom (i). Then F satisfies axiom (iii).

Proof. Let f(X) = F(X,0). We need to show that f(X) = X. Note that F(0,0) =
0. In axiom (i), taking Y = Z = 0, we get f(X) = F(f(X),0) = f(f(X)). Now
note that f(X) = X+ higher degree terms, so there exists a composition inverse g

of f. Then f(X) = g(f(f(X))) = g(f(X)) = X. .

Remark 11.1.9. What we call “formal group laws” are actually the commutative
one-dimensional formal group laws. Only such formal group laws will appear in the
course.
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Ezample 11.1.10. The additive formal group law F(X,Y) = X + Y. In this case
clearly i(X) = —X. This makes sense over A = Z, and hence over arbitrary A.

Ezample 11.1.11. The multiplicative formal group law F'(X,Y) = (X+1)(Y+1)-1.
We can compute the inversion i(X) as follows. We have

X+1D@EX)+1) —-1=0,

SO

We get

n>1

This makes sense over A = Z, and hence over arbitrary A.

Example 11.1.12. For simplicity assume A is a field. One can get a formal group
law over A from an elliptic curve E over A, by expanding the group law of E near
the identity. See [Sil09, Chapter IV] for more details.

Ezample 11.1.13. Let f,g € A[[T]]+ be composition-inverses of each other. Suppose
F(X,Y) is a formal group law. Then g(F(f(X), f(Y))) is another formal group
law. For instance, f(T) = log(1+T), g(T) = e’ —1,and F(X,Y) = X +Y. Then

g(F(f(X), f(Y))) =g(f(X)+f(Y)) = g(log((1+ X)(1+Y))) = 1+ X)(1+Y) - 1.
This is the multiplicative formal group law.

11.1.14. Homomorphisms and endomorphisms. Let F' and G be two formal group
laws over A. By a homomorphism F' — G, we mean a power series h(T) € A[[T]]+
satisfying

MX+rY)=h(X)+ch(Y),

or equivalently h(F(X,Y)) = G(h(X),h(Y)). If we have homomorphisms h : F' —
G and ' : G — H, then we define their composition to be h'(h(T)), which is a
homomorphism F' — H.

Ezample 11.1.15. The power series h(T') = log(1+T) is a homomorphism from the
multiplicative formal group to the additive formal group.

The endomorphisms of a formal group law F' form a ring, where addition is given
by (h1(T),ho(T)) — hi(T) +F hao(T), and multiplication is given by composition.
We denote this ring by End(F). This ring has multiplicative identity, given by
MT)="T.

Appendix. Formal group laws as group objects in a category. We explain
how to define formal group laws as group objects in a certain category of coordinated
formal Lie varieties. Throughout we fix a commutative ring A with 1.
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11.1.16. Coordinated formal Lie varieties. The category L of coordinated formal
Lie varieties is defined as follows. The objects are labeled by the positive integers:

L',L?,---. We think of L™ as an infinitesimal neighborhood of the origin in A™.
A morphism from L™ to L™ is an m-tuple of elements of A[[Xy,---,X,]]+. Here
is the informal way to think of it: The morphism given by (fi,- -, fm) sends the
point

(X1, -, X,)el”
to the point
(fl(Xh T 7Xn)a U 7fm(X17 T aXn)) eL™.
If (f1,---, fm) is a morphism L™ — L™ and (g1, - ,9gx) is a morphism L™ —
L*, we get the composite morphism L™ — L* given by

(gl(fla"' 7fm)"” 7gk(f17"' afm))

This definition of composition indeed satisfies the usual associativity requirement.
The identity map L™ — L™ is given by

(le T 7Xn)

For technical convenience we also include an object L° in the category L. By
definition, there is a unique homomorphism L™ — L° for each n. Also, there is a
unique homomorphism L° — L™ given by the n-tuple (0,---,0). Note that L° is
simultaneously an initial object and a final object in £. For arbitrary m and n, we
define the composite morphism L™ — LY — L™ to be (0, ,0).

The category £ admits finite products. Given m,n, define

Pre,, = (X1, Xo, -+, Xpp) : LM — L™

and
Preyn = (Xog1, Xomg2, -, Xmgn) Lt e,

It is easy to see that (Lm+",pr§m,pr>m) is the product of L™ and L". In fact,
given morphisms

=0 fm): LF— L™
and

9="(g1,- gn) : LF — L,
we define f x g : LF — L™*" by

f Xg= (flv"' 7fﬂ17gla"' agn)
Then f x g is the unique morphism L¥ — L™ such that pr,, o (f x g) = f and
Prom o (f X g) =g

11.1.17. Group objects. Let C be a category that contains a final object denoted by
pt (the notation stands for “point”). We assume that C admits finite products. By
a group object in C , we mean an object G in C together with a group structure
on Hom(S,G) for each S € C. This should satisfy the property that whenever
f S — T is a morphism, the induced map f* : Hom(T,G) — Hom(S,G) is a
homomorphism. Similarly we define an abelian group object.

Given a group object GG, we can produce a multiplication map m : G x G — G,
an identity section e : pt — G, and an inversion map ¢ : G — G as follows. In
Hom(G x G,G), we have two elements pr; and pr,. We define m to be pr; - pry,
where - is the group operation on Hom(G x G, G). Similarly, we define e to be the
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neutral element in the group Hom(pt, G), and define i to be the inverse element of
idg € Hom(G, G) with respect to the group structure on Hom(G, G).

It is easy to see that the group structure on Hom(S,G), for any S, can be
recovered from m, e, i. For instance, given fi, fo € Hom(S, G), we recover f1 - fo as
the composition

RN RN e)
In fact, we can equivalently define a group object by just specifying m, e, i satisfying
certain axioms that are analogous to the usual axioms for a group.

11.1.18. Formal group laws.

Definition 11.1.19. By an n-dimensional commutative formal group law over A,
we mean an abelian group object in £ supported on L™. In our course, a “formal
group law” simply refers to a 1-dimensional commutative formal group law.

To give a one-dimensional commutative formal group law, it is the same as
to give morphisms m : L' x L' = L? = L',e : L — L' and i : L' — L!
satisfying certain axioms. Note that m is just given by a power series in two
variables F'(X1, X2) € A[[X1, X2]]+. The morphism e must be given by (0), and
the morphism ¢ is given by a power series in one variable i(X;) € A[[X1]];. We
shall write F'(X7, X5) also as X; +F Xs. The general axioms for an abelian group
object satisfed by m, e, translate to the axioms in Definition [11.1.6

11.1.20. Homomorphism and endomorphisms. In a general category (with a final
object pt and admitting finite products), a homomorphism between two group ob-
jects G, Go is a morphism h : G; — G2 that is compatible with the multiplication
maps G1 X G1 — G1 and G5 x Gy — G, and compatible with the identity sections
pt — G1 and pt — Gs.

In our situation, a homomorphism between two formal group laws F and G
should be a morphism L' — L', i.e., an element h € A[[X]]+, that is compatible
with the multiplication maps, i.e.,

MX+rY)=h(X)4+ch(Y),

or equivalently h(F(X,Y)) = G(h(X),h(Y)). The composition of homomorphisms
h:F — Gand b : G — H is simply given by h'(h(X)). (This is how we compose
two morphisms L' — L1.)

The endomorphisms of a formal group F' form a ring, where + is the “pointwise
addition” and x is the composition. We denote this ring by End(F). For hy, hy €
End(F), the pointwise sum hq + hq is really just

hi+p hy = F(hl(X),hQ(X)) S End(F)

The ring structure on End(F) is characterized categorically as follows. For each
L™ € L, we have a natural map from End(F) to End(Hom (L™, F')), where the latter
is the usual endomorphism ring of the abelian group Hom(L", F'). We require this
map to be a ring homomorphism. This condition uniquely characterizes the ring
structure on End(F’). (This essentially follows from Yoneda’s Lemma.)
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12. LECTURE 12, 3/9/2021

12.1. Lubin—Tate formal group laws. We now construct certain formal group
laws called Lubin—Tate formal group laws. We follow [Mil20, §I.2]. The original
source is [LT65)], which is extremely well written and readable.

From now on, we fix a non-archimedian local field K and fix a uniformizer 7.
Let ¢ be the cardinality of the residue field. Let A = Ok.

Definition 12.1.1. Let F, denote the set of f(X) € A[[X]] satisfying
(i) f(X)=7X+0(X?).
(ii) f(X) =X? mod 7.

FEzample 12.1.2. We have f(X) =nX + X9 € F;.

Ezample 12.1.3. Assume K = Q, and m# = p. Let f(X) = (1+ X)? — 1. Then
f(X)=pX+ Zf;; (P) X+ XP, where all the binomial coefficients are divisible by
p. Hence f € Fp, .

Lemma 12.1.4 (Key Lemma). Let f,g € Fr. Let n > 1. Then there exists
o€ Al[X1, -, Xn]]+ such that

f(@(Xn, -+, X)) = d(g(X1), -+, 9(Xn)).

Moreover, ¢ is uniquely determined by its linear part, which can be an arbitrary
linear form a1 X1+ - anX,.

Proof. We write X for (Xy,---,X,), and write g(X) for (g(X1),---,9(Xn)). Sup-
pose we want the linear part of ¢ to be some arbitrary ¢1(X) = a1 X7 + -+ a, X5,
We prove by induction on 7 > 1 that there exists a degree r polynomial ¢,.(X) =
¢r(X1,--+, X,), whose linear part is ¢1, satisfying

(12.1.4.1) F(@r(X)) = & (9(X)) + O(X™).

Here O(X"*!) denotes a sum of monomials in Xi,---,X,, of degrees > r + 1.
Moreover, we require that ¢,4+1 — ¢, is a homogeneous polynomial of degree r + 1.
If r =1, take ¢, to be ¢1. Then holds because on both sides the linear
part is ). ma; X;.
Suppose ¢, has been constructed. Set ¢,41(X) = ¢, (X) + Q(X), where Q(X)
is a homogeneous polynomial of degree r 4+ 1, to be determined. We have

F(@re1(X)) = f(6r(X) + QX)) = f(6r(X)) + f'(¢r(X)Q(X) + O(X*F?)
= f(¢:(X)) + 7Q(X) + O(X"*2).
(We used that f'(X) =nm + O(X) and Q(X) = O(X"*1).) On the other hand, we
have
Pr+1(9(X)) = ¢ (9(X)) + Q(9(X)) = &r(9(X)) + Q(g(X1), -+, 9(Xn))
= ¢ (9(X)) + Q(r X1, ,7Xy) + O(X"2) = ¢,.(9(X)) + TQ(X) + O(X"F2).
(We used that @ is homogeneous of degree r 4+ 1.) Thus we want
QrXy, -+ mX) = 7Q(X1, + Xa) = (X)) — 6,(9(X)) + O(X"+2),

Note that LHS is (77! — m)Q(X), so we want
f(¢r(X)) — ¢r(g(X))

artl —

(12.1.4.2) QX) = +O(X"T2).
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Note that the numerator in the fraction is O(X"*1), so as long as we can show that
the fraction has coefficients in A = Ok we can (and must) take Q(X) to be the
homogeneous degree 7+ 1 part of the fraction. Since the denominator 7' — 7 has
valuation 1 in Ok, we only need

f(-(X)) = ¢r(9(X)) mod 7.

But f(¢r(X)) = ¢ (X)7 = ¢r (XY, -+, X]) = 6r(9(X1), -+, 9(X;)) mod 7, s0 we
are done.

Now define ¢ to be lim, o ¢ € A[[X]]. (Note that this limit is well defined,
because ¢, agrees with ¢,11 in all degree < r terms.) Then we have

F(@(X)) = F(¢r(X)) + O(X™) = 6, (9(X)) + O(X™) = ¢(g(X)) + O(X"F1),

where for the first equality we used that f € A[[X]]+, and for the last equality we
used that g € A[[X]]+. Since this holds for all r, we have f(¢,(X)) = ¢,(g(X)).
Finally, we show the uniqueness of ¢ when the linear part is fixed. Suppose ¢
solves the problem in the lemma. Define ¢, to be the truncation of ¢ where we
throw away terms of degree larger than r. Then ¢, must satisfy , and also
¢rt1 — ¢ is homogeneous of degree r. As the proof above shows, the difference

Q = ¢r41 — ¢ must be determined by (12.1.4.2)). Thus each ¢,., and hence ¢ itself,
is uniquely determined by the linear part ¢;. O

Proposition 12.1.5. For every f € Fr, there exists a unique formal group law Fy
over A such that f € End(F}).

Proof. Let F' = Fy be the unique power series in A[[X, Y]] whose linear part is
X +Y, satisfying
fIF(X,Y)) = F(f(X), f(Y)).
(The existence and uniqueness of F' follows from the Key Lemma applied to n = 2
and f = g.) We only need to show that F is a formal group law.
To show associativity, let G1(X,Y,Z) = F(F(X,Y),Z) and G2(X,Y,Z) =
F(X,F(Y,Z)). Then G and G2 both have linear part X +Y + Z. We have

F(Gi(X,Y, 2)) = [(F(F(X,Y), 2)) = F(f(F(X,Y)), f(Z)) = F(F(f(X), f(Y)), /(Z))

= Gi(f(X), f(Y), f(2))-
Similarly, f(G2(X,Y,Z2)) = G2(f(X), f(Y), f(Z)). By the uniqueness in the Key
Lemma, we have G; = Gs.

Similary, we have F'(X,Y) = F(Y, X), because F'(X,Y)and G(X,Y) := F(Y, X)
both have linear part X + Y, and they both solve the problem in the Key Lemma
with f=g.

By Lemma [I1.1.8] we have F(X,0) = X.

Finally, we show the existence of i(X) € A[[X]]+ such that F(X,i(X)) = 0.
Let ¢(X) be the unique element of A[[X]];+ whose linear part is —X and such that
fE(X)) =i(f(X)). Set G(X) = F(X,i(X)). Then

F(G(X)) = [(F(X,i(X))) = F(f(X), f(i(X))) = F(f(X),i(f(X))) = G(f(X)).

Note that the linear part of G is 0. On the other hand, clearly 0 is a power series
in one variable with linear part 0 such that it intertwines with f (since f(0) = 0).
Thus the uniqueness in the Key Lemma implies that G = 0. (]
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13. LECTURE 13, 3/11/2021
13.1. Lubin—Tate formal group laws, continued.

Example 13.1.1. Let K = Q, and m# = p. We have f(X) = (1+ X)? — 1 € F,.
Note that f is an endomorphism of the multiplicative formal group law F(X,Y) =
(X +1)(Y +1) — 1. Hence F = F.

For every f € Fr, the formal group law F is called a Lubin-Tate formal group
law. The set of all Lubin—Tate formal group laws (corresponding to all choices
of m and f € F,) are characterized as those formal group laws that admit an
endomorphism whose linear coefficient is a uniformizer in Ok and whose reduction
modulo mg is the Frobenius X +— X9. (Over F,, every formal group law admits
an endomorphism of the form h(X) = X97. )

We continue fixing a uniformizer m € K, and writing A for Ok.

Proposition 13.1.2. Let f,g € F,. For each a € A, there is a unique homo-
morphism [alg s : Fy — Fy whose linear coefficient is a and which intertwines the
endomorphisms f € End(Fy) and g € End(Fy), i.e., golalg s =[alg o f.

Proof. Let h be the unique element of A[[X]]; whose linear part is a X and satisfying
h(f(X)) = g(h(X)). We see that the intertwining condition forces [a], s to be
equal to h. We only need to show that h is indeed a homomorphism F; — Fy, i.e.,
h(Fp(X,Y)) = Fy(h(X),h(Y)). Call the two sides G1(X,Y) and G2(X,Y). Then
G1 and G5 both have linear part aX + aY. We then compute

Gi(f(X), f(Y)) = h(f(X)+ 5 f(Y)) = M(f(X+F,Y)) = (WX +F,Y)) = 9(G1(X,Y)).

Similarly, G2(f(X), f(Y)) = g(G2(X,Y)). Hence G; = G2 by the uniqueness in
the key lemma. O

Proposition 13.1.3. Let f,g,h € Fr. Let a,b € A. We have [alg; +F, [blg,; =
[a+ by s, and [a]g o [blf,n = [ablgn. Moreover [1); s is the identity on Fy, and

[nles=f.

Proof. This follows easily from the uniqueness in the previous proposition. ([l

Corollary 13.1.4. Let f € F. There is a unique (injective) ring homomorphism
[] : @ = End(FYy) such that for each a € O, the linear coefficient of [a] is a, and
such that [7] = f.

Proof. For the existence, take [-] to be [-]¢ ;. This is indeed a ring homomorphism
sending 7 to f, by the previous proposition. For the uniqueness, note that [a] must
intertwine with [r] = f since Ok is a commutative ring. Hence we must have

[a] = [aly.y- 0

By the above discussion, for each f € F, we obtain a canonical ring homomor-
phism A — End(Fy),a + [a]f,¢r. To simply notation we write [a]; for it. This
means that Fy has the canonical structure of a formal A-module. For f,g € Fr,
we have a canonical A-linear isomorphism [1], s : Fy — F,. (Here A-linearity
follows from [a]g g 0 [1]g,r = [alg,7 = [1]g,¢[alf,f.) We can characterize [1]4 ; as the
unique A-linear isomorphism whose linear coefficient is 1. Thus we know that the
formal A-module F is independent of the choice of f up to canonical isomorphism.
(However, the isomorphism class of the A-module F'y depends on =.)
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Ezample 13.1.5. Let K = Q,,m =p, f = (1+ X)? — 1 € F,. We know that Fy is
the multiplicative formal group law Fy(X,Y) = (14+X)(1+Y)—1. What is [a] s
for a € Z,7 We know that it is the unique power series h(X) with linear coefficient
a satisfying f(h(X)) = h(f(X)). Take

hX)=(1+X)":= Y <;>Xm,

m>0
where (%) is by definition
al@a—m)---(a—m+1)/m! e Q,.

We first need to check that these coefficients (7’;) are actually in Z,. To see this,
let (a;); be a sequence in N converging to a in Z,. (For instance, take a; € N to
be any postive lift of the image of a in Z,/p'Z, = Z/p'Z.) Then the sequence (Z’;)
converges to () inside Q. It follows that (%) € Z, since each (?') € N C Z,, and
since Zj, is closed in Q,. Now the linear coefficient of h is indeed a, and the desired
identity f(h(X)) = h(f(X)) boils down to the fact that

(T+X))P = (1+X)")* = (14 X)*.
Again, this is true because it is true when a is replaced by a;.

13.2. Lubin—Tate extensions. The discrete valuation v on K extends uniquely
to a (non-discrete) valuation on the algebraic closure K, which we now explain. If
L/K is a finite extension, then recall that there is a unique discrete valuation w on
L such that w(z) = e(L/K)v(z),Ve € K. Now for z € L, we define v(z) to be

w(x)/e(L/K).

In this way we have extended the function v : K — Z U {400} to a function
v: L — QU {+o0}. Since w is unique, it is easy to see that this extension of v
is also unique, i.e., it must be given by v(z) = w(z)/e(L/K). By writing K as a
union of such finite extensions L/K, we obtain a function

v:K — QU {+o},

which extends v : K — Z U {+o0} and is independent of any choices. The well
definedness of v on K follows from the uniqueness of the extension of v to each
finite extension L/K.
We define
A={zeK|v(z)>0}.

Then A is the union of my, where L runs over all finite extensions of K (inside K ).
We now fix a uniformizer 7 € K and fix f € F,. We then have the formal group
law Iy e OKHX, Y]]+
Note that for any x1,--- ,z, € Aand any H(Xq, -, X,,) € Ok |[[ X1, -+, Xnll+,

the power series H(x1,--- ,x,) converges in A. More precisely, if z1,--- , 2, € my,
for some finite extension L/K, then H(z1,--- ,2,) € mz. Indeed, if
H(X1,-, Xp) = D> @i, X1 - Xpr, (with ag,.. o = 0)

0120, i, >0
. .. . } . 7;1 i ,
then the individual terms of the series H(x1,--- ,%,), namely a;, .. ;, 7" -2,
tend to zero in L. Thus the series converges in L. Since all the partial sums are

inside my,, the limit is also in my, (by the closedness of my, in L).
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Thus the formal group law F; together with the formal A-module structure gives
rise to an A-module structure on A. We denote this A-module by Ay. By definition,
the underlying set of Ay is just A, addition in Ay is given by

(z,y) — Fr(v,y) =2 +Fpy, Vo,y €A
and scalar multiplication is given by
(a,z) — [a]f(z), VYae Og,xzeA.
(Recall that [a]; € Og[[X]]+.)

14. LECTURE 14, 3/23/2021

14.1. Lubin—Tate extensions, continued. Let K be a local field. We continue
writing A for Og. We denote by 7 a uniformizer in A. Recall that for any f € F,
we have an A-module Ay, whose underlying set is A = {z € K | v(z) > 0}, and the
A-module structure is defined via the formal A-module Ff.

Definition 14.1.1. Let M be an A-module. We denote by M,, the submodule
{x € M | 72 = 0}. Note that the definition of M,, is independent of the choice of
the uniformizer .

For f,g € Fr, we have a canonical A-module isomorphism A; = A, given
by « — [1]g,f(z). In particular, for x € A, we have z € Ay, if and only if
(1]4.¢(z) € Agn. Note that x and [1]4 s(x) generate the same finite extension of
K, because whenever « € L we have [1 ] g.f(x) € L, for any finite extension L/K,
and vice versa (since x = [1]4([1]4,7(x))). Thus the extension K(Af,)/K is
independent of the choice of f. We denote it by K.

For instance, we can take f(X) = X9+ 71X € F,, and consider the n-fold
composition f((X) = f(f(--- f(X))), which is a degree ¢" polynomial. Then
K, is generated over K by the roots of f(™(X) inside A.

Proposition 14.1.2. Let f(X) = X+ 7X. All the roots of f™ in K are in A.
Recall the Newton polygon method to determine valuations of roots.

Theorem 14.1.3 (See [Neu99, §2.6]). Let f(X) = ap X" 4+ -+ + a1 X + a9 €
Oxk[X]. Define the Newton polygon to be the (lower) conver hull of the points

(i,v(a;)). Suppose it has k different edges, of horizontal distances ly,--- I and
slopes s1,+ -+, sg. Then among the n roots of [ inside K (with multiplicities), there
are precisely l; roots a such that v(o) = —s;, for j=1,--- k.

FEzample 14.1.4. We say that f(X) = a, X" + - + ap € Og[X] is Eisenstein if
v(ay) = 0,v(a;) > 0 for i < n, and v(ag) = 1. Then the Newton polygon is the
straight edge from (0, 1) to (n,0). Hence all n roots have valuation 1/n.

Proof of Proposition[T7.1.2. The polynomial f(™) (X) is of the form X"+ .. +7"X.
Moreover, since f(X) = X9 mod 7, we have f(f(X)) = f(X)? = X7 mod «, and
by induction (™ (X) = X9 mod 7. Hence all the middle coefficients of f(™) have
positive valuation. It follows that all the edges in the Newton polygon have strictly
negative slopes. Thus all the roots of ™ in K lie in A. (|

In conclusion, K ,/K is generated by all the roots of f™(X) in K, where
f(X)=X?4+7X. In particular, we have
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Corollary 14.1.5. The extension K, ,/K is finite and normal.

Lemma 14.1.6. For any f € Fy, the set Asy has q distinct elements. The map
m: Ay — Ay (i.e., the map sending x € A to [n]s(x) = f(zx) € A) is surjective.

Proof. The isomorphism class of the A-module Ay is independent of f, so we may
assume that f(X) = X9+ 7X. For the first statement, we need to show that f(X)
has ¢ distinct roots in A. We have already seen that all the roots of f(X) in K lie
in A. Since deg f = g, we only need to check that f and f’ are coprime. We have
(X)) = ¢X9 47, so any root a of f/(X) in K satisfies v(q)+(¢—1)v() = v(—n),
ie, v(a) = (1 —wv(q))/qg — 1. On the other hand, by a similar computation, every
root of f(X) is either zero, or has valuation 1/(¢ — 1). Since v(g) # 0, we see that
f and f’ do not have common roots in K, i.e., they are coprime.

We now prove the second statement. We need to show that for any A € A, there
exists o € A such that f(«) = A\. Namely, the polynomial f(X)—A=X94+7X — A
has a root in A. Using the Newton polygon, we see that all the roots of this
polynomial in K have positive valuations. (|

15. LECTURE 15, 3/25/2021
15.1. Lubin—Tate extensions, continued.

Lemma 15.1.1. For any f € Fr, the extension K /K is separable, and hence
Galois in view of Corollary[1].1.5,

Proof. As usual we may assume that f = X7+ 7X. We prove the lemma by
induction on n. For n = 1, we have seen that Ay ; is the set of the ¢ distinct roots
of f(X) € K[X]. Hence the elements of A ; are all separable over K. Now suppose
K, ,/K is separable. Let @ € A ,,11. Then § := f(a) € Ay, and « is a root of
f(X)— B € K ,[X]. The derivative of this polynomial is again ¢X?~ ! 4+ 7, and
every root of it has valuation equal to (1 —v(q))/q¢ — 1 < 0. Hence «a is not root
of (f(X)— ), and not a multiple root of f(X) — 8. Therefore « is separable over
K. Since K /K is separable, we have « is separable over K. O

Proposition 15.1.2. For any f € Fr and any n > 1, the A-module Ag,, is
isomorphic to A/(m)"™. In particular, it has ¢™ elements.

Proof. We first show that Ay, has exactly ¢ elements. Consider the short exact
sequence

0— Af’n — Af,n+1 L> Af’n — 0.
Here, the surjectivity of the last map follows from Lemma [[4.1.6] Since we know
Ay has g elements, the claim follows from induction.

Now by the classification of finitely generated modules over a PID, we have
Appn = A/(m™)D---® A/ (™) for a unique sequence of integers my < --- < my,.
Note that Af; is equal to the m-torsion in Af,. If k& > 2, then |As1| > 42,
contradicting Lemma Hence Aj, = A/(x™) for some m. Since it has ¢"
elements, we have m = n. ([l

As an immediate consequence of the above corollary, the endomorphism ring of
the A-module Ay, is naturally isomorphic to A/7", and the automorphism group
of the A-module Ay, is naturally isomorphic to (A/7"™)*. Now Gal(Ky,/K)
acts on Ay, via A-module automorphisms. In fact, the condition that an element
r € mg, , liesin Ay, is expressed in a power series equation in x with coefficients
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in A. The group Gal(K; ,/K) acts continuously on mg_, so it preserves such a

power series equation. We thus obtain a homomorphism

Prn: Gal(Ky /K) — Autamod(Af,n) = (A/7™)%.

mT,n?

We call it the Lubin—Tate homomorphism.

Implicitly, the definition of p, , involves the choice of f € F;, but it is easy to
see that pr, is in fact indepedent of that choice. The point is that for f,g € F,
the isomorphism Ay, = A, , induced by [1], ¢ is Gal(K, ,/K)-equivariant, since
it is given by a power series with coefficients in K.

Theorem 15.1.3. The following statements hold.
(i) The extension Ky, /K is totally ramified, of degree (g —1)g"~*.
(i1) prn is an isomorphism.
(iii) 7 is a norm from Ky .

Proof. Take f(X) = X9 —7X. Let m; be a non-zero root of f(X) in K. For i > 2,
inductively choose 7; to be a non-zero root of f(X)—m;—; =0in K. Using Newton
polygons, we have v(m;) = 1/(q — 1) and v(m;) = 1/(qg—1)¢*~! for i > 2. Note that
Tp € Af ., s0 we have 7, € K ,. Thus e(Ky,/K)> (¢g—1)¢" '

Now p is clearly injective. Hence [K ,, : K| < |(A/7™)*| = (¢—1)¢"~'. For the
last equality, see the exercise below.

Combining the two inequalities, we get (i) (ii).

We now show (iii). Let g(T) = f(T)/T = T% '+, and let u,(T) = g(f(--- £(T))),
where f appears n — 1 times. Then degu,, = (¢ — 1)¢" !, and

un(ﬂ_n) - un—l(ﬂn—l) == 9(71'1) =0.

By part (i) and the fact that v(m,) = 1/(q — 1)¢" !, we know that , has degree
(¢ — 1)¢"~ ! over K, and that K., = K(m,). Hence u, is the monic minimal
polynomial of m,, over K. Thus the norm of m, € K, , down to K is (—1)degun
times the constant term of wu,, which is 7. If (—1)4°8%» = 1 then we are done.

Otherwise, — is a norm, and the extension K , /K has odd degree and therefore
—1 is a norm. Hence 7 is a norm. (]

Ezercise 15.1.4. Show that |(A/7™)*| = (¢—1)¢"~'. Hint: first show that (A/7")* =
AX /(1 + 7" A).

Ezercise 15.1.5. Let K = Q, and 7 = p. We have K., = Q,({,n), and the
isomorphism p : Gal(Ky ,/K) = (Z,/p™)* = (Z/p™)* is the usual isomorphism,
i.e., p~!(a) maps (pn to (.

16. LECTURE 16, 3/30/2021

16.1. Explicit local reciprocity map. Fix a uniformizer 7 € K. Recall from
Theorem|15.1.3[that the Lubin-Tate homomorphism p ,, : Gal(K ,,/K) — (4/7")*
is an isomorphism. It will turn out that the negative of p;}n, which is an isomor-
phism
(A/m™)* = Gal(Kyrn/K),
ar— (=prn(a) s a [0y (2), Yo € Agy)
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is induced by the local Artin map ¢x_, /kx : K* 2, Gal(K**/K) — Gal(Ky ,/K).
Let
Kﬂ' = U Kﬂ,n

(where the union is inductive), and let
LT . pour
KW' = K, KW,

It will enventually turn out that KT = K?P but we cannot use it for now. Since
each K ,/K is totally ramified, the fields K, and K" are linearly disjoint over
K. Thus

Gal(K™/K) = Gal(K/K) x Gal(K™ /K) = lim Gal (K ,/K) x 2.2 A* x Z.
n
Here in the last isomorphism we used p to identify Gal(K ,/K) with (A/7™)*,
and used the (obvious) fact that the natural map Gal(Kr ,,/K) — Gal(Kx,/K)
corresponds to the natural projection (A/7™)* — (A/x™)* when n < m. If we
know KT = K?P then we can define the local Artin map by the formula
KX =7%x A* — Gal(K™/K) = A* x Z,
70— (a1, b).

One approach to local class field theory is to try and show KM = K& directly
(using the Hasse—Arf Theorem), and then to define the local Artin map in the above
way. We will however not take this approach.

Without knowing KT = Kb we can still use the formula 7° - a — (a1, b) to
define a homomorphism

b : KX — Gal(K*/K).
16.2. Independence of the uniformizer.

Theorem 16.2.1. The subfield K¥T C K is independent of the choice of w. The
map ¢ is independent of the choice of .

The discrete valuation v on K extends to a discrete valuation v on K", making
K" a discretely valued field. We know that (K™, v) is not complete, and denote
the completion by K. The unique extension of v to K is again denoted by v. Let

B=0y;= {:E e K|v(z)> 0} . The Frobenius o € Gal(K"/K) extends uniquely

to a K-automorphism o of K. Then o preserves v on K , and in particular acts on
B.

Lemma 16.2.2. The homomorphisms B —,b — b — o(b) and B* — B*,b —
bo(b)~! are surjective, with kernels A and A* respectively. These homomorphisms
are often called Lang isogenies.

Proof. Let R be the valuation ring of K", whose maximal ideal is 7R and residue
field is k, the algebraic closure of the residue field k£ of K. By the definition of
completion we have B = yll” R/7™. We show by induction that the sequence

(16.2.2.1) 0— A/r™ = R/a" L% R/7™ — 0
is exact, where f,(z) =z — o(x). When n = 1, the sequence becomes

0 k—k IS5k,
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which is obviously exact. Assuming the sequence is exact for n — 1, we can apply
the snake lemma to the diagram

0 R/m Ll R/m" ——= R/m"" 1 ——0
J/fl lfﬂ lfn—l
0 R/m =, R/7" ——= R/7" 1 ——=0

(The exactness of the two rows is obvious, and the commutativity folows from
the fact that o(w) = m.) Then f, is surjective, and ker(f,) is an extension of
ker(fn,_1) = A/7"! by ker(f;) = A/w. Thus ker(f,) has ¢" elements, and since
it contains A/7™ it must be equal to A/7™. We have thus shown that is
exact.

Recall the following general fact: Suppose I is directed set, and we have inverse
systems (A;)icr, (Bi)ier, (C;)icr of abelian groups. For each i, suppose we have a
short exact sequence 0 —+ A; — B; — C; — 0, and suppose that the maps A; — B;
and B; — C; are compatible with the transition maps. Then we have an exact
sequence

0— lglAi — @Bi — 1&101
(2 K3 3

The last map is surjective when I is countable and (4;);c; is Mittag-Leffler, i.e.,
for each ¢ € I the system im(A; — A;) of subgroups of A; stabilizes as j gets
sufficiently large. Applying this to our situation, from we get a short
exact sequence

04— BZ5% B0,
since the inverse system (A/7™), (with the obvious transition maps) is Mittag-
Leffler.

The case with BX — B*,b + bo(b)~! is proved similarly. We replace A/7"
and R/m™ by A*/(1 4+ n"A) and R*/(1 + 7" R) respectively. Note that A* =
lim A* /(14 a™A), and B> = l'gln(]:i/ﬁ")X = lim R*/(1 4+ n™R). (The isomor-
phism (R/7™)* = R* /(1 + 7" R) is similar to the one in Exercise ) O

Remark 16.2.3. When char(K) = 0, the surjectivity in Lemma [16.2.2 can be gener-
alized when B or B* is replaced by G(B), where G is a smooth affine group scheme
over Ok with connected special fiber [Gre63, Proposition 3.

We now let 7, o be two uniformizers in K, and write @ = 7u, with u € A*. Let
f e Frand g € Fy.

Proposition 16.2.4. The formal A-modules Fy and F, over Ok become isomor-
phic after base changing from Ok to B. (Here we write Ok instead of A to em-
phasize that it is the ring of coefficients of the power series defining the formal
group; after base changing from Ok to B, we obtain two formal A-modules over
B. They are defined by simply viewing all the power series over Ok involved in the
definitions of Fy and Fy as power series over B.) More precisely, fix e € B* such
that o(€) = eu. There exists 0(T) € B[[T]]+ such that

(i) The linear coefficient of O(T) is e.

(i1) o(6(T)) = 8([u](T)).

(iit) O(Fy(X,Y)) = Fy(0(X),0(Y)).

(iv) 0([a]; (X)) = [a]¢(0(X)), Va € A.
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Note that conditions (i) (iii) (iv) imply that 6 is an isomorphism between formal
A-modules over B. Indeed, by condition (i) and Lemma|l1.1.2|(the Inverse Function
Theorem), we know that 6 has a composition inverse.

Proof. We leave it as an exercise to prove the existence of §(7T') satisfying (i) and
(ii), using Lemma We now show that such 6(7) can be modified to satisfy
g=ocfofof 1. (Here ' is the composition inverse of #.) In fact, let h =
gfo fof~! € B[[T]];. Then

h=0ofulfofof ™t =00folulfod "
Since f and [u]; have coefficients in A, we have
ch=0b0ofoluljoo0™ ' =cfofof™ ! =h.

Hence

h e AT+

1

The linear coefficient of h is eure™" = umr = w. Modulo mg, we have

h=00o (X X900
S0
B(X) = 00(9~1(X)7) = 0(9~1(X))7 = X7,
(For the second congruence we used (06)(Y?) = (6(Y))?.) Thus h € Fy, and we

can consider [1], 5. Replace § by 6’ = [1],, 06. Then ¢’ still satisfies conditions (i)
and (ii), and we have

g0 o fof = A]gnroho[l]ng =g.

We now assume that g = 0f o f o =1, It is then easy to prove conditions (iii)
and (iv) using the Key Lemma (Lemma [12.1.4)). O

Ezercise 16.2.5. Finish the above proof.

17. LECTURE 17, 4/1/2021

Proof of Theorem[16.2-1, We first show that KT is independent of 7. Let 7, @
be two uniformizers of K. We shall show that K" - K, , = K" - K, for each
n>1 Let f = X?9—7X € F, and g = X9 — wX € Fp. Let 6 be as in
Proposition [16.2.4] with respect to 7, @, f,g. Let C' be the completion of K, with
respect to the topology defined by v. By the functoriality of completion there is a
natural embedding K — C. We can make the set A’ = {z € C'| v(z) > 0}, which
is analogous to A, into A-modules A’f and A} according to Fy and F|, respectively.
Note that the 7™-torsion in A’;, denoted by A;‘,m is actually equal to Ay, because
both sets consist of all the roots of the polynomial f() in K. Similarly, A’g’n =Agn.
Clearly 6 induces an A-module isomorphism A} = A}, + 6(z), and hence a

bijection A = A} .. (Recall that the 7"-torsion and @"-torsion in an A-module
are the same.) Hence we have Ay, = 0(Ay ). Note that 8(Ay,) is a subset of the
completion of K" - K, ,, (viewed as a subfield of C), since every element of 0(Ay,,)
is the limit of a sequence of elements of K" - K ,,. By symmetry, the completions
of K" Ky, and K" - K ,, are equal, as subfields of C. By Lemma [I7.0.1] below,
we can recover K" - K., from its completion by taking algebraic elements over
K, and similarly for K" - K, ,,. Hence K" - K. , = K" - K ,, as desired, and so
KT is independent of 7.
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We now show that ¢, is indepedent of m. Note that we only need to show that
dr(w) = ¢m(w) whenever 7, are two uniformizers. In fact, if we know this,
then for any uniformizer ' we have ¢, (w) = ¢/ (w), since they are both equal
t0 ¢ (). Keeping 7 and 7’ fixed and letting w vary, we conclude that ¢, = ¢
since the set of all uniformizers generate the group K*.

We now show that ¢ (@) = ¢ (w). Recall that ¢ (w) acts as the Frobenius on
K™ and fixes K, ,, for all n. Write w = mu. Now ¢.(w) = ¢ (mu) also acts as the
Frobenius on K, and it sends € Ay, to [u"!];(z). Thus it sends 6(z) € Ay,
to (a8)([u~"]s(x)), since it acts on the coefficients of §, which are in K, as o. By
property (ii) in Proposition (00)([u=]¢(x)) = 0(z). Thus ¢.(w) fixes O(x)
for every x € Ay ,. Since 6 induces a bijection Af, = Ag.n, we see that ¢r(w)
fixes Ay . Hence ¢, (w) agrees with ¢ (w) on K ,, for all n. O

Lemma 17.0.1. Let L be an intermediate extension of K/K such that v(L*) =
%Z C Q for some e € Z>1. Let L be the completion of L with respect to the discrete
valuation w := e -v. Then L is algebraically closed inside L.

Proof. Suppose not. Then there is a non-trivial finite extension L;/L inside L.
Let @ be the unique discrete valuation on L extending w on L. Note that on
any algebraic extension of K, there is at most one (in fact, exactly one) Q-valued
valuation extending v on K, since this is the case on any finite extension of K. It
follows that @|r, is the unique discrete valuation on L; that extends w on L up
to a scalar. Let El be the completion of L; with respect to this discrete valuation.
By functoriality we have a canonical map L— E1, and by [Ser79l §I1.3, Theorem
1 (iii)] the L-dimension of L; is equal to [L; : L] > 1. It follows that the canonical
map L — fl is non-surjective, and so L is not dense in Ly. But L C L1 C L and
L is dense in E, a contradiction. O

Remark 17.0.2. In Lemma |17.0.1] we crucially used that (L, w) is algebraic over a
complete discretely valued field. For instance Q is not algebraically closed inside
its p-adic completion Q,.

17.1. Group (co)homology.

17.1.1. G-modules. Let G be a group. By a G-module, we mean an abelian group
equipped with a left G-action via group automorphisms. Let Z[G] be the group
algebra of G over Z. Then a G-module is the same as a left Z[G]-module. Mor-
phisms between G-modules are group homomorphisms which are G-equivariant.
(We shall also call these morphisms G-homomorphisms.) The category of G-
modules is abelian.

If X,Y are G-modules, we write Hom(X,Y") for the group of homomorphisms
X — Y, and write Homgzg)(X,Y") = Homg(X,Y') for the group of G-homomorphisms
X — Y. Note that Hom(X,Y) is naturally a G-module, with the G-action
defined by (g9f)(z) = g(f(¢7'z)),Vg € G,f € Hom(X,Y),z € X. We have
Homg(X,Y) = Hom(X,Y)¢.

Similarly, if XY are G-modules, then X ®yz Y is naturally a G-module, where
the G-action is defined by g(z ® y) = gz ® gy.
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17.1.2. Induction and coinduction. Let H be a subgroup of G. We have two func-
tors from H-modules to G-modules, called induction and coinduction, defined by

Ind (X) = Z[G] @z;m X, colnd$j(X) = Homyp (Z[G], X).

In the first definition, Z[G] is viewed as a right Z[H]-module by right multiplication
of H on G, and the G-action on Ind%(X) is induced by the left multiplication of
G on Z[G]. In the second definition, Z[G] is viewed as a left Z[H]-module by left
multiplication of H on G, and the G-action on coIndg(X ) is induced by right
multiplication of G on Z[G]. In other words, for gy € G and f € colnd$(X), we

define
(90)(>_ agld)) *fzagggo VZag

When H is trivial, we write Ind® and colnd® for the two functors. If a G-module
Y is isomorphic to Ind®(X) (resp. colnd (X)) for some abelian group X, we call
Y induced (resp. coinduced).

Ezercise 17.1.3. If G is a finite group, then the functors Ind“ and coInd® are
naturally isomorphic. In fact, Z[G] has a canonical finite Z-basis {[g] | g € G}.
Therefore Ind®(X) = @ geclg) - X, and the G-action is given by permuting the
summands [g] - X. Given an element x = }_ [g] - z4 of md(X), we define a
function f; : G — X,g = z4-1, viewed as an element of coIndG(X). Show that

the map z — f, is a G-module isomorphism Ind®(X) = coInd“(X), and that
this isomorphism is functorial in X. (If we defined f, to be g — x, then the map
x +— f would not be G-equivariant.)

The following exercise generalizes the previous one.

Exercise 17.1.4. Let G be an arbitrary group, and let H be a finite index subgroup.
Then the functors Indfl and coIndfl are naturally isomorphic. (Hint: Use g +— g1
to relate G/H and H\G.)

Remark 17.1.5. In [Mil20], our functor coInd$ is denoted by Ind%, and what we
call coinduced modules are called induced modules. Our convention agrees with
that in [Ser79].

Lemma 17.1.6. The functors Ind and coIndH are exact.

Proof. This follows from the fact that Z[G], when viewed as a left (resp. right)
Z[H]-module, is free. In fact, if (g;):cs is a set of representatives of the cosets in
G/H, then ([g;])ier is a basis of Z[G] as a right Z[H]-module. Similarly, there exists
a basis of Z[G] as a left Z[H]-module. O

18. LECTURE 18, 4/6/2021

18.1. Group (co)homology, continued. Let X be a G-module. Write X, for
the underlying abelian group. Then we have an injective G-homomorphism

X — colnd®(X,), z+— Zag »—)Zagg(x))

and a surjective G-homomorphism

nd(X,) — X, Zag QT —> Zagg(x)
g
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Recall that in an abelian category A, an object I is called injective (resp. projec-
tive) if the functor Hom 4 (-, I) (resp. Hom4(7,-)) from A to the category of abelian
groups is exact.

Exercise 18.1.1. Check the following two versions of Frobenius reciprocity: Let H
be a subgroup of G. For any G-module X and H-module A, we have natural
isomorphisms

Homz g (X, colnd$ A) =~ Homz (X, A)
and

HOIHZ[G] (Indg AX) = HOIHZ[H] (A, X).

Lemma 18.1.2. If A is an injective abelian group, then colnd® 4 is an injective
G-module. If A is a projective abelian group, then Ind® A is a projective G-module.

Proof. This follows easily from Frobenius reciprocity. (]

Corollary 18.1.3. The category of G-modules has enough injective objects and
enough projective objects, i.e., for each G-module X there exists an injective G-
homomorphism X — I and a surjective G-homomorphism P — X, where I is an
injective G-module and P is a projective G-module.

Proof. Let Xy be the underlying abelian group of X. The category of abelian groups
have enough injective objects, so we can find an injective homomorphism Xy — I
where Iy is an injective abelian group. Since colnd? is exact, we have injective
. G G G

G-homomorphisms X — colnd™ Xy — colnd™ I,. By Lemma [18.1.2) colnd™ I is
an injective G-module.

The proof of enough projective objects is similar, using that the category of
abelian groups has enough projectives and using the surjection Ind’ Xy —» X. O

By the above corollary, for any left exact additive functor F from G-modules to
an abelian category, we have the right derived functors R*F,i > 0. Similarly, for
any right exact additive functor G from G-modules to an abelian category, we have
the left derived functors L;G,i > 0.

18.1.4. Recall of derived functors. (See [Wei95), §2] for details.) Let F : A — B
be a left exact additive functor between abelian categoriesEI Assume that A has
enough injectives. Then the right derived functors R‘F (for i > 0) are defined as
follows. For X € A, we find an injective resolution

0=+X—=I1°=T1"— ...

(i.e., an exact sequence in A with each I* an injective object), which exists since
A has enough injectives. We then define R‘F(X) € B to be the i-th cohomology
object of the complex
FUIY) - FIY) — -

in B. (We shall write the resolution as 0 — X — I*, and write the above complex
as F(I*).) The definition of R‘F(X) is independent of the choice of the injective
resolution up to canonical isomorphism. Hence we can think of the functor R'F as
being canonically defined.

7An additive functor F : A — B between abelian categories is called left (resp. right) exact, if
for any short exact sequence 0 - A — B — C — 0 in A, the sequence 0 — F(A) — F(B) — F(C)
(resp. F(A) — F(B) — F(C) — 0) is exact.
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Note that ROF = F, and R'*F(I) = 0 for all injective objects I and all i > 1.
Moreover, the family of functors (R'F);>o has the additional structure of a d-
functor. Namely, for any short exact sequence 0 - A — B — C — 0 in A, we have
a long exact sequence

0= F(A) = F(B) > F(C) 25 RUF(A) = R'F(B) — R'F(C) L5 RPF(A) = ---

Moreover this long exact depends functorially on the short exact sequence. This
means that if we have a commutative diagram with exact rows in A:

0 A B C 0
0 A B’ c’ 0

then for each ¢ > 0 the following diagram commutes:

RF(C) —2 RHF(A)

l |

RIF(C") —> RAHIF(A)

Now suppose that F : A — B is a right exact additive functor between abelian
categories, and that A has enough projectives. Then the left derived functors L; F
(i > 0) are defined. For each X in A, take a projective resolution

o= P> P =X —0.

By definition L; F(X) is the i-th homology of the complex F(P,). We have LoF =
F,and L;F(P) = 0 for all projective P and all ¢ > 1. For any short exact sequence
0—A— B—C —0in A, we have a long exact sequence

Ly F(C) S Ly F(A) = LiF(B) = LiF(C) 3 F(A) = F(B) — F(C) = 0.

18.1.5. Definition of group (co)homology. Given any G-module X, we define the
G-invariants

XC¢={zreX|gr=uxVgeqG}
and the G-coinvariants

Xe=X/{gr—z|geG,rxeX).

Then X — X and X — X¢ are functors from G-modules to abelian groups. Note
that they are left exact and right exact respectively.

Definition 18.1.6. For i > 0, we define H(G, -) to be the i-th right derived functor
of the left exact functor X — X& from G-modules to abelian groups. We define
H, (G, -) to be the i-th left derived functor of the right exact functor X — Xg from
G-modules to abelian groups.

Ezample 18.1.7. By definition we have H*(G, X) = X¢ and Hy(G, X) = Xg.

Ezample 18.1.8. Let G be the trivial group. Then H'(G, X) = H;(G, X) = 0 for
i> 0.

Exercise 18.1.9. Let (M;)jcs be a family of G-modules. Then H'(G, [, M) =
[[; H' (G, Mj).
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18.2. Free resolution of Z. Note that the functor X — X& from G-modules to
abelian groups can be alternatively regarded as the functor X + Homgq(Z, X),
where Z is equipped with the trivial G-action. Therefore, H (G, X) = Ext%[G] (Z,X).
If we take a projective resolution

=P —>Py—>7Z—0

of Z in the category of G-modules, then Ext%[G] (Z, X)) can be computed as the i-th
cohomology of
Homz[g](Po, X) — Homz[g] (Pl, X) —r e

This gives an alternative, and in fact more practical, way of computing Hi(G7 X).
Note that we can fix the resolution P, once and for all, independent of X.

We will soon exhibit a free resolution Py — Z — 0, i.e., each P; is a direct sum
of copies of Z[G]. With such a resolution we can also compute H;(G, -). Note that
the functor X — X¢ is really the same as X +— Z ®zq) X, where Z is viewed as
a right Z[GJ]-module with the trivial G-action. Hence H;(G, X) = Tor; z(¢(Z, X).
Now we view the left G-module P; also as a right G-module by defining p - g to be
g l-p forpe P;,g € G. Then P, — Z — 0 is also a free resolution in the category
of right Z[G]-modules. Thus H;(G, X) is the i-th homology of

o= Py ®Z[G] X =P ®Z[G] X.

Definition 18.2.1. A G-module X is called relatively injective (resp. relatively
projective), if it is a direct summand of a coinduced (resp. induced) G-module.

Proposition 18.2.2. Let X be a relatively injective G-module. Then Hi(G, X)=0
fori>1. Let'Y be a relatively projective G-module, then H;(G,Y) =0 fori > 1.

Proof. Fix a free resolution P, — Z — 0 in the category of G-modules. Since
Hi(G, -) is compatible with finite direct sums, we may assume that X = colnd A.
Then H'(G, X) is the i-th cohomology of Homgg) (P, coInd® A), which is the same
as Homy(P,, A) by Frobenius reciprocity. Note that P, — Z — 0 is also a free
resolution in the category of Z-modules. (Everything free over Z[G] is also free
over Z.) Thus H (G, X) = Ext}(Z, A), and this vanishes for i > 1 since Z is a free
Z-module.

The statement about H;(G,Y) is proved similarly. We may assume that ¥ =
Ind® A. Then H;(G,Y) is the i-th homology of Py ®z(¢ Ind® A, which is obviously
isomorphic to P, ®z A. Hence H;(G,Y) = Tor; z(Z,Y), and this vanishes for
i>1. O

The following result is a generalization of Proposition [[8.2.2] and its proof is
essentially the same.

Proposition 18.2.3 (Shapiro’s Lemma). Let H be a subgroup of G. For each
H-module X, there are natural isomorphisms

H'(G, colnd$ X) = H'(H, X)
and
H,;(G,Ind$ X) =~ H,(H, X)
fori>0.

Ezercise 18.2.4. Prove Proposition [[8.2.3]
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19. LECTURE 19, 4/8/2021

19.1. Explicit free resolution of Z. We now describe an explicit choice of a free
resolution Py — Z — 0 in the category of G-modules. Let P; = Z[G'T!], with
G-action given by

g- [gOagla T 791] = [ggOa o 7991']7 vg € G) (90, T agi) € Gi+1'
Note that P; is indeed a free Z|G]-module, with a Z[G]-basis

{[1agla"' 7g’L] |gla"' ,9i € G}
Define the differential d; : P, — P;_, by
di[gof" agl] = Z (_1)][90’ 7.5\]'7"' agi]7 v(goa agi) € Gi+1'
0<j<q

Here hat means ommision. Define € : Py — Z by €[go] = 1,Vg0 € G.

Ezercise 19.1.1. Check that P, = Z — 0 is a resolution in the category of G-
modules. (Do not forget to check that the compositions of consecutive differentials
are zero.)

19.2. Computing cohomology. Let X is a G-module. Recall that Hi(G,X) is
the i-th cohomology of Homg g (P, X). Now Homgyq(P;, X) is identified with

abelian group C'(G, X) consisting of functions f : G'*1 — X satisfying the homo-
geneous condition

fg90,--,99:) = g f(go.--+ ,9i)-
Such functions are called homogeneous i-cochains. The differential d:CHG,X) —
C*Y(G, X) induced by d : P;y1 — P; is given by

2

(glvf)(907 . 'gi—‘rl) = Z(fl)jf(g()v t ,g\ja e 791)

=0
We would like to dehomogenize C(@, X). Let C*(G, X) be the abelian group of
all maps G* — X. We have an isomorphism
Ci(G,X) = CYG,X), [ [,
where
flgr-+590) = fF(Lg1,9192, - 91+ i)

The induced differential d : C*(G, X) — C*T}(G, X) is given by
(Af) (g1, git1) = g1f (g2, -+ gip1)+ Y (=1 Fg1, -+ 19595410+ » gis1)+(= 1) f(an,
j=1

The kernel and image of d : C*(G, X) — C*T}(G, X) are denoted by Z*(G, X) and
B(G, X), and their elements are called i-cocycles and i + 1-coboundaries. We
have

H'(G,X)=ZY(G,X)/B (G, X).

Example 19.2.1. The differential d° : C°(G,X) = X — C(G, X) sends # € X to
the function G — X, g — gz — x. Its kernel is indeed H*(G, X) = XC.

a0
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Ezample 19.2.2. The differential d' : C*(G, X) — C?(G, X) sends f to the func-
tion G* = X, (g1,92) — g1 - f(92) — f(9192) + f(g1). Its kernel Z(G, X) consists
of functions f : G — X satisfying f(g192) = f(g91) + g1 - f(g2), called crossed
homomorphisms. Thus H' (G, X) is the quotient of the group of crossed homomor-
phisms by the group of functions of the form g — gz — = for some x € X (which
are called principal crossed homomorphisms). Note that if G acts trivially on X,
then H'(G, X) = Hom(G, X).

Example 19.2.3. Suppose we have a short exact sequence of groups 1 — X —
E — G — 1, where X is abelian (written multiplicatively). We say that E is an
extension of G by X. Fix a set-theoretic section s : G — E of the map F —
G. For each g € G, let g act on X by x — s(g)xs(g)~*. This defines a G-
module structure on X, which is independent of the choice of s. The function
G? — X,(g,h) — s(g)s(h)s(gh)~! is an element of Z%(G,X), and its image in
H?*(G, X) is independent of the choice of s. In this way, H?(G, X) classifies all the
isomorphism classes of extensions of G by X with the prescribed G-action on X.

19.2.4. Functoriality. Suppose that X — Y is a map of G-modules. Then sice
H'(G,-) is a functor we have a homomorphism H'(G, X) — H'(G,Y). This can
be described in terms of cochains as follows. We have an obvious map C*(G, X) —
C(G,Y) for each i, induced by the map X — Y. These maps commute with the
differentials, and hence induce maps H (G, X) — H'(G,Y). The last maps are the
correct ones.

19.2.5. The connecting homomorphism in terms of cochains. Given a short exact
sequence 0 - A — B — C — 0 of G-modules, the connecting map ¢ : Hi(G, C)—
H'" (G, A) can be described in terms of cochains as follows. Given ¢ € H (G, C),
first find an i-cocycle z : G* — C representing z. Since B — (' is surjective, we can
lift 2 to an i-cochain 2 : G* — B. Now dz need no longer be 0, but we at least have
dz € C(G, A) since dz = 0. Since d(dz) = 0, we have dZ € Z*(G, A). The class in
H'(G, A) represented by dz is 6(C).

Remark 19.2.6. As we discussed before, we can use the free resolution Py — Z — 0
to compute H; (G, X) as well. See [Ser79l §VIIL.4] for explicit formulas in terms of
finitely supported functions G* — X and differentials.

19.3. Computing H;(G,Z). Let Z be the Z][G]-module with trivial G-action. We
compute H;(G,Z). Consider the augmentation map

T LGl —Z, Y aglgl— > a.

(This is the same as the map € : Py — Z before.) Let I be the kernel of 7. Note
that I is a free Z-module with basis {1 —[g] | g € G — {e}}. For any G-module
X, we have
Xo & X/IGX.
From the short exact sequence 0 — I — Z[G] — Z — 0, we obtain the long exact
sequence
H,(G,Z|G]) - H1(G,Z) — Hy(G, I¢) — Hy(G, Z[G]).

The first term is zero since Z[G] is induced (Proposition [18.2.2)), and the last map
is zero since it is the map Ig/I% — Z[G]/Ig induced by the inclusion I¢ — Z[G].
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Thus we have a canonical isomorphism
Hl(Gv Z) = IG/Ié'
Now it is elementary to check that

G—lIg/1g, g—1-][g]

~

induces an isomorphism G** = I /I%. (Here G®" is the abelianization of G as
an abstract group.) Thus we have a canonical isomorphsm between H; (G, Z) and
Gab.

20. LECTURE 20, 4/13/2021

20.1. Change of group. Let X be a G-module and X’ be a G’-module. Suppose
we have homomorphisms « : G' — G and § : X — X'. We say that («, ) is
compatible, if

Blalg')-x) =g B(x)
for all ¢’ € G',x € X. In this case, for each 7 > 0 we have a homomorphism
CYG,X) — CYG', X

These homomorphisms commute with the differentials C*(G, X) — C**1(G, X) and
CH{G', X") — C*HG’, X"), and so they induce homomorphisms

H'(G,X) — HY(G', X').

Ezample 20.1.1. We have X = X', f = id, and a : H — G is the inclusion
of a subgroup. In this case the homomorphism H'(G,X) — H'(H, X) is called
restriction, denoted by Res.

FEzample 20.1.2. Let H be a normal subgroup of G, and let X be a G-module. Let
a be the quotient map G — G/H, and let 8 be the inclusion X — X. Note that
XH is indeed a G/H-module, and that (a, 3) is compatible. The homomorphism

H (G/H,X") — H'(G, X)
is called inflation, denoted by Inf.

Remark 20.1.3. For homology, we have natural corestriction maps. When H is a
subgroup of G, for each G-module we have a natural map

Cor : Hz(H,X) — HZ(G,X)

When ¢ = 0 this is the map Xy — X¢ induced by the identity on X. The
corestriction maps can be defined using the presentation of homology in terms of
chains and differentials. (The group of i-chains C;(H, X) is the group of finitely
supported functions H® — X. We have C;(H,X) — C;(G,X) by extension by
zero.)
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20.2. The inflation-restriction sequence. Let X be a G-module, and let H be
a normal subgroup of G.

Proposition 20.2.1. The sequence

0— HY(G/H, Xx") 2 gY@, X) £ °HY(H, X)
is exact.
Proof. Elementary computation with 1-cocycles. [

We have the following generalization.
Proposition 20.2.2. Let q be a positive integer. Suppose that H'(H,X) = 0 for
1<i<gq-—1. (If ¢ = 1, this hypothesis is void.) Then the sequence

0— BYG/H, X" 2 |G, X) 2% HY(H, X)

s exact.

Lemma 20.2.3. Let Y be a G-module. If Y is coinduced, then it is also coinduced
when viewed as an H-module. Similarly for induced.

Proof. Since Z[G] is a free Z[H]-module, we can write Z[G] = Z[H]| ®z M for some
abelian group M. If Y = colnd® X for some abelian group X, then

Y = Homgz(Z[G], X) = Homgz(Z[H], Homz (M, X)) = colnd” (Homz (M, X)),
and the isomorphism is H-equivariant. If Y = Ind¥ X, then
Y =Z[G] @z X 2 Z[H] @z (M ®7 X) = Ind® (M @z X),
and the isomorphism is H-equivariant. (Il
Proof of Proposition[20.2.3, We induct on g. For ¢ = 1 this is Proposition 20.2.1]
Assume ¢ > 2. Recall that we have an injective G-homommorphism X — Y :=
coInd® Xy, where Xy is the underlying abelian group of X. Let Z = Y/X. Since

H'(G,Y) = 0 for all i > 1 (see Proposition [18.2.2)), by the long exact sequence
associated with 0 - X — Y — Z we have

(20.2.3.1) H'(G,7Z) =2 H" (G, X)
for¢>1.

Now since H*(H, X) = 0 by hypothesis (as ¢ > 2), the sequence

0— X" v 5 70 50

is exact. It is easy to see that YH = colnd®/# Xy, i.e., it is coinduced as a G/H-
module. Thus by the same argument as above we have
(20.2.3.2) H'(G/H,Zz")~H"(G/H,xH)
fori>1/

Now if we view the G-module Y as an H-module, then it is also coinduced by

Lemma [20.2.3] Then from the short exact sequence 0 - X — Y — Z — 0 of
H-modules we obtain

(20.2.3.3) H'(H,Z)=H"(H,X)
for 7> 1.
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One checks that the diagram

0——=H"YG/H,z0) ™~ H (G, 2) 2519 Y(H, 2)

| | |

00— HY(G/H, X)L - H9(G, X) -2 HI(H, X)

commutes, where the vertical maps are the isomorphisms (20.2.3.1]) (20.2.3.2)) (20.2.3.3)),
which are connecting homomorphisms. To finish the proof, it suffices to check that
the first row is exact. Note that Z indeed satisfies the condition that H'(H, Z) = 0
for 1 <i < ¢g— 2, since we have . Thus the first row of the above diagram
is exact by the induction hypothesis. 0

Remark 20.2.4. Proposition[20.2:2]also follows from the general machinary of Hochschild—
Serre spectral sequence, arising from the fact that the functor (-)¢ : G-mods — Ab

is the composition of the functors () : G-mods — G/H-mods and (-)¢/# :
G/H-mods — Ab.

20.3. Finite index subgroups. Assume that H < G is a finite index subgroup.
We then have corestriction maps H'(H,X) — H'(G,X) and restriction maps
H;(G,X) — H;(H, X) for any G-module X. The most natural way to define them
is via Grothendieck’s general formalism of universal J-functors, which will be re-
viewed in the appendix. Alternatively, one can define them using Shapiro’s Lemma
(Proposition , see [Mil20, §IT, Example 1.29]. Below we define them using
“dimension shifting”, which is essentially equivalent to the approach of universal
d-functors.

20.3.1. Corestriction for cohomology. For each ¢ > 0, we need to define a natural
transformation Cor’ : H'(H,-) — H*(G,-), between functors from G-mods to Ab.
When ¢ = 0, for each G-module X we have the norm map

Ng/HIXH — X% Z g-x,
gHeG/H
which is well defined and functorial in X. We define Cor’ to be Ng JH-

We now define Cor’ inductively on i. Assume that Cor’ has been constructed,
and we construct Cor' ™. Let X be a G-module. Choose an injective G-homomorphism
X < Y such that Y is coinduced (e.g., Y = colnd® Xy). Let Z = Y/X. By Lemma
Y is also coinduced as an H-module. Hence H™(G,Y) = H" (H,Y) = 0.
Thus the following diagram has exact rows}

H'(H,Y)——H'(H,Z) —2>H " (H,X) —>0

J/ Cor® i Cor®

H(G,Y) ——=H'(G, 7) —~H" (G, X) —>0

Since Cor’ is a natural transformation H'(H,-) — H'(G,), the above diagram
commutes. Therefore there is a unique homomorphism Cory' : H" (H, X) —

8As i can be 0, we don’t know if H'(H,Y) and H'(G,Y) vanish.
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H'" (G, X) making the diagram
H(H,7) —>~H"'(H, X)
lCori lCor?’l
H'(G,7Z) —>=H""(G, X)

commute.

We need to check that the definition of Coré}"l is independent of the choice of
X < Y. Suppose X — Y is another choice and Z’ =Y’/X’. Up to replacing Y’
by Y’ @Y (equipped with the diagonal embedding X «— Y’ @ Y’), we may assume
that there is a G-homomorphism Y’ — Y commuting with X < Y and X < Y”.
Let f: Z' — Z be the induced map. From the commutative diagram

0 X Y’ A 0
lid l J{f
0 X Y Z 0

we obtain commutative diagrams

H' (G, 7') —2= H'(G, X)

| |
H'(G,Z) —2~ H'"" (G, X)

and
H'(H,7') —~H"'(H,X)

I |
H(H,Z) —~H"'(H, X)

The well definedness of Corézrl reduces to the commutativity of the following dia-
gram

Hi(H,7") <" Hi(G, 7')

& k
H(H,7) -2 H!(G, 2)
The commutativity of the above diagram follows from the fact that Cor® is a natural
transformation.

We have proved the well definedness of Cor!'. Tt still remains to check that it
is functorial in X. For this, suppose f : X7 — X5 is a G-homomorphism between
G-modules. Choose X; — Yj;, with Y; coinduced. We can replace Y7 by Y1 ®Y5, and
define the map X; — Y; @ Y5 by summing the maps X; — Y7 and X; — X5 — Y5.
Thus we may assume that there is a G-homorphism ]?: Y1 — Y53 extending f :
X1 — X,. The naturality of Cor’™ with respect to f follows from the naturality
of Cor’ with respect to the map Y;/X; — Y5/X, induced by f This finishes the
definition of Cor'™ as a natural transformation H' "' (H,-) — H*1 (G, -).
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Proposition 20.3.2. The family of natural transformations Cor® : H'(H,-) —
H'(G,-) (i > 0) between functors from G-mods to Ab is uniquely characterized by
the following properties:
(Z) COI‘O = NG/H'
(i) If 0 > A — B — C — 0 is a short exact sequence of G-modules, then for
each 1 > 0 we have a commutative diagram

H'(G,C)—— HT(G, A)

\L Cor! \L Corit!

H'(G,C)—H1 (G, A)
where the horizontal maps are the connecting homomorphisms.

Ezercise 20.3.3. Prove Proposition (Note that by our construction, prop-
erty (ii) is satisfied if B is coinduced. One still needs to check (ii) in general. Hint
for this: Find an embedding B < B’ with B’ coinduced. Conclude that there is a
morphism from the short exact sequence 0 -+ A — B — C — 0 to a short exact
sequence of the form 0 — A — B’ — C’ — 0. Then relate the connecting homo-
morphism H' (G, C) — H(G, A) to the functorial map H'(G,C) — H (G, "),
and similarly for G replaced by H.)

20.3.4. Restriction for homology. For each ¢ > 0, we need to define a natural trans-
formation Res; : H;(G, ) — H;(H, "), between functors from G-mods to Ab. For
each G-module X we have
No/w: Xe — Xg, ¢ modIgX+— >  g-z modIyX,
HgeH\G

which is functorial in X. We define Resy to be N /i~ We then inductively define
Res; similarly as before using dimension shifting. Here the key fact is that for any
G-module X there is a surjection of G-modules Y — X with Y induced, and the
fact that Y is also induced as an H-module (Lemma[20.2.3)). The family of natural
transformations Res; is characterized similarly as in Proposition [20.3.2]

APPENDIX. UNIVERSAL 0-FUNCTORS

The following definitions are taken from Grothendieck’s Tohoku paper [Gro57],
with some simplifications. Fix abelian categories A and B.

Definition 20.3.5. A §-functor from A to B (ranging over Zx() is the following
datum:

e For each integer i > 0, an additive functor H* : A — B.
e For each short exact sequence 0 -+ A — B — C — 0 in A and for each
i > 0, a connecting homomorphism & : H!(C) — HiT(A).
These should satisfy the following conditions:

(i) For each short exact sequence 0 - A — B — C' — 0 in A, the connecting
homomorphisms ¢ as above give rise to a long complex

HO(A) — HO(B) — HO(C) S HY(A) — -,

i.e., the composition of two consecutive maps is 0.
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(ii) If we have a commutative diagram with exact rows in A:

0 A B C 0
0 A B’ c’ 0

then for each ¢ > 0 the following diagram commutes:

H(C) —>H*(A)
’Hi(C') 461>'Hi+1(14')

We often denote a d-functor by (H%);>0, omitting & from the notation. We say that

a d-functor is exact, if the long complex associated with any short exact sequence

is always exact. A morphism between two J-functors (H*) and (€?) is a collection

of natural transformations H’ — £° which are compatible with the connecting
homomorphisms.

Definition 20.3.6. A j-functor (H?) from A to B is called universal, if for any
other d-functor (%) from A to B, any natural transformation HO — £0 extends
uniquely to a morphism of J-functors (H*) — (£7).

Remark 20.3.7. If (H?) is a universal d-functor, then it is uniquely determined by
H (up to unique isomorphism between d-functors).

Definition 20.3.8. An additive functor F : A — B is called effacable (or effagable),
if for any A € A there exists a monomorphism « : A — B in A such that F(u) = 0.

Theorem 20.3.9 (Grothendieck, [Gro57, Proposition 2.2.1]). Let (H');>0 be an
ezxact §-functor. If H' is effacable for all i > 1, then (H%);>o is universal.

Sketch of proof. Let (H?) be such a d-functor. Suppose (£%) is another §-functor
and we have a natural transformation f° : H? — £° We inductively define f* :
H! — &' as follows. Fix ¢ > 1, and assume that f/ has been constructed for
0<j<i—1. Let A€ A By assumption we can find a short exact sequence
0 — A — B — C — 0 such that H*(A) — H*(B) is the zero map. This means that
Hi(A) = HI7HC)/H 7 (B). The desired map f¢: H'(A) — £*(A) must, and can,
be induced by the composition

1) L e o) S g a).

One still needs to check well definedness of f? for fixed A, functoriality of f? in
A, and compatibility with the connecting homomorphismsﬂ The first two points
can be checked in a similar way as when we constructed Cor® in The third
point is checked in a similar way as Exercise O

Remark 20.3.10. The converse is not always true. It is true if A has enough injective
objects. In this case, H’ is in fact R'H".

9The checking of these three poins are described as “raisonnements standarts” in [Gro57,
Proposition 2.2.1].
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20.3.11. Corestriction for cohomology. Now consider an arbitrary subgroup H of
G. We view (H'(H,-)) as a family of functors from G-mods to Ab. Then it has
the canonical structure of an exact d-functor, since each short exact sequence of
G-modules is also a short exact sequence of H-modules.

Lemma 20.3.12. The exact §-functor (H'(H,-)) on G-mods is universal.

Proof. For each G-module X, we have the injection X < Y := colnd® X,. By
Lemma Y is also coinduced as an H-module. Thus H*(H,Y) =0 for i > 1
by Proposition This shows that H'(H, ) is effacable on G-mods for each
7 > 1. The lemma follows from Theorem |

Now assume that H is a finite index subgroup of G. By the above lemma, we
can extend the natural transformation Ng, g : H’(H,.) — H(G,") to a unique
momorphism of d-functors (H'(H,-)) — (H'(G,-)). This defines corestriction for
cohomology.

20.3.13. Restriction for homology. Similarly, when H is of finite index in G, we
define restriction for homology extending Ng; /n - Ho(G, ) — Ho(H, ). Here we can
view (H;(H,-)) and (H;(G, ")) as d-functors from the opposite category of G-mods
to the opposite category of Ab. The key point is then to check that H;(H,-) is
effacable on the opposite category of G-mods, for ¢ > 1. In other words, for each
G-module X and each i > 1, we need to find an epimorphism u : Y — X such that
H,(H,Y) — H;(H, X) is zero. For this we can take Y to be an induced G-module
(eg., Y = Ind® Xp), and note that it is also induced as an H-module by Lemma

20.2.9

21. LECTURE 21, 4/15/2021

21.1. Restriction and corestriction. Let G be a group, and let H be a finite
index subgroup of G.

Proposition 21.1.1. Let X be a G-module. Then the compositions
H' (G, X) 2% | (H, X) &% H (G, X)

and
H, (G, X) 2% H,(H, X) <25 H,(G, X)

are both equal to multiplication by |G : H].

Proof. We only prove the statement about the first composition, as the other one
is proved similarly. When ¢ = 0 this follows immediately from the definition of
Ng/p - In general we can take a short exact sequence 0 - X — Y — Z with ¥ =
coInd® X. As in the proof of Proposition we have H (G, Z) 2 H"™ (G, X)
and H'(H, Z) = H'"" (G, X). These isomorphisms commute with Res and Cor. Up
to replacing X by Z the proof reduces to the induction hypothesis. O

Corollary 21.1.2. If G is finite, then H'(G,X) and H;(G, X) are killed by |G|
fori>1.

Proof. The composition H* (G, X) Res, H'({1},X) Lor, H'(G, X) is equal to |G,

but it is zero since the middle group is zero. Hence H'(G, X) is killed by |G|. The
other statement is proved similarly. [
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Corollary 21.1.3. If G is finite and X is a G-module which is finitely generated
as an abelian group, then H'(G, X) and H;(G, X) are finite abelian group killed by
|G| fori>1.

Proof. Using the description in terms of cochains and chains, it is easy to see that
H'(G, X) and H;(G, X) are finitely generated abelian group. O

21.1.4. Transfer. An important special case is the homomorphism
Res: H1(G,Z) — Hy(H,Z)

when H < G is of finite index. Recall that the two sides are canonically identified
with G*® and H®P. The resulting homomorphism G®» — H?P is called transfer,
and it can be described by an explicit formula as follows.

Proposition 21.1.5. Fiz a section § : H\G — G of the projection G — H\G.
For each s € G and t € H\G, define s € H by

0(t)s = x¢ s0(ts).
Then the transfer map G*® — H?" is induced by

G—H, s+ H Tt
te H\G

Ezercise 21.1.6. Prove Proposition 21.1.5]

21.2. Tate cohomology. From now on, G is a fintie group. For any G-module X,
we have the norm map

Ng: X — X, xr—>Zg~x.
geG

We write X [N¢] for ker(Ng : X — X). Recall that HO(G, X)=X%and Ho(G, X) =
Xe = X/IgX. Tt is easy to see that

Ne(X) c XY IgX C X|[Ng].
Define
~0
A°(G, X) == X%/ No(X)
and
~—1
H (G,X):=X|[Ng]/IcX.
Thus ﬁO(G, X) is a quotient group of H’(G, X), and ﬁ_l(G,X) is a subgroup of
Hy(G, X).
Also define
~i i ) >
H(G7X) = H(GﬂX)’ 1711
H,i,l(Cv',)()7 2 S —2.

Recall that since G is finite, coinduced G-modules are the same as induced G-
modules. Thus relatively injective G-modules are the same as relatively projective
G-modules, i.e., they are direct summands of (co)induced G-modules.

Lemma 21.2.1. Let X be a relatively injective G-module. Then I/-\IZ(G, X) =0 for
alli e Z.
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Proof. If i # 0,—1, then this is just Proposition For i = 0 or —1, we may
assume that X = Ind“ A. Then X = &b A, and G acts on X by permuting the
coordiates. We have

geG

X% ={(ag)gec | ag = an,Vg,h € G} .

Any element (a,)yec of it can be written as Ng((a1,0,---,0)). Hence X¢ =
Ng(X). Also

XN = {(ag)gec | Y a, =0}
Any element (a4)geq of it is equal to
Z(_ag705"' 70aagao7"' ao)a
geG

where —a, appears at the coordiate corresponding to 1 € G, and a4 appears at the
g-th coordiate. Now each summand clearly lies in I X, so X[Ng] = IgX. O

Let 0 > X - Y — Z — 0 be a short exact sequence of G-modules. There
1 -0
is a connecting homomorphism H (G,Z) — H (G, X) defined as follows. Let
~—1
aceH (G,Z)=ZNg|/IgZ. Find a lift z € Z[Ng]| of «, and find a lift y € Y of
z. Since Ng(z) = 0, we have Ng(y) € X. It is easy to see that Ng(y) € XC. Its
-0

image in H (G, X) = X%/Ng(X) is independent of all choices.

One checks that the connecting homomorphism defined as above, together with
the usual connecting homomorphisms for usual homology and cohomology, give rise
to a doubly infinite long exact sequence

~1 ~1 ~1 ~ 141
--HGX)-HGY)-H (G, Z)—-H (G, X)—>-,
where i ranges over Z. Moreover, this long exact sequence depends functorially on

the short exact sequence 0 - X - Y — Z — 0.

Remark 21.2.2. Given any G-module X, we know that there is a G-equivariant
injection X — I and a G-equivariant surjection P — X, where I and P are in-
duced G-modules. In view of Lemma|21.2.1} the connecting homomorphisms induce
i i1 PN i1
isomorphisms H' (G, X) 2 H (G,1/X) and H' (G, X) 2 H ' (G, ker(P — X)).
This “dimension shifting” allows us to reduce the proofs of many properties of
ﬁZ(G,j to the case i = 0. It also follows from the dimension shifting that the
family of functors I/-\IZ(G7 -) together with the connecting homomorphisms is charac-
~0 ~0

terized by H (G, -). (In other words, one can start with the definition of H (G, )
and inductively define ITIZ(G, -) for all ¢ € Z by dimension shifting.)

21.3. Restriction and corestriction for Tate cohomology. Let G be a finite
group, and H < G a subgroup. We have defined Res : H'(G,-) — H'(H,-) and
Res : H;(G,-) — H;(H,-) for all i > 0. One checks that Res : H’(G,-) — H°(H, )

-0 ~0
factors through H (G, ) — H (H, ), and that Res : Hy(G, ) — Hy(H, ) induces

1 1
H (G,))—>H (H,-). Thus we have
Res : ﬁi(G7 ) — ﬁl(H7 )

for all ¢ € Z. Moreover, we have the following characterization.
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Proposition 21.3.1. We have a family of natural transformations Res : ITIZ(G, )=
i

H (H,), for all i € Z, and this family is uniquely characterized by the following
properties:

(i) For each G-module X, the map Res : ﬁO(G,X) — ﬁO(H,X) is induced
by the inclusion X¢ — X,

(ii) These natural transformations are compatible with the connecting homo-
morphisms.

Proof. The uniqueness follows from dimension shifting. To prove that Res indeed
satisfies condition (ii), we need to check that for a short exact sequence 0 — A —
B — C — 0, we have a commutative diagram

(G0 -8, 4

J{Res lRes

H(H ) 8112

Only the case i = —1 is essentially new. But in this case the compatibility can be
checked using the explicit description of 4. ([l

Similarly, we have corestriction, characterized as follows.
Proposition 21.3.2. We have a family of natural transformations Cor : I/-\Il(G, D=

1

H (H,.), for all i € Z, and this family is uniquely characterized by the following

properties:
(i) For each G-module X, the map Cor : ﬁo(
by the norm map Ng,p : XH 5 XG,

(ii) These natural transformations are compatible with the connecting homo-
morphisms.

H X)— ﬁO(G,X) is induced

Corollary 21.3.3. For each i € Z, the composition

H @) R i m,) S H 6,

is equal to multiplication by [G : HJ.

Proof. Check this for ¢ = 0 explicitly, and prove the general case by dimension
shifting. O

Corollary 21.3.4. For each i € Z, the abelian group ﬁi(G,X) is killed by |G|. It
is finite if X is finitely generated as an abelian group.

Proof. This is proved in the same way as Corollary (but note that now the
statement holds for all ¢ € Z, since we have Hl({l} ,+) =0 for all 7). O
Remark 21.3.5. When X is finitely generated, the groups H’(G,X) = X¢ and

Hy (G, X) = X¢ need not be finite (e.g., they can both be X if G acts trivially on
X).

Remark 21.3.6. For Tate cohomology, there is no natural way to define inflation

Inf : ﬁi(G/H, XHy - ﬁZ(G, X) for all i. (We do not have inflation for homology
in general, so we run into trouble when ¢ < —2.)
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21.4. Cup product. We continue letting G be a finite group. For G-modules A
and B, we define a G-module structure on AQ B = A®z B by g- (a®b) = ga® gb.

Proposition 21.4.1. There is a unique family of Z-bilinear pairings:
~ ~ ~p+
U:H' (G, ) e H'(G.B) —H (G.A®B), pgcl

satisfying the following conditions:
(i) Functoriality in A and B.
(ii) For p = q = 0, this is induced by the natural map A @ B¢ — (A® B)¢
by passing to quotients.
(iii) Suppose 0 - A — A" — A" — 0 is a short exact sequence of G-modules,
and B is a G-module such that 0 - A® B — A'® B — A" ® B — 0 is
still exact. Then for each B € H’ (G, B) the following diagram commutes:

H' (G, A") d 727G, 4

o |

A~ e 1
Hp+q(G7A” ® B) *5>Hp+q+ (G,A@B)
(iv) Suppose0 - B — B — B”" -0 and0 - A®B - A®B — A®B" =0
are exact. Then for each a € HP(G7 A) the following diagram commutes

H'(a, B") ' .\, B

i(l)pau- lau-

ﬁp+q(G,A ® B") _ 9o ﬁp+q+1(G’ A B)

Proof. The uniqueness follows from dimension shifting. See [CF10, §IV.7] or [Bro82l
§VI.5] for the proof of existence. O

22. LECTURE 22, 4/20/2021
22.1. Properties of cup product.

Proposition 22.1.1. The cup product satisfies the following properties. Let A, B,C
be G-modules. Let a € H]D(G7 A),be Hq(G,b),c eH (G,c).
(i) We have
(aUb)Uc=aU (bUc)
under the identification (A® B)@ C =2 A® (B® ().
(i) We have a Ub = (—1)P7b U a under the identification A® B = B ® A.
(iii) Let H < G. Then Res(aUb) = Res(a) URes(b), and Cor(a’ URes(b)) =
Cor(a’)Ub fora' € Hp(H, A).

~ 0
Proof. All the properties can be checked directly for the cup product between H .
The general case is then proved by dimension shifting. For instance, let us check

Cor(a’ URes(b)) = Cor(a’) Ub for o’ € ITIO(H7 A) and b € fIO(G, B). We lift a’ to
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an element o’ € A and lift b to an element b € BY. Then Cor(a’ U Res(b)) is
represented by

Ng/u(d Z ga' @ gb= Z ga' ®b=( Z ga') ®b.

geG/H geG/H geG/H

But }°, ;9d' € A€ represents Cor(a’). The desired identify follows. O

22.2. The use of group cohomology in local CFT. We shall use group coho-
mology to construct the local Artin map as follows. Let L/K be a finite abelian
extension of local fields. Let G = Gal(L/K), and let C = L* viewed as a G-

2
module. We shall show that there is a distinguished element o € H (G, C) called
the fundamental class, with the property that

au-H (G2 —H (G,con=H7G,0)
is an isomorphism for each i € Z. Applying this to i = —2, we obtain an isomor-
phism from H, (G,Z) = G* = G to H (G, C) = K* /Ny, /i (L*). The inverse of
this isomorphism can be thought of as a surjective homomorphism
K* — Gal(L/K)

whose kernel is exactly Nz, x(L*). This will be our definition of the local Artin
map.
Let G be an arbitrary finite group and C' a G-module. We shall first 1nvest1gate

abstractly when a class a € H (G, C) has the property that a U - (G, Z) —
~ 142
H ol (G, C) is an isomorphism for all 4 € Z. This is the content of Tate’s theorem,

which we will state and prove in the next lecture. Before that we need some
preparations.

22.3. Cohomology of finite cyclic groups. Let G be a finite cyclic group of
order n. The main result about cohomology of G is Theorem 22:3.3] Our approach
follows [CE10, §IV.8]. See [Ser79, §VIIIL.4] for a different point of view.

2

Lemma 22.3.1. The group H (G,Z) is cyclic of order n.

Proof. We have a short exact sequence
0—Ig—Z|G] - Z — 0,

where the last map is the augmentation map >  agg] — > ag. Let s be a
generator of G. We then have a short exact sequence

0->Z—ZG— Ig — 0,

where the two maps are multiplication by 3 .;[g] and by 1 — [s] respectively.
(To see that the map Z[G] — Ig given yb multiplication is surjective, use that
1—[s*] =1 —[s])(1 +[s] +--- + [s¥71]).) From these two short exact sequences,
we obtain connecting homomorphisms

H'(G,2) = H (G, 1)

and

H (G, 1) > B (G, 2)
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both of which are isomorphisms since Z[G] is induced. Now note that iy (G,Z) =

2
Z/Ng(Z) = Z/n (which holds for any finite group G of order n). Hence H (G,7Z)
is cyclic of order n. (Il

0
Lemma 22.3.2. Let x € H (G,Z) = Z/n be a generator. Then x U - defines

an automorphism of IA{Z(G,A) for each i € Z and each G-module A. (Here we
identified Z @ A with A.)

Proof. By dimension shifting, we reduce to the case i = 0. (To give more details,
suppose i > 0. Find a short exact sequence 0 — A — P — A’ — 0 with P induced.
Then the connecting homomorphism IfIz_l(G, A — I/-\II(G, A) is an isomorphism.
This isomorphism is compatible with the endomorphisms on the two groups pro-
vided by = U -, since the short exact sequence remains exact (in fact, unchanged)
after tensoring with Z. Thus we can lower ¢ and reduce to the case i = 0. If i < 0,
we find a short exact sequence 0 -+ A - P — A — 0 with P induced and argue

similarly.)
When i = 0, the map in question is scalar multiplication by « € Z/n on the Z/n-
module ﬁO(G, A) = A% /Ng(A). Since z € (Z/n)*, this map is an automorphism.
O

~2
Theorem 22.3.3. Let v € H (G,Z) be a generator. Then x U - defines an iso-
~1 ~i+2
morphism H (G, A) — H " (G, A) for each i € Z and each G-module A. (Here
we identified A ® 7 with A.) In particular, the isomorphism class of ITIZ(G,A) 18
periodic in i with period 2.

Proof. Note that the two short exact sequences in Lemma [22.3.1| remain exact after
®A, since they are split in the category Ab. (All the three abelian groups I, Z[G], Z
are free.) Therefore the theorem reduces to Lemma by the compatibility of
cup product with connecting homomorphisms. O

Definition 22.3.4. For every G-module A, we write h?(A) for }ﬁq(G, A)’ whenever

it is finite. Define the Herbrand quotient to be h(A) = h°(A)/h'(A) (whenever the
two numbers are finite).

Proposition 22.3.5. Let 0 - A — B — C — 0 be a short exact sequence of
G-modules. If two of h(A),h(B),h(C) are defined, then so is the third, and we
have h(B) = h(A)h(C).

Proof. In view of the periodicity of PAIl(G ,+), we have an exact hexagon

The statement easily follows. [
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Proposition 22.3.6. If A is a finite G-module, then h(A) = 1.

Proof. First note that h(A) is defined since all IA{Z(G7 A) are finite. Let s € G be a
generator. We have exact sequences

O—>AG—>A17—[S]>A—>AC,~—>O
and . o
0= H (G,A) = Ag 2% A% S H (G, A) = 0.
The first shows that |A%| = |A¢|, and the second shows that h%(A) = h'(A). O

23. LECTURE 23, 4/22/2021

23.1. Tate’s theorem. Let G be a finite group. Our approach to Tate’s theorem
(Theorem below) follows [Neuld, §I.7]. See [Mil20, §II.3] for a different
approach using splitting modules (which is Tate’s original idea in his 1952 paper
[Tat52]). See [CF10, Chap.IV, §§9 - 10] or [Ser79, §IX] for more refined versions of
the theorem, whose proofs are more complicated.

Definition 23.1.1. A G-module A is called cohomologically trivial, if IA{l(H7 A)=0
for all subgroups H < G and all i € Z.

Ezample 23.1.2. Recall that an induced G-module is also induced as an H-module,
for any H < G. Hence induced G-modules, and more generally relatively projective
G-modules, are cohomologically trivial.

Theorem 23.1.3. A G-module A is cohomologically trivial if there exists q € 7
~ ~ g+l
such that for all subgroups H < G we have Hq(H, A) = ar (H,A) =0.

Proof. Firstly, observe that we only need to show that
2 (6,4 =H(G,4) =0,

since we can recursively apply this result to conclude that I/-\Il(G, A) = 0 for all 1,
and then we can also replace G by its subgroups, to conclude the proof.
By dimension shifting we may assume that ¢ = 1. (Since an induced G-module

is cohomologically trivial, by dimension shifting we can find a G-module Ay such
~1 ~ 1+
that HZ(H7 Agr) = 158 1(H, A) for all subgroups H < G and all i € Z.)

First assume that G is solvable. Then G admits a proper normal subgroup N
such that G/N is cyclic. By induction we may assume that the theorem holds for
N. Since A satisfies the same assumptions with G replaced by N, we know that A
is cohomologically trivial as an N-module. It follows that for all ¢ > 1, we have the
inflation-restriction exact sequence

Inf Res

0 — H(G/N,AY) 25 HY(G, A) == H (N, A) = 0.
Since H (G, A) = 0 for i € {1,2}, we have Hi(G/N7 AN) =0 for i € {1,2}. But

G/N is cyclic, so by periodicity-2 we know that I/-\Il(G/]\/'7 ANY =0 for all i € Z.
By the above exact sequence for i = 3, we conclude that H3(G, A) = 0.

Since ITIO(G/N7 AN = IA{O(N7 A) =0, we have
AY = (AM)N = Ne v (AN) = Ng/n (N 4) = Ne(4).

Hence fIO(G, A) = 0. The proof of the theorem is complete for G solvable.
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For general G, we fix a Sylow p-subgroup G, for each prime p dividing |G|
Since Gy, is solvable, we have I/-\Ii(Gp,A) = 0 for all ¢ € Z by the above. Since
Corg/a, o Resq/a, = [G : Gy] is coprime to p, we know that Resg/q, : IA{Z.(G7 A) —
ﬁi(Gp, A) is injective on the p-primary part. Thus the p-primary part of ITIi(G7 A)
is zero for all 4. Since ﬁi(G, A) is |G|-torsion, we conclude that IA{i(G, A)=0. O

Lemma 23.1.4. Let A, B be G-modules, and let o € IfIO(G,A); Let a € A% be a

lift of a. Then for each i € Z, the map aU - : I/-\Ii(G,B) — I/-\II(G,A ® B) is the
same as the functorial map induced by the G-homomorphism B — AQ B,b+— a®b.
(Note that the last map is indeed a G-homomorphism since a is G-invariant.)

Proof. By dimension shifting (cf. the proof of Lemma [22.3.2) we easily reduce to

the case ¢+ = 0, when the lemma is clear. O

Theorem 23.1.5 (Tate). Let A be a G-module. Let p € Z be such that for each
~p—1 ~

subgroup H < G, we have H" (H,A) = 0 and HP(H, A) 2 Z/|H|. Then any

generator a of Hp(G,A) ~ 7/ |G| has the property that the map

Res(0) U H (H,Z) — H' " (H, A)
is an isomorphism for each H < G and each i € Z.

Proof. We first observe that for any subgroup H < G, the element Res(a) €

ﬁp(H, A) =2 7Z/|H]| is a generator. In fact, suppose its order is less than |H]|.
Then CorRes(a) = [G : H]a has order less than |H|, contradicting with the fact

that « generates ﬁp(G, A) 2 Z/|G|. Thus we reduce to proving that
aU-H(G2) — H (G, A)
is an isomorphism for each i € Z.

Now to prove this statement, by dimension shifting we reduce to the case p = 0.
Let a € A% be a lift of o. By Lemma [23.1.4] we only need to show that the
G-homomorphism

f:Z— A n+—na
induces isomorphisms I/-\Il(G,Z) = I/-\Il(G,A) for all i € Z. Up to replacing A by
A@®Z|G] and replacing a by a® dec[g], we may assume that f is injective. (This
is the key trick!) Let A’ = coker(f). Then we have a short exact sequence

0z5h a4 5o

We only need to show that A’ is cohomologically trivial as a G-module. Let H < G.
P ~1
Since H (H,A) = 0 by assumption and H (H,Z) = Homg,(H,Z) = 0, we have

an exact sequence

0 H (BA) B (Hz) YR (H A) S B (HA) 0,

where (x) is the functorial map induced by f. If we can show that (*) is an

1 ~0
isomorphism, then H (H,A’) = H (H,A’) = 0, and so A’ is cohomologically
trivial by Theorem [23.1.3|since H is arbitrary. But (*) is an isomorphism since it

sends 1 € ﬁO(H, Z) =7/ |H| to the image of a in ﬁO(H, A) = A" /N (A), which
is a generator of fIO(H, A) = 7/ |H| by our first observation. O
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24. LECTURE 24, 4/27/2021

We shall apply Theorem [23.1.5] to the following situation. The integer p is 2.
The group G is Gal(E/K), where E/K is a finite Galois extension of local fields.
The G-module A is E*. Using Galois theory, the hypotheses of the theorem are
translated to the following statement:

Theorem 24.0.1. For every subextension LK inside E, we have H' (Gal(E/L), EX) =
0 and H*(Gal(E/L), EX) is cyclic of order [E : L].

We now study H' and H? in the above theorem. Note that it suffices to prove the
theorem only for L = K since the desired statements depend only on the extension
E/L and are insensitive to K.

24.1. Hilbert 90 and consequences. Let E/K be a finite Galois extension of
fields, and let G = Gal(E/K). The groups (E,+) and E* are G-modules.

Proposition 24.1.1. We have ITIZ(G, E)=0 foralliecZ.
Proof. By the normal basis theorem, F = Ind® K is an induced G-module. (]
Theorem 24.1.2 (Hilbert 90). We have H' (G, E*) = 0.

Proof. Let ¢ be a 1-cocycle in C(G, EX). Recall that this means ¢ is a function
G — E*, s — ¢, satisfying st = ¢s-s(d+). We need to show that ¢ is a coboundary,
i.e., ¢ps =b/s(b) for some fixed b € E*.
Let a € E*, and let
b:=Y ¢ -t(a) € E.

teG
By the linear independence of the characters ¢t : E* — E* (where ¢ runs through
G), we can find a such that b # 0. For s € G, we compute

50) = 3 s(60) - (st)a) = 3= 2 - (st)(a) = 657,

teG teG ¢
Thus ¢s = b/s(b) as desired. O

Corollary 24.1.3 (Classical Hilber 90). Assume that E/K is a cyclic extension.
Let s € G be a generator. Then any element of E whose norm to K is 1 is of the
form s(a)/a for some a € E*.

~— 1 o~
Proof. Since G is cyclic, we have H 1(G,Ex) ~®H (G,E*)=0. Bt H 1(G,EX)
is the quotient of ker(Ng,x : E* — K*) by Ig - E* = {s(a)/a | a € E*}. O

Corollary 24.1.4. If K is a finite field , then ITIZ(G,EX) =0 foralli € Z. In
particular, Ng /e« E* — K> is surjective.
Proof. In this case G is cyclic, and the Herbrand quotients h(E*) = 1 since E*

~1 1
is finite. Thus the vanishing of H (G, E*) implies the vanishing of all H (G, E*).
The “in particular” part follows from the vanishing of f:IO(G JEX). |

Ezercise 24.1.5. Let E/K be a finite extension of finite fields. Use elementary
methods to show that Ng g : E* — K™ is surjective.
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24.2. Brauer groups. Let L/K and E/K be finite Galois extensions, with F C
L. Write G/ for Gal(L/K), etc. We have Gg/x = Gr/x/Gr/p, and EX =
(L*)%r/2. Thus we have the inflation-restriction sequence

0— HY(Gp/x, BX) 25 HY(G, i, LX) 25 HY(G, p, LY).

Recall that this sequence is exact if we know the vanishing of Hi(G L/E, L) for
all 1 < i < g—1 (see Proposition . Since Hl(GL/E7LX) = 0, the above
sequence is exact for ¢ = 2. We write Br(L/K) for H*(Gy/x, L), etc. Thus we
have an exact sequence

0 — Br(E/K) 25 Br(L/K) 2% Br(L/E).
We think of the first map as the inclusion. Define Br(K) to be the union of
Br(L/K), where L runs thourgh all finite Galois extensions of K inside K°. In
other words, Br(K) is the direct limit of Br(L/K), where the transition maps are
the injections Inf : Br(L/K) — Br(L’/K) when L C L’. Note that when L C L/,
the following diagram commutes:

0—— Br(E/K) % Br(L/K) -2~ Br(L/E)

llnf lRes

0— Br(E/K) —2% Br(L//K) 2> Br(L'/E)

(The commutativity follows easily from the fact that Inf and Res are induced by
natural maps between the sets of cochains.) Thus we have an exact sequnece

0 — Br(E/K) 2% Br(K) £ Br(E)

We have denoted the two maps still by Inf and Res respectively.
Ezample 24.2.1. If K is a finite field, then Br(K) = 0 by Corollary [24.1.4]

Remark 24.2.2. Tt turns out that Br(K') can be identified with the classical Brauer
group of K. Recall that this is the set of equivalence classes of central simple
algebras over K. Two central simple algebras A and B over K are equivalent if and
only if A= M, (D) and B = M,,(D) for some integers n, m and a central division
algebra D over K. (Here n and D are uniquely determined by A.) The group
operation is given by ® k. The subgroup Br(E/K) C Br(K) is identified with the
subgroup of the equivalence classes of central simple algebras over K which split
over E (i.e., those A such that AQ g F = M,,(FE)). The map Res : Br(K) — Br(E) is
given by base changing the central simple algebras from K to E. The identification
is given by an explicit construction, which starts with a 2-cocycle in Z?(Gg /i, EX)
and gives a central simple algebra over K which splits over E. For details see [Ser79,
§X.5] and [Mil20, §IV]. We will not need this relationship in our course.

Remark 24.2.3. By Wedderburn’s Little Theorem, every finite division ring is a
field. This shows that the classical Brauer group of a finite field vanishes. Compare

with Example [24.2.1

In order to finish the proof of Theorem [24.0.1} we need to show that when E/K
is a finite Galois extension of local fields we have Br(E/K) 2 Z/[E : K].
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24.3. The Brauer group of an unramified extension. Let E/K be an un-
ramified extension of local fields of degree n. We shall compute Br(E/K). Let
G = Gal(E/K), and let U = OF. We have a short exact sequence of G-modules

1-U—=E*3%7Z—0,

where v is the valuation.

Proposition 24.3.1. The valuation v : E* — Z induces an isomorphism I/-\Il(G, E) =
H'(G,Z) for each i € 7.

Proof. Tt suffices to show that IAIZ(G, U) =0 for all i. Let Uy = U and U; =
1+ 770 C U for j > 1. Recall that U is profinite and naturally isomorphic
to @j(U/Uj). Note that each U, is G-stable. Using the perspective that Tate
cohomology is given by cocycles modulo coboundaries, it is easy to see that the
vanishing of ITIZ(G, U) follows from the vanishing of I/-\IZ(G, U;/Uj41) for all j > 0.
(For details, see [CF10, §VI.1.2, Lemma 3 ].)

When j = 0, we have U; /U;;1 = kj;,, and the isomorphism is G-equivariant. We
have H (G, ky) = H' (Gal(kg ki), ky) (here G = Gal(kg/kk)), and we have seen
the vanishing of this in Corollary

When j > 1, we have a G-equivariant isomorphism U;/U;11 = (kg,+), and we
have seen the vanishing of its cohomology in Proposition O

~

Theorem 24.3.2. We have a canonical isomorphism inv : Br(E/K) = L7/7.

Proof. By Proposition [24.3.1] we have a canonical isomorphism Br(E/K) = H?(G, 7).
Now G acts trivially on Z, and we have a short exact sequence 0 — Z — Q —
Q/Z — 0. We have ITIZ(G,@) = 0 since on the one hand this is killed by |G|
and on the other hand multiplication by |G| must be an automorphism since it
is an automorphism on (@E Therefore the connecting homomorphism gives an
isomorphism
H'(G,Q/Z) = H*(G,Z).

The left hand side is just Hom(G, Q/Z), and this is canonically isomorphic to %Z/ Z
by looking at where the Frobenius generator o € G = Z/nZ goes to. In other words,

~

we have Hom(G,Q/Z) = *Z/Z, f — f(0). O

25. LECTURE 25, 4/29/2021

Remark 25.0.1. Let E/K be a finite unramified extension of local fields. We have

seen in the proof of Proposition that ITIZ(GE/K,OE) = 0 for all i € Z.
Applying this to i = 0 and using that (O})9#/x = O, we get the useful result
that the norm map

NE/K : OE — OlX{
is surjective. It easily follows that the image of Ng/x : E* — K> has index [E : K]
in K*. (Use that the norm of a uniformizer in F has valuation [E : K].)

10We are using the following simple fact: For a G-module A and an integer n, the functorial

endomorphism of I/-\IZ(G, A) induced by A — A, a — na is multiplicaiton by n. This can be seen
using dimension shifting.
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25.1. Functoriality of inv. Let K be a local field. For each n > 1, let K, be the
unique degree n unramified extension of K inside a fixed algebraic closure K. We
have constructed a canonical isomorphism

~ 1
inv: Br(K,/K) — —Z/Z.
n
If n|m, then K,, C K,,. In this case we have a diagram

Br(K,/K) ™= 17/7,

lmf Ju

Br(K,,/K) 2~ 17/7,

Chasing the constructions (especially using the compatibility of Inf with con-
necting homomorphisms), we see that the above diagram commutes.

We define Br(K"/K) = |J,, Br(K,/K). (This is a subgroup of Br(kK), and
we will later see that it is in fact equal to Br(X).) Then we have a canonical
isomorphism

inv: Br(K"/K) = Q/Z.

We now let L/ K be a possibly ramified (and possibly inseparable) finite extension
inside K. For each n > 1, we form the compositum LK, inside K. Then the
extension LK, /L is finite unramified (but its degree may be less than n). Thus we
have

inv: Br(LK, /L) — Q/Z.
We have a pair of maps Gal(LK,/L) — Gal(K,/K),7 — 7|k, and K} <
(LK,)*. They form a compatible pair, and therefore give rise to a change-of-group
map

Res : Br(K,/K) = H*(Gal(K,, /K), K)}) — Br(LK,/L) = H*(Gal(LK, /L), (LK,)*).
Lemma 25.1.1. The diagram

Br(K,/K) 2 Br(LK, /L)

i [L:K] l

Q/zZ Q/Z

commutes.

Proof. Let e = e(L/K) and f = f(L/K). We have a commutative diagram

Br(K,/K) —==H*Gg, /i, Z) <—H" Gk, /i, Q/Z)— Q/Z

lRes \Le-Res \Le-Res lef

Br(LK,/L) —2 WGk, /1, Z) <= H"(Grx, 1. QL) — Q/Z

and the two rows define inv in the two cases. The first square commutes becasue
vg = e-vr|gx. The second square commutes because Res is compatible with
the connecting homomorphisms attached to 0 — Z — Q — Q/Z — 0. The
third diagram commutes because the Frobenius generator in Gal(XK,,/K) is the f-th
power of the image of the Frobenius in Gal(LK,, /L) under the map Gal(LK, /L) —
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Gal(K,/K). (To see this, note that the images of the two Frebenius elements
in Aut(K},) are the automorphisms z + z/*xI and = ~ z!*#! respectively, and
k| = [k l) O

Taking inductive limit over n, we obtain a commutative diagram

Br(KY/K) =5 Br(L™/L)

’;’J(inv E\Linv

Q/Z Q/Z

Thus the kernel of the first row is cyclic of order [L : K]. Note that if L/K is finite
Galois, then this kernel is a subgroup of Br(L/K), since Br(L/K) C Br(K) is the
kernel of Res : Br(KX) — Br(L). Thus we have proved:

[L:K)

Lemma 25.1.2. Let L/K be a degree n finite Galois extension (inside K.) The
group Br(L/K) contains the subgroup of Br(K™ /K) which is isomorphic to [L:—lK]Z/Z C

Q/Z under inv : Br(K"/K) = Q/Z. O

Our next goal is to show that the containment in the above lemma is in fact an
equality. For this, it suffices to show the following result.

Theorem 25.1.3 (Second Fundamental Inequality). The order of Br(L/K) divides
[L: K].

Corollary 25.1.4. For every degree n Galois extension L/K, Br(L/K) is equal to
Br(K,,/K) as subgroups of Br(K). In particular, there is a canonical isomorphism
inv : Br(L/K) = 17/7Z. We also have Br(K) = Br(K"/K), and there is a
canonical isomorphism inv : Br(K) = Q/Z. O

Remark 25.1.5. In the classical language, the above result says that every central
simple algebra over K splits over a finite unramified extension of K. Moreover,
the equivalence classes of central simple algebras are classified by an associated
invariant in Q/Z.

At this point, we have proved Theorem [24.0.1] modulo proving the Second Fun-
damental Inequality.

25.2. Proof of the Second Fundamental Inequality. Our approach follows
[CF10l §VI.1.4-VI.1.6] with slight simplifications.

Let L/K be a degree n Galois extension of local fields. Let G = Gal(L/K), and
let U = Ojf. Let m = mg be a uniformizer in K.

Lemma 25.2.1. There ezists a G-stable open subgroup V' of U such that f-\Ii(G, V)=
0 for alli e Z.

Proof. Let {e1,--- ,e,} be a normal basis for L/K, that is, it is a K-basis of L,
and G permutes the e;’s simply transitively. Let A =Ope; ®---® Ope,, C L. Up
to replacing e; by 7"e; for a large integer r (common for all i), we may assume
that each e; lies in Op, and in particular A C Op. Note that A is open, since the
topology on L = K™ is just the product topology of the topology on K. Therefore
there exists N > 1 such that A D 7N 0Oy.
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Let M = 7N¥*t1A. We claim that M - M C 7M. In fact,

M -M=rN24. Aca®NT20, = 2N 22N O, c 7V 24 = 7M.

Let V=14 M. We claim that V is an open, G-stable subgroup of U. To see
that V is closed under multiplication, use that M+M C M and M-M C #M C M.
To see that V is closed under inversion, use that (1 —m)™* =1+ >, , m” for
all m € my (and in particular for all m € M). For m € M, the converging series
> 4>y mF lies in M since M is an open and hence closed subgroup of Or. Thus V
is a subgroup of U. To see that V is open, note that V = 1+4+7NT1A4 5 1 4 72N+1 4,
and the latter is an open subgroup of U. Finally, V is stable under G since G fixes
7 and stabilizes A. _

It remains to show that I/-il(G, V) = 0 for all ¢ € Z. We have a decreasing
filtration

V=WwoVioV>o.-.
where V; = 1+ W%.(M C V. Since V is profinite (being an open subgroup of U), we
have V' = l'&nj V/V;. Moreover each Vj is G-stable. Thus as in the proof of Proposi-

tion[24.3.1} the vanishing of ITIz(G, V) follows from the vanishing of ITIZ(G7 V;i/Vit1)
for all j > 0. We have a G-equivariant isomorphism M/mxM =5 V;/Vji1,m
1+ ﬂi(m. (To see that this is indeed a homomorphism, we need to use that
M-M CagM.) But M/ngM = Aj/rgA = kkey @ -+ -kige, = Z[G) @z ki is
induced as a G-module. Hence V;/Vj; has trivial cohomology. ([l

26. LECTURE 26, 5/4/2021
26.1. Proof of the Second Fundamental Inequality, continued.

Corollary 26.1.1. Assume that L/K is a degree n cyclic extension of local fields.
Let U = OF. Then |Br(L/K)| = n.

Proof. Let G = Gal(L/K). Let U = Of, and let V C U be as in Lemma
Then the Herbrand quotient A(V) = 1, and h(U/V') = 1 because U/V is finite (since
V is an open subgroup of the compact U). Thus we have h(U) = h(V)h(U/V) =
1. Since L*/U = Z, we have h(L*) = h(U)h(Z) = h(Z). We compute that
ﬁO(G,Z) = Z/n and ﬁ_l(G,Z) = 0. Hence h(Z) = n. This shows that h(L*) = n.
But H'(G, L*) = 0 by Hilbert 90. Hence Br(L/K) has order n. O

Proof of Theorem[25.1.3, Let G = Gal(L/K). It suffices to show that for each
prime p, the p-part of |G| divides the p-part of |Br(L/K)|. Let G, be a Sylow-
p subgroup of G, and let K " = L%. We saw in the proof of Theorem
that Res : ITIZ(G7 ) = ItIl(Gp7 -) is injective on the p-primary part. If we know
the theorem for the extension L/K’ instead of L/K, then H?(G,, L*) has order
dividing |Gp|, and it follows that the p-part of ’H2(G,LX)| divides |Gp|, which is
the p-part of |G]|.

Hence we can replace K by K’ and replace G by Gp. Thus we may assume
that G is a p-group, and in particular solvable. Let H < G be a proper normal
subgroup such that G/H is cyclic. Let E = L. By induction we may assume that
the theorem holds for E/K. Also the theorem holds for L/FE by Corollary
since L/FE is cyclic. Now we have the exact sequence

0 — Br(E/K) 25 Br(L/K) 2% Br(L/E).
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Thus |Br(L/K)| divides [Br(E/K)| - |Br(L/E)| = |Gg/x||-Gr/5| = |G| . O

26.2. The local Artin map. At this point, we have verified the axioms in Tate’s
theorem in the setting of a finite Galois extension of local fields, i.e., we have proved
Theorem 24.0.11 We summarize the results as follows:

Theorem 26.2.1. Let L/K be a degree n Galois extension of local fields. Then
Br(L/K) = Br(K,/K) as subgroups of Br(K), and we have a canonical isomor-
phism
~ 1
inv:Br(L/K) =Br(K,/K) — -Z/Z.
n
Define
1
U)K = invfl(ﬁ) € Br(L/K),
called the fundamental class. By Tate’s theorem, the map
34 ~q+2
’LLL/KU'ZH (GL/K7Z)—>H (GL/K,LX)

is am isomorphism for each q € 7. [

Definition 26.2.2. In the setting of Theorem [26.2.1} taking ¢ = —2 we have the
isomorphism
2 ~ A0
Gib/K = (GL/Kyz) — H (GL/KaLX) = KX/NL/K(LX)~
We denote the inverse isomorphism by ¢r,/r. Sometimes we also think of ¢,k as

a surjective homomorphism K* — G%b/ ¢ Whose kernel is exactly Nz, (L*).

Lemma 26.2.3. Let G be a finite group, and let B be a G-module. Let g € G and
PR

B € ZYG,B) (a 1-cocycle G — B). Let g be the image of g in G*® =H (G, Z),

and let § be the image of B in ﬁl(G, B). Then the element gU 3 € Itlil(G,B) =

B[N¢]/IgB is represented by $(g) € BH

Proof. See [Ser79, App. to Chap. XI, Lem. 3] or [Neul3| 1.5.7]. O

Lemma 26.2.4. Keep the setting of Theorem [26.2.1, Let G = G k. Let f €

Hom(G,Q/Z) = ﬁl(G,Q/Z), and let a € K*. Note that f factors through G,
50 f(or/k(a)) € Q/Z is well defined. We have

f(¢r/k(a)) = inv(aUdf),

~2
where 0 f is the image of f in H (G,7Z) under the connecting homomorphism as-

sociated with 0 - Z — Q — Q/Z — 0, and a € ﬁO(G,LX) = K*/N(L*) is the
image of a.

Remark 26.2.5. Clearly the element ¢,/ (a) € G* is characterized by the values
f(ér/K(a)) for all f.

Proof of Lemma[26.2.4 Write g for ¢,k (a) € I/-\172(G7 7). Write u for the funda-
mental class ur, . By the definition of ¢k, we have

~0
a=uUgeH (G, L)

HNote that Ng(B(9)) = Y, . M(B(9) = X, B(hg) — B(h) = 0, so indeed B(g) € B[Ng].
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Thus
aUdf=(uUg)Udf=uU(gUdf)=uUd(gU f).
Here gU f lies in ﬁ_l(G, Q/Z), and ¢ of it lies in ﬁO(G, Z). Note that ﬁ_l(G, Q/Z)
is the n-torsion of Q/Z, namely %Z/Z. By Lemma [26.2.3] the element g U f €
LZJZ is equal to f(g). Write f(g) = r/n mod Z. Then d(gU f) = d(r/n) €
ﬁO(G7Z) = Z/nZ is represented by Ng(r/n) = n-r/n =r € Z. Thus from the
above computation we have
aUdf=uUr=r-u.

The inv of this element is 7 - inv(u) = r/n mod Z (since inv(u) = 1/n mod Z),
which is equal to f(g) as desired. O

Let L/K be a finite abelian extension. We shall take ¢ /x : K* — G /g =
Git} x as above as the definition of the local Artin map. We need to check the
following compatibility:

Lemma 26.2.6. Let L' D L be two finite Galois extensions of K. The following
diagram commutes:

PL/ /K b
K* HG%,/K

Here m is induced by the canonical projection G/ — G K-

Proof. Write G and G’ for G,k and Gy i respectively. Let a € K*. Let g =
¢r/rc(a) € G*, and let ¢’ = ¢1//x(a) € G'*. We need to show that 7(g’) = g.
Let f € ﬁl(G, Q/Z) be an arbitrary element, and let f/ = Inf(f) € ITIl(G’7 Q/z).
If we think of f and f’ as characters G — Q/Z and G’*> — Q/Z, then f' = for.
By duality, in order to show that w(¢g’) = g, we only need to show that f/'(¢') = f(g).
By Lemma [26.2.4] we have
f'lg)=tv(audf)
Since the operations §(-),aU-, and inv(-) are all compatible with inflation, the right
hand side is equal to inv(a U d f), which is equal to f(g). O

By Lemma [26.2.6] we can define the local Artin map
br : K* — Gal(K*®/K)

by taking the inverse limit of ¢,k over all finite abelian extensions L/K. Com-
paring with Theorem we see that condition (ii) in that theorem is satisfied
by construction. We still need to check condition (i):

Lemma 26.2.7. Let m € K be a uniformizer. Then ¢ (m) acts as the Frobenius
o on K.

Proof. Let n be an arbitrary positive integer. Write G for G, k. Let o' =
¢k, /K (m). It suffices to show that o’ is equal to the Frobenius o € G. Let

feH (G,Q/7). We have
f(o') =inv(TUSS).
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Recall that inv : Br(K,,/K) = 17Z/Z is the composition

Br(K,/K) % H'(G,Z) *5 H (6,Q/2) 2= /2,

where ev, is the evaluation of elements of Hom(G, Q/Z) at 0. We have v(7U{df) =
v(m)-df =06f. Hence

f(o') = evg 067 (5(f)) = evo(f) = f(0).

Since f is arbitrary, this shows that o = o”. O

We have finished the proof of Theorem [8.2.3

27. LECTURE 27, 5/6,2021

27.1. Functoriality properties of the local Artin map. As a bonus of the
cohomological method, we have the following functorial properties of the local Artin
map. When H < G are finite groups, we define the transfer map V : G*» — H?P
to be the composition

2 ~ -2
G =H (G,2) 2% H (H,Z)=H.

(Here V stands for wverlagerung.) It has an explicit description, see Proposition

21. 1.0l

Theorem 27.1.1. Let K be a local field. Let K'/K be a finite separable extension
inside K*. (In particular, K'*® > K*.) The following diagrams commute

KX &_ Gal(K’ab/K/)

NK’/K\L iz

KX~ Gal(K*/K)

KX ﬂ) Gal(K’ab/K/)

o

KX 255 Gal(K™/K)
Here i(1) = 7|gav, and V is the topological transfer map defined as follows. Let L
be a common Galois extension of K' and K. Then Gp i C Gk, and we have
the transfer map Giz‘?K — sz/K,. We define V' to be the inverse limit of these
maps over all L.

Sketch of proof. Let L be a common finite Galois extension of K’ and K. Let
G =Gk and H = G g < G. It suffices to prove the commutativity of the
following diagrams:

~0 ’U.L/K/U-

H'(H, L) H °(H,2)

Cori iCor

uL/KU- ~—2

H (G, L) <" J%a,7)
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~ u rU- ~

H'(H, L) <% H °(H,12)
RCST RCST

2,02 _f%G.z)

For the second diagram, we use Res(ur, k) = ur,k+, which follows from Lemma
25.1.1} and we use the formula Res(a Ub) = Res(a) URes(b). For the first diagram,
we must show up, /g U Cor(f) = Cor(ur, k- U ). Now the right hand side is

Cor(Res(ur x)UB) = ur x UCor(3).
O

27.2. Connection with Lubin—Tate theory. Let K be a local field. Recall that
for each uniformizer 7 in K, we have constructed a tower of fields K = J,, Kr -
The compositum KT := K™ . K is a subfield of K2, and we have shown that it
is independent of 7 (Theorem . Also, we have constructed a homomorphism

br: K* — Gal(K™"'/K),

and shown that it is independent of 7. We denote ¢, by ¢’, and denote the local
Artin map ¢ : K* — Gal(K*"/K) by ¢. We have

¢ (m)| g =0, ¢ (7)|k, =id.
For a € Oy, the element ¢'(a) acts trivially on K", and its action on K, =
K(Ay,,) (where f € Fy) is induced by the action of a=! on the Ok /n™-module
Afm. Let

Upp = 72 x (1+7"0kg) C K*
for r,n > 1. In particular, elements of ¢'(U, ) act trivially on Ky ,.

Theorem 27.2.1. We have K'T = K®® and ¢' = ¢.
Lemma 27.2.2. Fora € K*, we have ¢(a)|gir = ¢'(a).

Proof. Since K* is generated by uniformizers, we may assume that a is a uni-
formizer w. Then ¢(n) and ¢'(7) both act as ¢ on K". It remains to check

that ¢(m) acts trivially on K, for each n. Recall that the kernel of K* 2,

Gal(K**/K) — Gal(Kr,/K) is Ng_, /(K ). Hence it suffices to check that m
is a norm from K. But this was proved in Theorem [15.1.3 g

For r,n > 1, let K, ,, = K, K ,, (where K, /K is the degree r unramified exten-
sion), and let N, := NKM/K(KKH).

Lemma 27.2.3. We have U, = N, .

Proof. We know that N, consists of those a € K* such that ¢(a) acts trivially
on K, ,. Since ¢(a) = ¢'(a) on KT and since ¢'(U,.,,) acts trivially on K, and
on K,, we know that
Nr,n D) Ur,n

On the other hand, the index of N, , in K* equals [K,, : K], and we have
computed in Theorem that this number is equal to 7K., : K] = r(¢ —
1)¢"~!. We observe that this number is equal to the index of U, ,, in K*. Hence
Nr,n = Urmn.
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Proof of Theorem[27.2.1. We only need to show that an arbitrary finite abelian
extension L/K is contained inside K. The norm subgroup Ny, k(L) is open
and finite index in K* (by Corollary which is valid here since we already
have the existence of ¢ ). Therefore Ny, /g (L*) contains U, for sufficiently large
r,n. For a € K*, using U, , = N, ,, we have

#(a)lk,, =ideoa€ Ny S acU., =aeNy k(L) e dla), =id.

Let M be an abelian extension of K containing L and K, ,. Since the map ¢ps/k :
K> — Gk is surjective, the above shows that any element 7 € G/ fixing
K., also fixes L. This implies that L C K,.,, by Galois theory. Thus L C KT as
desired. (I

We can now also prove the Local Existence Theorem.

Proof of Theorem[9.2.1. If U is an open finite index subgroup of K*, then U con-

tains U,.,, for sufficienty large r,n. Since U, , = N, is a norm subgroup, so is U,
see Corollary O

We have finished the proof of the two main theorems of local CFT,
with the additional knowledge Theorem [27.2.1, which gives an explicit
description of K2 and the local Artin map.

27.3. The group of ideles. Let K be a global field. We define the group of ideles
A% = Ik to be the restricted product

I
[1xx

where v runs through all the places of K. This means that elements of Iy are
tuples (ay), € [], K, such that a, € Ok, for almost all v. We define the topology
on Ix by declaring a basis of open sets to be sets of the form [], V,,, where each V,,
is an open subset of K, and V,, = OIX(U for almost all v. Under this topology, Ik
is a topological group, and it is locally compact and Hausdorff.

The diagonal embedding K* — [[, K factors through I. We shall henceforth
think of K* as a subgroup of Ix. It is a discrete subgroup, with respect to the

topology on k.
Definition 27.3.1. For a finite extension L/K, we define the norm map
NL/K Iy — Ik

as follows. For b = (by)w € L1, the v-th component of N,/ (b) is ][, N1, /1, (bw)-
Note that the norm map restricts to the usual norm map L* — K*.

28. LECTURE 28, 5/11/2021

28.1. The global Artin map. Let L/K be a finite abelian extension. Let v
be a place of K and let w be a place of L over v. The decomposition subgroup
D(w/v) C Gpk is canonically identified with Gal(L.,/K,). If we choose a K,-

algebra embedding L,, — K,, then we have a surjective map Gal(K,/K,) —
D(w/v) (which factors uniquely through Gal(K2P/K,)). This map is independent
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of the embedding L,, — K,, since the maps resulting from different choices will
differ by conjugation on the target, and the target is abelian. We thus have a map

i Gal(K2"/K,) — D(w/v) C Gp k.

Since G,/ is abelian, the subgroup D(w/v) depends only on v and is independent
of w. Moreover, the map 7% is depends only on v and is independent of w.

FEzercise 28.1.1. Verify the last statement.

Remark 28.1.2. The CFT for a local archimedian field is almost trivial. For K = C,
the local Artin map ¢k is the trivial map C* — Gal(C/C) = 1. For K = R, the
local Artin map ¢ is the map sgn : R* — Gal(C/R) = {£1}. In this case,
we have Br(R) = Br(C/R) = Z/2Z (by explicit computation using cocycles; the
non-trivial element corresponds to the Hamilton quaternion algebra), and the local
Artin map has the same cohomological description, i.e., it is inverse to the map
Gal(C/R) — R*/N¢/r(C*) given by cupping with a generator of Br(RR).

Definition 28.1.3. Let L/K be a finite abelian extension. We define the global
Artin map by the formula

¢r/r Ik — Gk

(28.1.3.1) (av)o — [ [0 (0x, (a0)),

where ¢, is the local Artin map. Note that the product is finite, since for almost
all v we have a, € OIXQ and L is unramified over v, and we know that ¢k, (a,) acts
trivially on K.

If L and L’ are two finite abelian extensions of K with L C L', then the maps
¢r/K and ¢/ i are compatible with the projection G, — G/ Kk, which follows
from the analogous property of the local Artin maps. Hence by taking the inverse
limit over L we obtain the global Artin map

b : I — Gal(K™/K).
(However, the number of nontrivial terms in the product (28.1.3.1)) can increase as
L gets larger and larger.)

28.2. Statements of global CFT.

Theorem 28.2.1 (Global Reciprocity Law). The map ¢x factors through the quo-
tient I /K*. For each finite abelian extension L/K, the map ¢k : Ix — Gk
is surjective, and its kernel is K* - Np g (Ir).

We write Ck for I /K>, called the idele class group. We equip it with the
quotient topology. For any finite extension L/ K, the map Ny /5 : I, — I descends
to a map Ny, : C, — Ck. The Global Reciprocity Law is equivalent to the
statement that for L/K finite abelian, ¢, 5 induces an isomorphism

Ck/Np/k(CL) — Gr/k-

Theorem 28.2.2 (Global Existence Theorem). The open finite index subgroups of
Ck are precisely those of the form Ny, /i (Cr) for finite abelian extensions L/K.

As in the local case, from the above two theorems we deduce that the map
L — Np/k(CL) is a bijection from the set of finite abelian extensions of K (inside
a fixed K) to the set of open finite index subgroups of Cx.
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Theorem 28.2.3 (Functoriality of the global Artin map). Let K be a global field.
Let K'/K be a finite separable extension inside K*. The following diagrams com-
mute

Crer ~2 Gal(K'*0 /K")

NK’/Kl lz

Ox —%+ Gal(K**/K)

Crr 25 Gal(K'* /K

[
Ox —25 > Gal(K*/K)

Here i(T) = T|gav, j is induced by the inclusion K — K', and V' is the topological
transfer map defined in the same way as in Theorem [27.1.1].

28.3. Passing to the ideal theoretic formulation. For simplicity, we only work
with number fields K. For each non-archimedean place v of K, we write p,, for the
corresponding prime ideal of Ok.

Recall that a modulus for K is a formal product

m= Hve(v)

where v runs through all the places of K, satisfying that
(i) e(v) € Z>o, and e(v) = 0 for almost all v.
(ii) If v is a complex place, then e(v) = 0.
(iii) If v is a real place, then e(v) € {0,1}.
Given a modulus m as above, we define the following objects:
(i) Let Vi be the (open) subgroup of I consisting of (a,), € Ix satistying:
e If v is archimedean and e(v) > 0, then a, € K, = R is positive.
e If v is non-archimedean and e(v) > 0, then a, € O C K and
v(l —a,) >e(v) .

(ii) Let Uy be the (open) subgroup of Vi, consisting of those (ay), € Vi such
that a, € O for all non-archimedean v.

(iii) Let Iy be the group of fractional ideals of K whose prime factors are those
py with e(v) = 0. (This is a free abelian group generated by the set of p,
with e(v) =0.)

(iv) Let Py = K* N V.

(v) Let Py be the group of principal fractional ideals generated by elements
of Py. We have Py C Iy. We define the ray class group

Cly := Iy /P
Since f’m = Vi N K*, we have an injective homomorphism
Vin) PaUpy < Lic /KX Upy

induced by the inclusion V;, < Ix. The weak approximation theorem for adeles
implies that Ix = V, K*. Thus the above injection is an isomorphism. On the
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other hand, we have a well-defined homomorphism

Vi — Iy (@) — ] 05,

<00

which is surjective and has kernel Uy,. The induced isomorphism Vi, /Un = I
descends to an isomorphism

Vin/PuUs = Clyy -
We thus obtain a canonical isomorphism
(28.3.0.1) I /K*Up — Cly .
Remark 28.3.1. The group Cly, is finite.

Let L/K be a finite extension, and let m be a modulus for K. Let Iy, . be the
group of fractional ideals of L whose prime factors are over those non-archimedean
places v of K with e(v) = 0. We have the ideal norm map

Im,L — Im; m = pf(m/p)a

where P is any prime ideal of O belonging to I, and p is the prime ideal of
Ok below B. We denote the image of this map by Ny x(m). Note that under
(28.3.0.1), the image of Nz /x(I) in the left hand side corresponds to the image of
Nz i (m) in the right hand side.

Theorem 28.3.2 (Reciprocity Law). Let L/K be a finite abelian extension. Then
there exists a modulus m for K satisfying the following conditions:

(i) Fvery place of K (including the archimedean ones) is unramified in L if
and only if it does not appear m

(ii) By (i), for every finite place v of K not appearing in m, we have the
Frobenius element Frob, € Gr/ix. The homomorphism

Iy — Gp/k, po+—— Frob,, v finite and not appearing in m
induces an isomorphism
Clm/im(NL/K(m)) L) GL/K-
A modulus m as above is called admissible for L/K.

Sketch of proof. Recall from Remarkthat if E/F is a finite unramified exten-
sion of non-archimedean local fields, then N/, r(OF) = OF. Using this fact and the
fact that N¢/r(C*) = R0, we can find m satisfying (i) such that N /x(I5) D Un.
Let A := Ix/K*Np/g(IL). Then A is a quotient of the group Ir/K*Uy =
Clm, and A = Cl, /im(Ny g (m)). By the idelic Reciprocity Law, we have the
global Artin isomorphism A = G/, k- One checks that the resulting isomorphism
Clw /im(Np, g (m)) = Gk has the description as in (ii). O

Theorem 28.3.3 (Existence Theorem). For any modulus m for K, there exists
a unique finite abelian extension Kn /K for which m is admissible and such that
N x(m) C Pn C In. In particular, Cly = G, k. The field Ky is called the ray
class field of m.

12Here we say that an archimedean place v of K is unramified in L, if for every place w of L
over v we have [Ly : Ky] = 1.
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Remark 28.3.4. Given a finite abelian extension L/K, a modulus m is admissible
for L/K if and only if L C K. Since such m always exists, we can classify all
finite abelian extensions of K by classifying intermediate extensions of Ky, /K for
all moduli m. (This classification of course has repetitions, but the repetitions can
be figured out precisely.) For a given m, the intermediate extensions of Ky, /K
correspond to subgroups of Cly, by the isomorphism Cly, = Gk, /K-
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