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The main sources for the course are [Mil20], [Ser79], [CF10], [AT09]. Most of
the prerequisites which we state without a proof can be found in [Neu99, §I - §II]
or [Ser79, §I - §III].

1. Lecture 1, 1/26/2021

1.1. The main ideas of class field theory, cf. [Mil20, Introduction]. Let K be
a global field (e.g., Q) or a local field (e.g., Qp.) Class field theory is the study
of abelian extensions E/K, i.e., (finite or infitnite) Galois extensions whose Galois
group is abelian. The main point is that one is able to understand the structure
and even classify these extensions in terms of an invariant of K itself. In the global
case, this invariant is the idele class group

CK = A×K/K
×.

In the local case, this invariant is the multiplicative group

CK = K×.

In both cases, CK contains “all the information” about abelian extensions of K.
But why do we care?

1.1.1. Power reciprocity. For a prime p and an integer n not divisible by p, recall
the Legendre symbol

(n/p) =
{

1, if n is a square mod p,
−1, otherwise.

Recall the quadratic reciprocity law:

(p/q)(q/p) = (−1)
(p−1)(q−1)

4

for distinct odd primes p, q, and

(−1/p) = (−1)
p−1

2 , (2/p) = (−1)
p2−1

8 .

One can deduce from global CFT power reciprocity laws for powers greater than 2.
These cannot be stated as neatly, but for powers 3, 4 one can obtain a reasonably
concrete statement. For example, one can use cubic reciprocity to quickly compute
that 2 and 7 are not cubic powers modulo 61.

The more important point is that CFT puts quadratic reciprocity into a greater
context. It reveals the deep link between quadratic reciprocity and many other
number theoretic phenomena.
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1.1.2. A classically minded example. As early as Fermat’s time, one was interested
in problems of the followg form: For a fixed integer n, find a criterion for a prime
p to be expressible as

p = x2 + ny2, x, y ∈ Z.
For example if n = 1, then we know p is of the form x2 + y2 if and only if p ≡ 1
mod 4. In some sense this problem is the starting point of algebraic number theory,
as we know whether p = x2 + y2 is related to the prime decomposition of p in the
field Q(

√
−1).

Using CFT, one can obtain a complete solution to this problem. There is a whole
book about this [Cox13]. To illustrate, for n = 14, we have:

Theorem 1.1.3. A prime p is of the form x2 + 14y2 if and only if
(∗) (−14/p) = 1, and (X2 + 1)2 − 8 has a root mod p.

Here the class field theory of K = Q(
√
−14) is at play. The condition p =

x2 + 14y2 is equivalent to pOK = pp̄ with p a principal prime ideal in OK . The
condition (∗) is equivalent to that pOK = pp̄ and that p splits in a certain finite
abelian extension H/K, called the Hilbert class field of K. What CFT tells us here
is an equivalence between p being principal and p being split inH. This relationship
can be called “reciprocity”, and is a recurring theme in CFT. We will soon see that
quadratic reciprocity can also be understood in terms of similar philosophy.

1.1.4. Why “class field”? Consider a number field K. By a modulus of K, we mean
a formal finite product

m = ve1
1 · · · v

ek
k ,

where vi are places of K and ei ∈ Z≥0. This should satifying the following condi-
tions:

• If v is a complex place, then v does not appear in m.
• If v is a real place, then the power of v in m is 0 or 1.

Given a modulus m we define the ray class group Clm as the quotient group of the
group of fractional ideals of K coprime to m modulo the principal ideals generated
by those x ∈ K× satisfying:

• For each real place v appearing in m, the image of x in Kv
∼= R is positive.

• For each finite place p such that pe appears in m, we have f is coprime
with p (i.e., f ∈ O×K,p), and f ∈ 1 + peOK,p.

Then Clm is a finite abelian group. (The finiteness is no longer true for global
fields of characteristic > 0.) The usual class group Cl(OF ) is a special example,
corresponding to m = 1. Another example is the narrow class group, corresponding
to m = product of all real places. This is the quotient group of all fractional ideals
modulo those principal ideals generated x ∈ K× such that v(x) > 0 for all real
places v, i.e., the totally positive x ∈ K×.

For the given modulus m, CFT implies the existence of a ray class field
Km/K.

This is the unique (!) finite abelian extension such that whether a prime p ofK splits
in Km is equivalent to whether p is trivial in Clm, with finitely many exceptions of
p. (The uniqueness is still true if we replace “abelian” by “Galois”.) In principle,
one can work out a polynomial f(X) ∈ OK [X] such that a prime p of K splits
in Km if and only if f(X) mod p splits into linear factors in (OK,p/p)[X], with
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finitely many exceptions. Thus we have obtained a criterion similar to condition
(*) in Theorem 1.1.3 for p to be trivial in Clm. The point is that for each m, there
exists such a criterion.

We have a canonical isomorphism

Ψ : Clm
∼−→ Gal(Km/K),

called the Artin map. Any p coprime to m is unramified in Km, and

Ψ(p) = (p,Km/K).

Here (p,Km/K) is the arithmetic Frobenius.1 Clearly the above formula uniquely
characterizes Ψ since the group Clm is generated by those p that are coprime to
m. But it is a deep statement in CFT that this formula defines a map on Clm.
In other words, if (x) is a principal ideal that is trivial in Clm, and if we have the
factorization (x) =

∏
qnii , then we have∏

(qi,Km/K)ni = 1

in Gal(Km/K). This statement is sometimes called Artin Reciprocity.
Recall: Let E/K be a finite Galois extension of global fields, and let p be a

prime of K unramified in E. For each prime P of E over p we have a well-defined
arithmetic Frobenius element σ = (P, E/K) ∈ Gal(E/K). This is characterized by
the condition that σ stabilizes P, and σ acts on the residue field k(P) = OE/P
by the Frobenius x 7→ xq, where q = |k(p)| = |OK/p| . When P runs through
the primes over p, the elements (P, E/K) form a conjugacy class in Gal(E/K),
denoted by (p, E/K), and called the Frobenius conjugacy class of p. We have
(p, E/K) = {1} if and only if p splits in E. More generally, if the elements of
(p, E/K) have order f in Gal(E/K), then p factorizes into [E : K]/f many distinct
primes, with each residue degree being f . If Gal(E/K) is abelian, then (p, E/K)
reduces to a single element.

Remark 1.1.5. In the special case m = 1, the ray class group Clm is the usual class
group, and the ray class field Km is the so-called Hilbert class field H. It is maximal
finite abelian extension of K in which all places (including archimedean ones) are
unramified. For any prime p of K, we have p splits in H if and only if p is principal.

We have a “generalized Kronecker–Weber Theorem”2, stating that every finite
abelian extension E/K is contained in Km for some sufficiently large m. In this
way we obtain a complete classification of abelian extensions, as well as understand
the Galois groups and how primes factorize.

The theory sketched above is the so-called ideal-theoretic formulation of global
CFT. The modern formulation using ideles is cleaner, and provides more insight on
how the theory is functorial in K.

2. Lecture 2, 1/28/2021

2.1. Applications of CFT.

1Note that Ψ is said to have the arithmetic normalization. The negative of Ψ, which sends p

to the geometric Frobenius (p, E/K)−1, is said to have the geometric normalizatoin.
2The original Kronecker–Weber Theorem is just for K = Q
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2.1.1. Chebotarev Density Theorem. Let E/K be a finite Galois extension of num-
ber fields, not necessarily abelian. Let G = Gal(E/K). For each prime p of K that
is unramified in E (which is true with only finitely many exceptions), p determines
a conjugacy class (p, E/K) in G.

One of the classical applications of CFT is the following:

Theorem 2.1.2 (Chebotarev Density Theorem). 3 Let E/K be a finite Galois
extension of number fields. Let C be a conjugacy class in G = Gal(E/K). The set
of primes p of K such that (p, E/K) = C has density |C| / |G| among all primes of
K. In particular, this set is infinite.

One consequence is that there are always infinitely many primes of K that split
in E (corresponding to C = {1}), and also infinitely many primes that do not split
in E. Another classical consequence is Dirichlet’s theorem, stating that there are
infinitely many prime numbers in the arithmetic progression a+bn, n ∈ Z, provided
that (a, b) = 1. See Corollary 3.1.3 below.

2.1.3. Other applications. There are many other applications that we do not have
the time and space to survey. These include Artin L-functions, Grunwald–Wang
Theorem (see [AT09, Chapter X]), and local-global principle for quadratic forms
(a non-degenerate quadratic form over a number field K represents 0 if and only if
its base change to Kv represents zero for each place v), just to list a few. We also
mention that CFT is the GL1-case of the Langlands program, so it is the starting
point of a long long journey...

2.2. CFT for Q.

2.2.1. Review of cyclotomic extensions. Let K be a general field. Let m be a
positive integer such that m 6= 0 in K. Let µm be the group of the m-th roots
of unity in K̄, i.e., the m distinct roots of Xm − 1. Then µm is a cyclic group of
order m, and its generators are called primitive m-th roots of unity. We often fix
one primitive m-th root of unity, denoted by ζm. The field K(µm) = K(ζm) is the
splitting field of Xm − 1 over K, so the extension K(ζm)/K is finite Galois. This
is called the m-th cyclotomic extension.

There is a natural injection
α : Gal(K(ζm)/K) −→ Aut(µm) ∼= (Z/mZ)×.

Namely, if α(σ) is characterized by σ(ζm) = ζ
α(σ)
m . In particular, K(ζm)/K is

abelian and its degree divides φ(m) := |(Z/mZ)×|.
The cyclotomic extensions are closely related to cyclotomic polynomials. For

each positive integer m, we define

Φm(X) =
∏
ω

(X − ω),

where ω runs through the primitive m-th roots of unity (say in C). We have the
recursive relations by

Φ1(X) = X − 1, Φm(X) = Xm − 1∏
d|m,0<d<m Φd(X) .

In particular Φm(X) ∈ Z[X].

3This is also true for global function fields.
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We can naturally view Φm(X) as a polynomial over K. Then K(ζm)/K is
obtained by adjoining to K one root of Φm(X). Note that deg Φm(X) = φ(m), so
we see that the following conditions are equivalent:

(i) α : Gal(K(ζm)/K)→ (Z/mZ)× is an isomorphism.
(ii) [K(ζm) : K] = φ(m).
(iii) min(ζm/K) = Φ(X).
(iv) Φ(X) is irrreducible in K[X].

2.2.2. Cyclotomic extensions of Q.
Theorem 2.2.3 (Gauss). For each m > 0, the cyclotomic polynomial Φm(X) is
irreducible in Q[X].
Exercise 2.2.4. We prove the theorem in steps. Assume Φm is not irreducible in
Q[X]. Since it is a monic polynomial in Z[X], it is not irreducible in Z[X] by Gauss’s
Lemma. Hence Φm = fg, with f, g ∈ Z[X], f irreducible, and deg f, deg g ≥ 1.

(i) Suppose ζ is a root of f such that ζp is a root of g for some prime p coprime
to m. Show that f divides gp inside Fp[X].

(ii) Under the above assumption, show that Φm has a multiple root, which is
a contradiction.

(iii) Use the above results to show that every primitive m-th root of unity is a
root of f , finishing the proof.

By the theorem, the injection α : Gal(Q(ζm)/Q)→ (Z/mZ)× is an isomorphism.
We thus have a canonical isomorphism

Ψ = α−1 : (Z/mZ)× ∼−→ Gal(Q(ζm)/Q),
where ā goes to the automorphism

ζm 7→ ζam.

Note that if m ≡ 2 mod 4, then φ(m) = φ(m/2), and hence Q(ζm) = Q(ζm/2).
We shall henceforth assume m 6≡ 2 mod 4. In this case we have the following facts:
Theorem 2.2.5 (See [Was97] §2). We have OQ(ζm) = Z[ζm]. A prime p ramifies
in Q(ζm) if and only if p|m. Moreover, the discriminant of Q(ζm) is

(−1)φ(m)/2 mφ(m)∏
p|m p

φ(m)/(p−1)

Recall: Let E/K be a finite extension of number fields. We recall the explicit
method to find the factorization of (almost all) primes of K in E. Write E = K(θ)
with θ ∈ OE , which can always be arranged. Consider the ring OK [θ]. It is a
subring of OE such that OK [θ]⊗Z Q = E. Such subrings of OE are called orders.
Define the conductor of OK [θ] to be

F = {a ∈ OE | aOE ⊂ OK [θ]} .
It is the largest ideal of OE that is contained inOK [θ]. WhenOK [θ] = OE , F = OE .
Proposition 2.2.6. Let p be a prime of K that is coprime to F. Let f ∈ OK [X] be
the monic minimal polynomial of θ over K. Inside k(p)[X] = (OK/p)[X], factorize
f̄ into irreducible polynomials:

f̄(X) =
g∏
i=1

fi(X)ei ∈ k(p)[X],
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where fi(X) are irreducible polynomials in k(p)[X]. Then the factorization of p in
E is given by:

pOE =
g∏
i=1

Pei
i ,

where
Pi = pOE + f̃i(θ)OE ,

with f̃i ∈ OK [X] a lift of fi. Thus the ramification index of Pi over p is ei. More-
over, the residue extension k(Pi) over k(p) is isomorphic to the simple extension
k(p)[X]/(fi(X)) over k(p). In particular it has degree deg fi.
Proof. See [Neu99, Chapter I, Proposition 8.3]. �

Lemma 2.2.7. For any prime p coprime tom, the map Ψ : (Z/mZ)× ∼−→ Gal(Q(ζm)/Q)
sends p to (p,Q(ζm)/Q).
Proof. Write E for Q(ζm). Let P be a prime of E over p. Recall that (p,E/Q) is the
unique element of the decomposition group DP(E/Q) (i.e., the stabilizer of P in
Gal(E/Q)) such that (p,E/Q) induces x 7→ xp on the residue field k(P) = OK/P.
We only need to check that Ψ(p) ∈ DP(E/Q), because then it is clear that Ψ(p)
induces x 7→ xp on k(P). Let

Φm = fe1
1 · · · fegg ∈ Fp[X]

be the irreducible factorizatoin in Fp[X]. Since
OE = Z[ζm] = Z[X]/(Φm(X)),

the prime factorization of pOK is given by Pe1
1 · · ·P

eg
g , where Pi = (f̃i(ζm), p), for

any f̃i ∈ Z[X] lifting fi. (Since we know p is unramified in E, in fact all ei = 1.)
Suppose Ψ(p)(Pi) = Pj for some i 6= j. Then

Pj = (f̃i(ζpm), p) = (h(ζm), p),

where h(X) = f̃i(Xp) ∈ Z[X]. Since h ≡ f̃pi mod p, we have

Pj = (f̃i(ζm)p, p) ⊂ Pi,

a contradiction. We have thus proved that Ψ(p) stabilizes each Pi as desired. �

Appendix. Recall of elementary ramification theory

We recall some basic facts from ramification theory. See [Neu99, §I.9] and [Ser79,
§I.7] for details.

The global case. Let E/K be a finite separable extension of number fields. Fix
a prime p of K (i.e., a prime p of OK). We have the factorization

pOE =
g∏
i=1

Pei
i ,

where Pi are distinct primes of E, and ei ∈ Z≥1. The integer ei is called the
ramification index of Pi over p, and we also denote it by e(Pi/p). Define fi :=
[k(Pi) : k(p)], called the residue extension degree. We also denote it by f(Pi/p).
Then we have

g∑
i=1

eifi = [E : K].
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From now on, we always assume that E/K is Galois (i.e., separable and normal).
Then ei and fi are independent of i, i.e., they depend only on p. Writing e, f for
them, we have

efg = [E : K].
If e = [E : K] (resp. if f = [E : K], resp. if g = [E : K]), we say that p is totally
ramified (resp. inert, resp. split) in E/K.

If e = 1, then we say that p is unramified in E/K. In this case we also say that
Pi is unramified over p (for any i). We know that only finitely many primes of K
ramify in K. These are precisely the prime divisors of the relative discriminant of
E/K (an ideal of OK). See [Ser79, §III.5] or [Neu99, §III.3].

For each i, we have the decomposition group Di = DPi(E/K) ⊂ Gal(E/K),
which is defined to be the stabilizer of Pi in Gal(E/K). If γ ∈ Gal(E/K) maps Pi

to Pj , then γDiγ
−1 = Dj . For any i, j, such γ always exists. Hence the Di’s are

conjugate inside Gal(E/K).
The residue extension k(Pi)/k(p) is an extension of finite fields, so Gal(k(Pi)/k(p)) ∼=

Z/fZ, where a generator is given by the Frobenius x 7→ x|k(p)|. We have a natural
surjective homomorphism

Di −→ Gal(k(Pi)/k(p)).
Define its kernel to be the inertia group Ii = IPi(E/K). We have |Di| = ef, |Ii| = e.

Let Zi = EDi and Ti = EIi , called the decomposition field and inert field of Pi

respectively. Thus
E

e
⊃ Ti

f
⊃ Zi

g
⊃ K,

wherethe superscripts are the degrees of the extensions. By construction E/Zi and
E/Ti are Galois with Galois groups Di and Ii. Also, Ti/Zi is Galois with Galois
group Di/Ii ∼= Gal(k(Pi)/k(p)). Let Pi,Z be the prime of Zi below Pi. Then

Pi,ZOE = Pe
i ,

i.e., Pi,Z does not decompose into distinct primes in E, thus the terminology “de-
composition field”. Also, Pi,ZOTi is a prime ideal of OTi , i.e., Pi,Z is inert in Ti,
thus the terminology “inert field”. Let Pi,T = Pi,ZOT,i. We have k(Pi,T ) = k(Pi),
and k(Pi,Z) = k(p).

In terms of the invariants e, f , we have
e(Pi,Z/p) = f(Pi,Z/p) = 1

e(Pi,T /Pi,Z) = 1, f(Pi,T /Pi,Z) = f,

e(Pi/Pi,T ) = e, f(Pi/Pi,T ) = 1.
Note that Pi,T is totally ramified in the extension E/Ti.

If E/K is abelian, then Di, Ii, Zi, Ti are all independent of i, and we omit the
subscript i. In this case, p decomposes into g distinct primes in Z. Each of them
stays inert and unramified in T/Z. Each of the resulting primes in T is totally
ramified inside E/T . The extension T/K is the largest subextension of E/K in
which p is unramified.

Finally, we remark that all the above essentially also works with number fields
replaced by global function fields, which means finite separable extensions of Fq(t).
The only modification needed is that prime ideals ofOK andOE have to be replaced
by places of K and E, i.e., equivalence classes of absolute values. Here two absolute
values on a field are called equivalent if they differ by a positive real power. Instead
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of looking at the decomposition of pOE into primes of OE , we look at how a place
of K extends to different places of E. See [Neu99, §II] for details.

The local case. Recall that a non-archimedean local field is a finite extension of
Qp or Fq((t)). Let E/K be a finite Galois extension of non-archimedean local fields.
(In the archimedean case, the only non-trivial extension is C/R, which is of course
well understood.) We write pK for the unique maximal ideal in OK , and write kK
for the residue field OK/pK . Similarly we have pE and kE . Everything we said in
the global case holds verbatim in the local case, with the simplification that g = 1
always, i.e., pKOE = peE . (For instance, “split” never happens unless E = K.) The
decomposition group DpE (E/K) is just Gal(E/K), so this notion is useless in the
local case.

From global to local. Let E/K be a finite Galois extension of number fields. Let
P be a prime of E above a prime p of K. Consider the completions EP and Kp.
The extension EP/Kp is Galois, and its Galois group is canonically identified with
the decomposition group DP(E/K). Under this identification the inertia subgroup
of Gal(EP/Kp) corresponds to the inertia subgroup of DP(E/K).

Again, everything also holds for global function fields, provided that we replace
primes by places.

3. Lecture 3, 2/2/2021

3.1. CFT for Q continued.

Corollary 3.1.1. For a prime p coprime to m, let g be the number of distinct
prime of Q(ζm) over p, and let f be the residue extension degree. Then f = the
order of p in (Z/mZ)×, and g = φ(m)/f .

Proof. Recall that φ(m) = [Q(ζm) : Q] = efg, where e is the ramification index of
p. We know e = 1. Now f is the order of (p,Q(ζm)/Q), which is equal to the order
of p in (Z/mZ)× by Lemma 2.2.7. �

If P is a prime of Q(ζm) above p, then Q(ζm)P ∼= Qp(ζm) as Qp-algebras. We
hence deduce the following local result, which can also be proved purely locally, see
[Ser79, §IV.4].

Corollary 3.1.2. If p is coprime to m, then Qp(ζm)/Qp is unramified and has
degree equal to the order of p in (Z/mZ)×.

We can now deduce Dirichlet’s theorem on primes in arithmetic progressions
from the Chebotarev Density Theorem.

Corollary 3.1.3 (of Lemma 2.2.7 and Theorem 2.1.2). Let a,m be coprime positive
integers. There are infinitely many primes in the arithmetic progression a+mn, n ∈
Z.

Proof. Primes in this arithmetic progression are precisely those p such that Ψ(p) =
Ψ(a) ∈ Gal(Q(ζm)/Q). Since {Ψ(a)} is a conjugacy class in Gal(Q(ζm)/Q), the
density of such primes is 1/φ(m) > 0. �

For Q, a modulus m is a symbol m = m or m = ∞m, with m ∈ Z>0. When
m = m, the ray class group Clm is defined to be the quotient group of the group
of fractional deals of Q coprime to m modulo those principal ideals generated by
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f ∈ Q× such that f is coprime to m (i.e., f = a/b with a, b coprime to m) and
f ≡ 1 mod m (i.e., āb̄−1 = 1 in (Z/mZ)×). When m =∞m, the definition of Clm
is the same but with the extra condition f > 0.

Exercise 3.1.4. We have an isomorphim (Z/mZ)× ∼−→ Cl∞m under which each
prime number p coprime to m goes to the class of the prime ideal (p). Similarly,
(Z/mZ)×/ {±1} ∼= Clm.

Theorem 3.1.5. The extension Q(ζm)/Q is the ray class field corresponding to
m =∞m, and Ψ is the Artin map, after identifying (Z/mZ)× with Cl∞m.

Proof. For a prime p coprime to m, p splits in E if and only if (p,E/Q) = 1, if and
only if Ψ(p) = 1 (by Lemma 2.2.7), if and only if p = 1 in (Z/mZ)× ∼= Clm. By the
characterization of the ray class field Qm we have Qm = E. Since Ψ(p) = (p,E/Q),
Ψ is the Artin map. �

Theorem 3.1.6 (Kronecker–Weber). Every finite abelian extension E/Q is con-
tained in Q(ζm) for sufficiently large m.

Remark 3.1.7. Given a finite abelian extension E/Q, one can characterize the small-
est m such that E ⊂ Q(ζm) as follows. Firstly, the prime divisors of m are precisely
the primes that are ramified in E. Secondly, m is the smallest such that the map
(Z/mZ)× → Gal(E/Q) sending every unramified prime p to (p,E/Q) is well de-
fined.

Remark 3.1.8. The generalized Kronecker–Weber Theorem in CFT states that every
finite abelian extension of a number field K is contained in Km for a sufficiently
large modulus m. For K = Q, all sufficiently large moduli are of the form m =∞m
(that is, ∞ must appear), and we have seen that Q∞m = Q(ζm). In contrast, The
ray class field corresponding to the modulus m = m is Q(ζm + ζ−1

m ), the totally
subfield of Q(ζm). These fields are clearly not large enough for Kronecker–Weber
to hold.

3.1.9. Using the Kronecker–Weber theorem and the Artin isomorphism

Ψ : (Z/mZ)× ∼−→ Gal(Q(ζm)/Q), p 7→ (p,Q(ζm)/Q),

we have obtained a classification of all the abelian extensions E/Q, as well as
understood the Galois groups Gal(E/Q) and how unramified primes decompose
in E (since we understand the elements (p,E/Q), which is just (p,Q(ζm)/Q)|E if
E ⊂ Q(ζm)). This is essentially the main content of global CFT for Q.

3.1.10. We sketch how one can deduce quadratic reciprocity as an almost formal
consequence of the above facts. For simplicity, we only consider distinct odd primes
p, q with q ≡ 1 mod 4. We need to show (p/q) = 1 if and only if (q/p) = 1.

Since (Z/qZ)× ∼= Gal(Q(ζq)/Q) is cyclic (as q is prime), there is a unique qua-
dratic extension K/Q inside Q(ζq). Since q is the unique finite prime that ramifies
in Q(ζq), it is also the unique finite prime that ramifies in K. Thus K has to be
Q(√q) (note that both q and 2 ramify in Q(

√
−q), whose discriminant is 4q), i.e.,

we have shown that Q(√q) ⊂ Q(ζq). See also the exercise below for an explicit
embedding Q(√q) ⊂ Q(ζq). Now the kernel of

F : (Z/qZ)× Ψ−→ Gal(Q(ζq)/Q)→ Gal(Q(√q)/Q)
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is precisely the subgroup of square elements, since (Z/qZ)× is cyclic. Hence (p/q) =
1 if and only if p̄ ∈ kerF , if and only if (p,Q(ζq)/Q) fixes Q(√q), if and only if
(p,Q(√q)/Q) = 1, if and only if p splits in Q(√q), if and only if X2 − q splits
modulo p4, if and only if (q/p) = 1.

Exercise 3.1.11. Complete the proof in the case p ≡ q ≡ 3 mod 4.

Exercise 3.1.12. Let q be an odd prime number. Let

y =
q∑
j=1

(j/q)ζjq ∈ Q(ζq),

where (j/q) is the Legendre symbol. Show that y2 = (−1/q)q .

3.2. Ramification in the cyclotomic extension. Let p be a prime. If p|m, then
how does p behave in Q(ζm)? For simplicity we only deal with the case m = pr,
but see Remark 3.2.6 below.

Lemma 3.2.1. Suppose m = pr. Then p is totally ramified (i.e., ramification
index = degree) in Q(ζm).

Proof. We have Φm(X) = (Xpr−1)/(Xpr−1−1). Modulo p this polynomial becomes
(X − 1)pr/(X − 1)pr−1 = (X − 1)pr−pr−1 = (X − 1)φ(m). Hence pOQ(ζm) = Pφ(m),
where P is generated by ζm − 1 and p. �

As before, we immediately deduce a local statement, which again has a purely
local proof as in [Ser79, §IV.4].

Corollary 3.2.2. Let m = pr. Then Qp(ζm)/Qp is totally ramified, and the degree
is φ(m).

3.2.3. Structure of Qp(ζm)/Qp for general m. Fix a prime p. To simplify notation,
for each integer m ≥ 1 we write Km for Qp(ζm). Firstly, we can combine Corollary
3.1.2 and Corollary 3.2.2 as follows.

Proposition 3.2.4. Let m = npr, where n ∈ Z≥1 is coprime to p, and r ∈ Z≥0.
Let e be the ramification index of Km/Qp, and let f be the residue extension degree
of Km/Qp. Then e = φ(pr), and f = the order of p in (Z/nZ)×. Moreover, Km/Qp
is the linearly disjoint compositum of Kn/Qp and Kpr/Qp.

Proof. We have seen the special cases m = n and m = pr in Corollary 3.1.2 and
Corollary 3.2.2. Note that Km is the compositum of Kn and Kpr over Qp, because
ζnζpr is a primitive m-th root of unity. The proposition then follows from the
following general fact. �

Fact 3.2.5. Suppose E/F is a finite Galois extension of local fields. Suppose E
is the compositum of two normal subextensions Eu/F and Er/F , where Eu/F is
unramified and Er/F is totally ramified. Then the ramification index e(E/F ) is
equal to [Er : F ], and the residue extension degree f(E/F ) is equal to [Eu : F ]. In
particular [E : F ] = [Er : F ][Eu : F ], and so Er/F and Eu/F are linearly disjoint.

4Note that the conductor of Z[√q] in OQ(√q) = Z[
√

q+1
2 ] contains 2 and is therefore coprime

to p. (In fact, the conductor is 2OQ(√q).) Therefore the splitting of p is equivalent to the splitting
of X2 − q modulo p.
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Proof. The ramification degrees satisfy

e(E/F ) = e(E/Eu)e(Eu/F ) = e(E/Er)e(Er/F ).

Since e(Eu/F ) = 1, we have e(E/F ) = e(E/Eu) ≤ [E : Eu] ≤ [Er : F ] =
e(Er/F ) ≤ e(E/F ). Hence equality must hold everywhere. Similarly, we have

f(E/F ) = f(E/Er)f(Er/E) = f(E/Eu)f(Eu/F ).

Since f(Er/E) = 1, we have f(E/F ) = f(E/Er) ≤ [E : Er] ≤ [Eu : F ] =
f(Eu/F ) ≤ f(E/F ). Hence equality must hold everywhere. �

Remark 3.2.6. In the global setting, if m = npr with p 6 |n, it is a lot easier to see
that Q(ζm) is a linearly disjoint compositum of Q(ζn) and Q(ζpr ). Just use that
φ(m) = φ(n)φ(pr)! In fact, using this linearly disjointness we can easily understand
the behavior of p in Q(ζm) by combining Corollary 3.1.1 and Lemma 3.2.1. For
instance, we have e = φ(pr) and f = order of p in (Z/nZ)×. We leave the details
to the reader. (Of course these formulas for e, f also follow from the local formulas
in Proposition 3.2.4.)

4. Lecture 4, 2/4/2021

4.1. The local Artin map for Qp.

4.1.1. Fix a prime p. For each m ∈ Z≥1, write Km for Qp(ζm). Write αm for the
natural injecition Gal(Km/Qp) ↪→ (Z/mZ)×.

Write m = prn, with p 6 |n. We have seen in Proposition 3.2.4 that Kn/Qp is the
linearly disjoint compositum ofKpr/Qp andKm/Qp. Therefore we have a canonical
isomorphism

Gal(Km/Qp) ∼= Gal(Kn/Qp)×Gal(Kpr/Qp),
induced by the two natural projections. Under this decomposition, the injection
αm is compatible with the injections αn and αpr , if we identify (Z/mZ)× with
(Z/nZ)× × (Z/prZ)× via the Chinese Remainder Theorem.

Since Kn/Qp is unramified, its Galois group is generated by the Frobenius ele-
ment. Clearly αn sends the Frobenius to p ∈ (Z/nZ)×. (This statement is strictly
easier than the global statement Lemma 2.2.7.) We have also seen in Proposition
3.2.4 that αpr is surjective. Therefore the image of αm is the subgroup

〈p〉 × (Z/prZ)× ⊂ (Z/nZ)× × (Z/prZ)× ∼= (Z/mZ)×.

4.1.2. Recall that Q×p ∼= pZ × Z×p . Define the map

jm : Q×p −→ (Z/mZ)× ∼= (Z/nZ)× × (Z/prZ)×

by combining the maps
pZ → (Z/nZ)×, p 7→ p

and
Z×p

x 7→x−1

−−−−−→ Z×p → Z×p /(1 + prZp) ∼= (Z/prZ)×.
Clearly the image of jm is equal to the image of αm, so the composition α−1

m ◦ jm
makese sense. We thus get a surjective homomorphism:

ψm := α−1
m ◦ jm : Q×p −→ Gal(Km/Qp),

called the local Artin map for the extension Km/Qp.
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If l is a multiple of m, then we have commutative diagrams

Gal(Kl/Qp)
αl //

��

(Z/lZ)×

��
Gal(Km/Qp)

αm // (Z/mZ)×

and

Qp
jl // (Z/lZ)×

��
Qp

jm // (Z/mZ)×

where all the vertical maps are the natural ones (noting that Km ⊂ Kl). Therefore
the following diagram commutes

Q×p
ψl // Gal(Kl/Qp)

��
Q×p

ψm // Gal(Km/Qp)

In other words, we have a homomorphism

ψ : Q×p −→ lim←−
m

Gal(Km/Qp) = Gal(Qcyclp /Qp),

where Qcyclp is the union of all Km’s. Since each ψm is surjective, we know that ψ
has dense image, where Gal(Qcyclp /Qp) is endowed with the profinite topology.

Theorem 4.1.3 (Local Kronecker–Weber Theorem). Each finite abelian extension
E/Qp is contained in some Km.

By the theorem, Qcyclp is the maximal abelian extension of Qp inside Qp, denoted
by Qab

p . (The maximal abelian extension makes sense, as the compositum of two
finite abelian extensions is finite abelian.) Hence ψ is a homomorphism

ψ : Q×p −→ Gal(Qab
p /Qp).

This is called the local Artin map. One of the main goals of local CFT is to construct
the analogue of ψ when Qp is replaced by a general local field K. The general local
Artin map is of the form

ψ : K× −→ Gal(Kab/K).

4.2. The idelic global Artin map. Fix m ∈ Z≥1. For any prime p, we can iden-
tify Gal(Qp(ζm)/Qp) with the decomposition groupDp(Q(ζm)/Q) ⊂ Gal(Q(ζm)/Q).
(The decomposition group does not depend on the choice of a prime of Q(ζm) above
p, since the extension is abelian.) Thus we have an embedding Gal(Qp(ζm)/Qp) ↪→
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Gal(Q(ζm)/Q). The following diagram commutes:

Q×p
ψm,p //

jm,p

��

Gal(Qp(ζm)/Qp)

��
(Z/mZ)×

∼= // Gal(Q(ζm)/Q)

where the bottom map is the global Artin map, and we have written ψm,p and
jm,p for what were previously denoted by ψm and jm. We denote the map Q×p →
Gal(Q(ζm)/Q) resulting from either way of composition by Ψm,p.

Clearly when p runs through all the primes, the images of jm,p generate (Z/mZ)×.
This suggests that we should think of the global Artin map more canonically as a
map from “

∏
pQ×p ” to Gal(Q(ζm)/Q). This map should just be the product of the

maps Ψp,m : Q×p → Gal(Q(ζm)/Q). However, we immediately see that this strategy
does not make sense, because there are infinite many p’s (!) and we cannot take
the product of infinitely many maps into Gal(Q(ζm)/Q). This problem is solved
by Chevalley’s idea of using ideles. In the current example, we have the following
two key observations:

(i) If x ∈ Q×, then for almost all primes p the image of x in Q×p lies in Z×p .
(ii) If p is a prime not dividing m, and if x ∈ Z×p , then the local Artin map

ψm,p : Q×p → Gal(Qp(ζm)/Qp) kills x.
Based on observation (ii), the infinite product

∏
p Ψm,p(xp) makes sense, as long

as xp ∈ Z×p for almost all p. Thus we consider the elements (xp)p of
∏
pQ×p such

that xp lies in Z×p for almost all p. Such elements are called the finite ideles. They
form a subgroup of

∏
pQ×p , denoted by A×f . Define the group of ideles to be

A× := R× × A×f .

By the above observation (i), Q× embeds diagonally into A×. That is, we map
x ∈ Q× to the idele (x∞, x2, x3, · · · ), where each xv is just x.

The idelic global Artin map for the extension Q(ζm)/Q is a map

Ψm : A× −→ Gal(Q(ζm)/Q)

defined as follows. For x = (x∞, xp) = (x∞, x2, x3, · · · ) ∈ A×, we have

Ψm(x) = Ψm,∞(x∞) ·
∏
p

Ψm,p(xp).

Here Ψm,p is the map Q×p → Gal(Q(ζm)/Q) defined before, and Ψm,∞ is the map
R× → Gal(Q(ζm)/Q) sending all positive reals to the identity and sending all
negative reals to the complex conjugation in Gal(Q(ζm)/Q) (which corresponds to
−1 ∈ (Z/mZ)×).

Exercise 4.2.1. Check that Ψm is well defined, and that it is trivial on the diagonally
embedded Q×.

As in the local case, when m varies the global Artin maps for Q(ζm)/Q glue
together to a map

Ψ : A× −→ lim←−
m

Gal(Q(ζm)/Q) = Gal(Qcycl/Q).
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By the global Kronecker–Weber Theorem, the right hand side is Gal(Qab/Q). By
the above exercise, we can replace the left hand side by A×/Q×. Thus we have

Ψ : A×/Q× −→ Gal(Qab/Q).
One of the main goals of global CFT is to generalize this map when Q is replaced
by an arbitrary global field K. The general global Artin map is of the form

Ψ : A×K/K
× −→ Gal(Kab/K).

5. Lecture 5, 2/9/2021

5.1. Recall of profinite groups and inifinite Galois theory.

5.1.1. Inverse limits. Recall that a directed set is a set I equipped with a binary
relation ≥, satisfying:

(i) i ≥ i for all i ∈ I.
(ii) If i ≥ j and j ≥ k, then i ≥ k.
(iii) For any i, j ∈ I, there exists k such that k ≥ i and k ≥ j.

Example 5.1.2. Below are typical examples of inverse systems that we will use.
(i) I = Z≥1 with the natural order ≥.
(ii) I = Z≥1, where m ≥ n if and only if n|m.
(iii) Let G be a topological group. Let I = the set of all finite indexed open

normal subgroups of G. For H1, H2 ∈ I, we define H1 ≥ H2 if H1 ⊂ H2.
(iv) Let E/K be a field extension. Let I = the set of all fintie Galois extensions

of K inside E. For L1, L2 ∈ I, we define L1 ≥ L2 if L1 ⊃ L2.

Exercise 5.1.3. Check examples (iii) and (iv).

Let C be an arbitrary category, e.g., the category of sets/groups/topological
groups, etc. Let I be a directed set. By an inverse system in C indexed by I, we
mean a family of objects (Gi)i∈I in C together with morphisms fi,j : Gi → Gj
(called transition maps) defined whenever i ≥ j. These should satisfy:

(i) For all i ∈ I, we have fi,i = idGi .
(ii) If i ≥ j ≥ k, then fi,k : Gi → Gk is the composition Gi

fi,j−−→ Gj
fj,k−−→ Gk.

Example 5.1.4. Let G be a topological group. Let I = the set of all finite indexed
open normal subgroups of G. Then (G/N)N∈I is an inverse system of finite groups.
Here when N ≥ N ′, the transition map G/N → G/N ′ is the projection (since
N ⊂ N ′.)

Example 5.1.5. Let E/K be a field extension. Let I = the set of all fintie Galois
extensions ofK inside E. Then (Gal(L/K))L∈I is an inverse system of finite groups.
Here when L ≥ L′, the transition map Gal(L/K) → Gal(L′/K) is the restriction
map (since L ⊃ L′.)

Let (Gi)i∈I be an inverse system in C. By an inverse limit of (Gi)i∈I in C, we
mean an object G in C together with morphisms pi : G→ Gi for all i, satisfying:

(i) The pi are compatible with the transition maps, i.e., whenever i ≥ j the
composition G pi−→ Gi

fi,j−−→ Gj is pj .
(ii) If H is an object in C and if qi : H → Gi are morphisms defined for all

i compatible with the transition maps, then there is a unique morphism
u : H → G such that qi = pi ◦ u for all i.
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An inverse limit may not exist. If it exists, it is unique up to unique isomorphism.
We denote it by lim←−i∈I Gi.

Lemma 5.1.6. Let (Gi)i∈I be an inverse system of topological groups. Suppose J
is a cofinal subset of I, meaning that ∀i ∈ I, ∃j ∈ J such that j ≥ i. Then the
inverse limit lim←−j∈J Gj exists if and only if lim←−i∈I Gi exists. When they both exist,
they are naturally isomorphic.

Proof. Exercise. �

5.1.7. Inverse limits of topological groups.

Theorem 5.1.8. Let C be the category of topological spaces/topological groups/topological
rings. Let (Gi)i∈I be an inverse system in C. Then the inverse limit lim←−i∈I Gi ex-
ists.

Proof. Define G = (Gi)i∈I to be the subset of
∏
i∈I Gi, consisting of (gi)i∈I satis-

fying:
fi,j(gi) = gj , ∀i, j ∈ I s.t. i ≥ j.

Then G is a subgroup of
∏
i∈I Gi, and it is equipped with natural maps pi : G→ Gi.

We endow
∏
i∈I Gi with the product topology5, and endow G = lim←−i∈I Gi with the

subspace topology inherited from
∏
iGi. Equivalently, the topology on G is the

weakest topology (i.e., the topology having the least open sets) such that each
natural map pi : G→ Gi is continuous. We leave it as an exercise to check that G
is the inverse limit in C. �

Remark 5.1.9. Since the topology on G = lim←−i∈I Gi is the weakest such that each
G→ Gi is continuous, we know that for a topological space T and a map f : T → G,
the map f is continuous if and only if the composition T f−→ G→ Gi is continuous
for all i ∈ I.

Remark 5.1.10. Note that we can always view an abstract set/group/ring as a
topological group/ring by considering the discrete topology. The topology on the
inverse limit of discrete objects is discrete.

Now let (Gi)i∈I be an inverse system of finite sets/groups/rings. On each Gi
we put the discrete topology. By Tychonoff’s theorem, the product of arbitrarily
many compact topological spaces is compact. Hence

∏
iGi is compact. It is also

easy to see that
∏
iGi is Hausdorff. Clearly lim←−iGi is a closed in

∏
iGi. Hence it

is also compact Hausdorff.

Definition 5.1.11. A profinite group is a topological group that is isomorphic to
the topological group lim←−i∈I Gi for some inverse system of finite groups (Gi)i∈I .

Remark 5.1.12. By definition, a profinite group is just a topological group satysfing
some properties. The presentation of it as an inverse limit of finite groups is not
part of the datum.

5A basis of open sets is given by sets of the form
∏

i∈I
G′i ⊂

∏
i∈I

Gi, where G′i = Gi for
almost all i, and G′i is open in Gi for all i
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Example 5.1.13. For each prime p, the group Zp with its standard topology induced
by the p-adic absolute value is profinite. In fact, the natural group isomorphism
Zp ∼= lim←−n Z/p

nZ is a homeomorphism. Similarly, Z×p with the standard topology
is a profinite topological group isomorphic to lim←−n(Z/pnZ)×.

Theorem 5.1.14. Let G be a Hausdorff topological group. It is profinte if and
only if it is compact Hausdorff and 1 admits a neighborhood basis consisting of
open subgroups.

Remark 5.1.15. In any topological group, any open subgroup is closed, because the
complement is a union of cosets of that subgroup which are all open. In a compact
group, all closed subgroups are compact, and a closed subgroup is open if and only
if it has finite index.

Proof. For the “only if” part, we have already seen that G is compact Hausdorff.
If G ∼= lim←−i∈I Gi is a presentation of G as an inverse limit of finite groups, then
(ker(G → Gi))i∈I is a neighborhood basis of 1 in G consisting of open (normal)
subgroups.

For the “if” part, since all open subgroups are of finite index, it is easy to see that
1 admits a neighborhood basis N consisting of open normal subgroups. (Given any
open subgroup, since it is of finite index, it has only finitely many conjugates. The
intersection of all the conjugates is an open normal subgroup.) For each N ∈ N we
have the finite quotient group G/N . The set N is a directed set where N1 ≥ N2 if
N1 ⊂ N2, and (G/N)N∈N is an inverse system of finite groups. We can thus form
the profinite group G′ := lim←−N∈N G/N .

One checks that the natural map G → G′ is continuous (easy) and injective
(using that the N ’s form a neighborhood basis of 1 and that G is Hausdorff).
We claim it is surjective. Let (gN )N∈N ∈ G′. For each N ∈ N , the coset
gNN is closed in G. Every finite subcollection of the closed sets (gNN)N∈N , say
gN1N1, · · · , gNkNk, has non-trivial intersection. This is because we can find N ∈ N
such that N ⊂ N1 ∩ · · · ∩ Nk, and we have gNN ⊂ gN1N1 ∩ · · · ∩ gNkNk. Since
G is compact and since every finite subcollection of (gNN)N∈N has non-empty
intersection, we hvae ⋂

N∈N
gNN 6= ∅.

Now any element of the above set maps to (gN )N ∈ G′. Thus we have shown that
the natural map G → G′ is a continuous bijection. Since the left hand side is
compact and the right hand side is Hausdorff, this map is a homeomorphism. �

Example 5.1.16. In Zp, 0 has a neighborhood basis consisting of open subgroups
pnZp. In Z×p , 1 has a neighborhood basis consisting of open subgroups 1 + pnZp.

Definition 5.1.17. A locally profinite topological group is a Hausdorff group such
that 1 admits a neighborhood basis consisting of compact open subgroups. Equiv-
alently, it is a Hausdorff group containing a profinite group as an open subgroup.

Example 5.1.18. The groups Qp and Q×p are locally profinite, since they contain the
profinite groups Zp and Z×p as open subgroups respectively. However Qp and Q×p
are not profinite, since they are not compact. Also, GLn(Qp) is locally profinite,
containing the profinite group GLn(Zp) as an open subgroup.

We have a convenient criterion characterizing dense subsets of a profinte group.
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Lemma 5.1.19. Let G be a profinite group, and fix an isomorphism G
∼−→ lim←−i∈I Gi,

where (Gi)i∈I is an inverse system of finite groups. A non-empty subset S ⊂ G is
dense if and only if its image in Gi is Gi for each i ∈ I .

Proof. If S is dense, then its image in Gi is also dense since G→ Gi is continuous.
But Gi is discrete, so a non-empty dense subset of Gi must be Gi.

For the converse direction, we assume without loss of generality that G =
lim←−iGi ⊂

∏
iGi. Let g = (gi)i∈I ∈ G, and let U be an open neighborhood of

g. We need to show that S ∩ U 6= ∅. Up to shrinking U , we may assume that
U = {(hi)i ∈ G | ∀i ∈ I0, hi = gi}, where I0 is a finite subset of I. (This follows
from the way the product topology on

∏
iGi is defined.) Since I0 is finite, there

exists k ∈ I that is a common upper bound of all elements of I0. Let s ∈ S be a
preimage of gk ∈ Gk. Then the image of s in Gi is gi for all i ∈ I0. Hence s ∈ U .
This shows that S is dense in G. �

The following fact characterizes (locally) profinite groups topologically. We will
not need it.

Fact 5.1.20. Let G be a topological group. Then G is profinite (resp. locally profi-
nite) if and only if it is Hausdorff, compact (resp. locally compact), and totally
disconnected, meaning that every connected component is a point.

5.1.21. Profinite completion. Let G be a topological group. We define its profinite
completion to be

Ĝ = lim←−
N

G/N,

where N runs through open normal finite indexed subgroups of G. (Here note that
the quotient topology on each G/N is discrete, by the openness of N .) Then Ĝ

is profinite. There is a canonical continuous homomorphism G → Ĝ, and every
continuous homomorphism from G to a profinite group H factors through a unique
continuous homomorphism Ĝ→ H. In general the map G→ Ĝ is neither injective
nor surjective. This map is an isomorphism if and only if G is profinite. (The only if
part is trivial, and the if part is essentially proved in the proof of Theorem 5.1.14.)
Note that this means when G is profinite, we have a canonical presentation of G as
an inverse limit of finite groups.

Corollary 5.1.22. Let G be a topological group. The image of G→ Ĝ is dense in
Ĝ.

Proof. This follows immediately from Lemma 5.1.19. �

Exercise 5.1.23. Prove that there is a natural isomorphism of topological groups

Ẑ ∼−→
∏
p

Zp,

where p runs through all the primes. Here we view Z as a discrete topological
group, and Ẑ is its profinite completion.

5.1.24. Infinite Galois theory. See [Mor96, §17] Let E/K be a Galois extension
(i.e., normal and separable), not necessarily of finite degree. Let I be the set of
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finite Galois extensions of K inside E. We have a natural isomorphism of abstract
groups

Gal(E/K) ∼= lim←−
L∈I

Gal(L/K).

The right hand side has the profinite topology, so we obtain a topology on Gal(E/K),
called the Krull topology. By definition, Gal(E/K) with the Krull topology is a
profinite group. Equivalently, the Krull topology on Gal(E/K) is obtained by re-
quiring (Gal(L/K))L∈I to be an open neighborhood basis of 1.

Theorem 5.1.25. The map L 7→ Gal(E/L) is an inclusion-reversing bijection
from the set of intermediate extensions of E/K to the set of closed subgroups
of Gal(E/K). Under this correspondence, we have L/K is finite if and only if
Gal(E/L) is an open subgroup of Gal(E/K). In this case [L : K] = [Gal(E/K) :
Gal(E/L)]. We have L/K is normal if and only if Gal(E/L) is a normal sub-
group of Gal(E/K). In this case, we have a topological isomorphism Gal(L/K) =
Gal(E/K)/Gal(L/K), where the right hand side has the quotient topology.

Exercise 5.1.26. Prove the above theorem using finite Galois theory.

Example 5.1.27. Let Fq be a finite field. For each n ∈ Z≥1, we have Gal(Fqn/Fq) ∼=
Z/nZ. Taking the inverse limit in n on the two sides (with respect to divisibility),
we have a topological isomorphism Gal(F̄q/Fq) ∼= Ẑ.

Example 5.1.28. For each m ∈ Z≥1, we have a canonical isomorphism (Z/mZ)× ∼−→
Gal(Q(ζm)/Q). Taking the inverse limit we obtain a topological isomorphism
lim←−m(Z/mZ)× ∼−→ Gal(Qcycl/Q). The left hand side is often denoted by Ẑ×.

Example 5.1.29. For each m ∈ Z≥1, the local Artin map for Qp gives rise to a sur-
jective continuous map Q×p

∼−→ Gal(Qp(ζm)/Qp). Taking the inerse limit we obtain
a continuous map Q×p → Gal(Qcyclp /Qp). This in fact induces an isomorphism from
the profinite completion of Q×p to Gal(Qcyclp /Qp). Recall that Q×p is only locally
profinite. If we identify it with Z×Z×p , then its profinite completion is Ẑ×Z×p . We
thus have two closed subgroups Ẑ and Z×p . Under the Galois correspondence they
correspond to Qp(ζp∞) :=

⋃
r Qp(ζpr ) and

⋃
n,p 6|nQp(ζn).

6. Lecture 6, 2/11/2021

6.1. Recall of local fields.

6.1.1. Discretely valued fields. Let K be a field. Recall that a discrete valuation on
K is a surjective function v : K → Z ∪ {∞}, satisfying

• v(x) =∞ if and only if x = 0
• v(xy) = v(x+ y)
• v(x+ y) ≥ min(v(x), v(y))

for all x, y ∈ K. The pair (K, v) is called a discretely valued field.

Remark 6.1.2. Some authors define a discretely valuation without requiring that
v is surjective. Then either the image of v is {0,∞} (in which case v is called
trivial), or there exists a unique n ∈ Z≥1 such that nv is a discrete valuation in
our sense. In the latter case the difference in the two definitions is just a matter of
normalization.
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Example 6.1.3. Let K = Q, and let p be a prime. We obtain a discrete valuation vp
on Q as follows. For any non-zero integer a we define vp(a) ∈ Z≥0 such that pvp(a) is
the precise power of p dividing a. For x = a/b ∈ Q×, we define vp(x) = vp(a)−vp(b).
Finally we define vp(0) =∞ (of course!).

By Ostrowski’s theorem, every discrete valuation on Q, when canonically nor-
malized, is of the form vp for a unique prime p.

Example 6.1.4. Let K = Fq(t). For f ∈ K×, define vt(f) to be the “order of zero
or pole” of f at t = 0. Then vt is a discrete valuation on K.

Let (K, v) be a discretely valued field. Define

OK = OK,v := {x ∈ K | v(x) ≥ 0}

mK = mK,v := {x ∈ K | v(x) > 0} .
Then OK is a subring of K, called the valuation ring of v, and mK is the unique
maximal ideal of OK . In fact, OK is a DVR, namely a PID with a unique prime
ideal. (See [Ser79, §§I.1, I.2] for various characterizations of a DVR.)

Any generator of mK is called a uniformizer. The uniformizers are precisely the
elements π ∈ K satisfying v(π) = 1.

We have
O×K = {x ∈ K | v(x) = 0} .

The non-zero ideals of OK are of the form mnK , n ∈ Z≥1. Among these, only mK is
prime. The field OK/mK is called the residue field of (K, v), which we will denote
by kK .

If we fix a uniformizer π ∈ OK , then for any x ∈ K× we recover v(x) as the
unique integer n such that π−nx ∈ O×K . Note that the notion of a uniformizer, as
well as the subset O×K ⊂ OK , depend only on the ring structure of OK . This way
we recover v from the subring OK ⊂ K. In fact, we have a bijection

{discrete valuations on K} ←→ {subrings O ⊂ K s.t. O is DVR and K = FracO} .
(6.1.4.1)

Thus in a sense, the theory of discretely valued fields is equivalent to the theory of
DVR’s.

Let (K, v) be a discretely valued field. Pick a real number 0 < α < 1 and define
the corresponding absolute value

|x|v := αv(x)

for x ∈ K. (Here α∞ = 0.) Then |·|v is a nonarchimedean absolute value, i.e., a
function |·| : K → R≥ 0 satisfying

(i) |x| = 0 if and only if x = 0.
(ii) |xy| = |x| |y|.
(iii) |x+ y| ≤ max(|x| , |y|).

(Conversely, every non-archimedean absolute value |·| on K such that |K×| is a
discrete subgroup of R>0 comes from a discrete valuation and a choice of α.) We
then obtain a metric on K by

d(x, y) = |x− y|v ,

and hence a topology on K. Under this topology K is a Hausdorff topological field.
(Recall that a topological field is a topological ring which is also a field, and on
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which the multiplicative inverse is continuous.) Clearly the topology depends only
on v, not on the choice of α.

An equivalent way to define the topology on K is to declare that for each x ∈ K,
we have a neighborhood basis of x given by {x+ mnK}n≥1.

6.1.5. Completion. Let R be a noetherian local ring, with unique maximal ideal m.
Recall that the completion of R (as a local ring) is defined to be the ring

R∧ = lim←−
n∈Z≥1

R/mnR.

There is a natural ring homomorphism R→ R∧. We call R complete, if the natural
map R→ R∧ is an isomorphism. It is a fact that R∧ itself is a Noetherian complete
local ring. Its maximal ideal is generated by the image of m.

Lemma 6.1.6. Let (K, v) be a discretely valued field. The following conditions are
equivalent:

(i) K is complete w.r.t. the metric d(x, y) = |x− y|v, where |·|v = αv(·) for
some 0 < α < 1. (Recall that a metric space is complete if all Cauchy
sequences converge.)

(ii) OK is comlete w.r.t. the metrix d(x, y).
(iii) OK is a complete local ring.

If the above conditions are satisfied we say that (K, v) is complete.

Proof. For (i) ⇔ (ii), use that OK is open in K, that multiplication by π−1 is a
homeomorphism on K, and that {π−nOK}n≥0 is an open covering of K, where π
is a uniformizer. For (ii) ⇔ (iii), use that {mn}n≥0 is a neighborhood basis of 0 in
OK . �

Let (K, v) be a discretely valued field. The completion O∧K of OK is again a
DVR, and if π is a uniformizer in OK then the image of π in O∧K is a uniformizer.
Let K∧ be the fraction field of O∧K . Then there is a unique discrete valutation v∧
on K∧ corresponding to the subring O∧K under the correspondence (6.1.4.1). We
have a natural embedding K → K∧ extending the natural map OK → O∧K . This
map has dense image, and is compatible with the valuations v on K and v∧ on
K∧. The discretely valued field (K∧, v∧) is called the completion of (K, v). By
construction, (K∧, v∧) is complete. Recall that OK/mnK ∼= O∧K/mnK∧ (which is a
general property of the completion of a local ring). In particular, (K∧, v∧) has the
same residue field as (K, v).

(Alternatively, one obtains K∧ by completing the metric space K in the usual
sense as in analysis. One then checks that the metric on K∧ comes from a discrete
valuation, and that the corresponding valuation ring can be identified wtih O∧K .)

Example 6.1.7. The completion of (Q, vp) is (Qp, vp). The valuation rings are Z(p)
and Zp respectively, and the residue fields are both Fp.

Example 6.1.8. The completion of (Fq(t), vt) is the Laurent series field Fq((t)) ={∑
i≥n ait

i | n ∈ Z, ai ∈ Fq
}
. The valutation vt extends to Fq((t)) as follows. For

each f =
∑
ait

i ∈ Fq((t)), vt(f) is the least i such that ai 6= 0. The valuation rings
in Fq(t) and Fq((t)) are Fq[t] and Fq[[t]] respectively. The residue fields are both
Fq.
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6.1.9. Local fields.

Definition 6.1.10. By a non-archimedean local field, we mean a complete dis-
cretely valued field whose residue field is finite.

There are also archimedean local fields, which turn out to be just R and C. We
shall not pay too much attention to them.

To simplify the language, we simply say “local fields” when we mean
non-archimedean local fields.

Lemma 6.1.11. Let (K, v) be a discretely valued field whose reside field k is finite.
Then mnK is a finite-index subgroup of OK . The index is |k|n.

Proof. For each n ∈ Z≥1, we have a short exact sequence

1 −→ mnK/m
n+1
K −→ OK/mn+1

K −→ OK/mnK −→ 1.

The term mnK/m
n+1
K is a 1-dimensional k-vector space. (Use that mK is princi-

pal.) Also OK/m1
K = k. Hence by induction each OK/mnK is a finite ring, whose

cardinality is |k|n. �

Now let (K, v) be a discretely valued field with finite reside field. We know that
{mnK}n≥1 form a neighborhood basis of 0 in OK . By the above lemma, each mnK is
an open subgroup of finite index. Therefore the natural map

OK −→ O∧K = lim←−
n∈Z≥1

OK/mnK

can be identified with the natural map from the topological groupOK to its profinite
completion. Hence OK is complete if and only if OK is profinite. We conclude that
if (K, v) is a local field, then (OK ,+) is profinite (and hence compact), and (K,+)
is locally profinite (and hence locally compact).

Conversely, by similar considerations, every discretely valued field that is locally
compact is a local field ([Ser79, §II.1]).

7. Lecture 7, 2/16/2021

7.1. Recall of local fields, continued.

7.1.1. Structure of (K,+) and (K×,×). Let (K, v) be a discretely valued field, with
residue field k.

Inside (K,+), we have open subgroups

K ⊃ OK ⊃ mK ⊃ m2
K ⊃ · · · ⊃ mnK ⊃ · · ·

They form a neighborhood basis of 0. The successive quotients mnK/m
n+1
K are all

1-dimensional k-vecotr spaces, for all n ≥ 0.
After fixing a uniformizer π, we have an (topological) isomorphism

Z×O×K
∼−→ (K×,×), (n, x) 7→ πnx.

Let U = O×K , and Un = 1 + mnK for n ≥ 1. Then inside U we have open subgroups

U ⊃ U1 ⊃ U2 ⊃ · · · ⊃ Un ⊃ · · ·

which form an open neighborhood basis of 1. We have group isomorphisms U/U1 ∼=
k×, and Un/Un+1 ∼= mnK/m

n+1
K induced by x 7→ x− 1. In particular, Un/Un+1 ∼= k.



24 YIHANG ZHU

If (K, v) is assumed to be complete, then by definition

OK ∼= lim←−
n

OK/mnK ,

i.e., the group structure of OK is determined by the quotients OK/mnK , which are
successive extensions of copies of k. If we further assume that (K, v) is a local field
(i.e., k is finite), then U is profinite since it is compact (because U = OK −mK is a
closed subset of OK) Hausdorff and 1 has a neighborhood basis consisting of open
subgroups (i.e., the Un’s). It follows that

U ∼= lim←−
n

U/Un.

In this case we also know that K× ∼= Z× U is a locally profinite group.
Finally, when we assume (K, v) is complete and is of characteristic zero, there

exists n (which depends on K) such that the exponential map

x 7−→
∑
m≥0

xm/m!

defines an isomorphism of topological groups

(mnK ,+) ∼−→ (Un,×).

(Here we need n to be sufficiently large for the exponential series and the logarithmic
series to converge on mnK and Un respectively.) This restricts to an isomorphism
mn
′

K
∼−→ Un′ for all n′ ≥ n. Note that the exponential map does not make sense

when char(K) > 0, as 1/n! does not exists when char(K)|n.

Lemma 7.1.2. Let (K, v) be a complete discretely valued field of characteristic
zero. Then every finite index subgroup of (OK ,+) is open, and every finite index
subgroup of K× is open.

Proof. Let H be a subgroup of OK of index j ∈ Z≥1. Then H contains jOK =
m
v(j)
K , which is an open subgroup of OK . Here when writing v(j) we view j as an

element of OK . Since j 6= 0 in OK (because char(K) = 0), we have 0 ≤ v(j) <∞.
Since H contains an open subgroup of OK , it is open itself.

Now let H be a subgroup of K× of index j ∈ Z≥1. Fix a uniformizer π, and
identify K× with πZ × U . Then H contains (K×)j ∼= πjZ × U j . It suffices to show
that jZ× U j is open inside Z× U . Since Z is discrete, we only need to show that
U j is open in U . Find n large enough such that (Un,×) ∼= (mnK ,+). Then we
have a topological isomorphism (Un,×) ∼= (OK ,+). Under this isomorphism U jn
corresponds to jOK = m

v(j)
K , which is open in OK .6 Hence U jn is open in Un. Now

U j ⊃ U jn, and U jn is open in Un which is also open in U . Therefore U j is open in
U , as desired. �

6Note that the exponents in the notations Uj
n and m

v(j)
K have different meanings: Uj

n is the
subgroup of Un consisting of the j-th poweres, whereas mv(j)

K is the ideal of OK generated by the
v(j)-fold products of elements of mK , or equivalently m

v(j)
K = πv(j)OK .
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7.1.3. Series expansion. Let (K, v) be a local field, or more generally a complete
discretely valued field. Then an infinite series

∑
n≥0 an in K converges (w.r.t.

the absolute value |x| = αv(x), where 0 < α < 1) if and only if v(an) → +∞.
Algebraically, the sum of this series can be understood as follows. Up to dropping
finitely many terms, we may assume that an ∈ OK for all n. Then inside each
OK/mlK , the images of an’s are almost all zero, since for almost all n we have
v(an) ≥ l. Let γn ∈ OK/mlK be the sum of the images of all an’s, which is a finite
sum. Then (γn)n is an element of lim←−nOK/m

n
K . By completeness this inverse limit

is isomorphic to OK itself, so (γn)n corresponds to an element γ ∈ OK . This γ is
equal to

∑
an.

From now on we assume that (K, v) is a local field. If we fix a uniformizer π ∈ K,
then a series of the form

∑
n≥m anπ

n, where m ∈ Z and an ∈ O×K , converges. We
can represent an arbitrary element of K by such a series, where an are required to
be Teichmüller representatives, which we recall as follows.

Let k be the residue field, and let p be the characteristic of k. The surjective
homomorphism O×K → k× has a unique multiplicative section x 7→ [x], called the
Teichmüller section or Teichmüller lift. Concretely, for each x ∈ k×, we define [x]
to be

lim
n→+∞

yp
n

n ,(7.1.3.1)

where yn ∈ O×K is an arbitrary lift of xp−n = pn
√
x ∈ k×. (Note that x 7→ xp is

an automorphism of k×, so it makes sense to take p-th roots.) The image of [·] is
precisely the set of (q − 1)-th roots of unity in O×K , where q = |k|.

Exercise 7.1.4. Show that the limit (7.1.3.1) converges by checking that (ypnn ) is
a Cauchy sequence. Also show that the limit is independent of the choices of yn.
Show that [·] is indeed a multiplicative section of O×K → k×. Finally, show that
any other multiplicative section of O×K → k× must equal [·].

Example 7.1.5. Let K = Q5. The Teichmüller lift of 4̄ ∈ F5 is −1 ∈ Z5.

Remark 7.1.6. The map [·] is additive if and only if char(K) > 0. In this chase
char(K) = char(k) = p, and [·] extends to a field embedding k → K.

Proposition 7.1.7. Let (K, v) be a local field. Fix a uniformizer π. For each y ∈
K×, there is a unique sequence (an)n≥v(y) where each an ∈ {0} ∪ [k×] ⊂ {0} ∪ O×K
such that

y =
∑

anπ
n.

This is called the Teichmüller expansion of y with respect to π.

Proof. Exercise. �

Remark 7.1.8. If char(K) > 0, we have seen that the subset {0} ∪ [k×] is in fact a
subfield of K isomorphic to k. In this case the Teichmüller expansion gives a field
isomorsphim K ∼= k((t)), π 7→ t, where k((t)) is formal Laurent series field. The
valuation v on K corresponds to the valuation vt on k((t)).

Remark 7.1.9. If L is a complete discretely valued field whose residue field l is of
characteristic 0, then there is still a unique multiplicative section of O×L → l×, and
this section extends to a field embedding l → L. We again have an isomorphism
L ∼= l((t)). In this course we will not study such fields.
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Remark 7.1.10. Let (K, v) be a local field with char(K) = 0. Suppose y, z ∈
K× have Teichmüller expansions

∑
anπ

n and
∑
bnπ

n respectively. Then we have
y + z =

∑
(an + bn)πn, but this is in general not the Teichmüller expansion of

y + z. If π can be and is taken to be p (i.e., K is “absolutely unramified”), then
the coefficients of the Teichmüller expansion of y + z is given by certain universal
polyonimals called Witt polynomials evaluated at (an, bn)n. There is a similar
story for multiplying two Teichmüller expansions. See [Ser79, §§II.5, II.6] for more
details.

7.2. Extensions of local fields.

Theorem 7.2.1. Let (K, v) be a complete discretely valued field, and let E/K be
a finite extension of fields. Then there is a unique discrete valuation w on E and
a unique e ∈ Z≥1 (called the ramification index) such that

w(x) = ev(x), ∀x ∈ K.
(In other words, w is the unique discrete valuation on E that extends v up to
scaling.) Moreover, (E,w) is complete, OE is the integral closure of OK in E, and
the residue field OE/mE is an extension of OK/mK of degree f = [E : K]/e. In
fact we have the following formula for w:

w(y) = v(NE/K(y))/f, ∀y ∈ E.

Proof. See [Ser79, §II.2 ]. �

By the theorem, every finite extension of a local field has the canonical structure
of a non-archimedan local field. When we consider a finite extension of local fields
E/K, it is always understood that the discrete valuations on E and K are related
as in the theorem.

Fact 7.2.2. Every local field is isomorphic to a finite extension of Qp (if the charac-
teristic is zero), or isomorphic to Fq((t)) for some finite field Fq (if the characteristic
is positive).

8. Lecture 8, 2/23/2021

8.1. Unramified extensions. Let (K, v) be a local field, with residue field k.
Recall that a finite extension E/K is called unramified, if it is separable and the
ramification index e = 1, i.e., E/K is separable and a uniformizer in K stays to be
a uniformizer in E. In this case, E/K is Galois, and the natural homomorphism
Gal(E/K) → Gal(kE/k) is an isomorphism. (Here kE denotes the residue field of
E.) Let n = [E : K] = [kE : k]. We always identify Gal((kE/k) with Z/nZ, where
1̄ ∈ Z/nZ corresponds to the Frobenius x 7→ x|k| in Gal(kE/k). The corresponding
generator of Gal(E/K) is again callled the Frobenius, usually denoted by σ.

Fact 8.1.1 (See [Ser79, §III.5]). The natural functor
{finite unramified extensions of K} −→ {finite extensions of k} ,

E 7−→ kE

is an equivalence of categories. Here the morphisms in the two categories are K-
algebra maps and k-algebra maps respectively. Moreover, if E/K is a finite unram-
ified extension and L/K is an arbitrary finite extension, then the set of K-algebra
maps E → L is in natural bijection with the set of k-algebra maps kE → kL.
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Let L/K be a finite extension. By Fact 8.1.1, subextensions of L/K that are un-
ramified over K are in bijection with subextensions of kL/k. The one corresponding
to kL is the maxmal unramified extension of K inside L.

If we fix a separable closure Ks of K, then it follows easily from Fact 8.1.1 that
for each n ∈ Z≥1 there is a unique unramified extension Kn/K of degree n inside
Ks. (The uniqueness boils down to the fact that in a fixed extension of finite fields,
there is at most one subextension of each given degree.) We have

Kn ⊂ Km

whenever n|m. Let
Kur =

⋃
n≥1

Kn.

This is a field extension of K inside Ks such that every unramified extension of K
inside Ks is contained in Kur.

Then the discrete valuation v on K extends to a discrete valuation on Kur (but
Kur is not complete). The residue field of Kur is an algebraic closure k̄ of k.
The extension Kur/K is Galois, and Gal(Kur/K) is topologically isomorphic to
Gal(k̄/k) ∼= Ẑ. Under this identification, the image of 1 ∈ Z in Ẑ corresponds to
the Frobeinus σ ∈ Gal(Kur/K), i.e., the element σ which restricts to the Frobenius
in every Gal(Kn/K).

Denote by GK the infinite Galois grouip Gal(Ks/K). Under the Galois corre-
spondence, Kur/K corresponds to a closed subgroup of GK , denoted by IK , called
the inerta group of K. This can also be built from finite inertia groups as fol-
lows. For each finite Galois extension L/K inside Ks, we have the inertia group
I(L/K) ⊂ Gal(L/K) corrresponding to the maximal unramified extension of K
inside L. Under the map GK → Gal(L/K), IK maps to I(L/K). This induces a
map

IK −→ lim←−
L

I(L/K)

where the inverse limit is taken over all finite Galois extensions L/K inside Ks.
This map is a topological isomorphism.

By Galois theory we have a short exact sequence

1 −→ IK −→ GK −→ Gal(Kur/K) ∼= Ẑ −→ 1.

8.2. The Local Reciprocity.

8.2.1. Maximal abelian extension. Let E/K be a separable extension of fields.
Given any two finite abelian (i.e., finite Galois with abelian Galois group) exten-
sions L1/K,L2/K inside E, the compositum L1L2/K is still finite abelian. The
compositum of all such extensions is called the maximal abelian extension of K in
E. This is in general infinite over K.

We often fix a separable closure Ks of K. Then we write Kab for the maximal
abelian extension of K inside Ks.

Exercise 8.2.2. The natural map Gal(Ks/K)→ Gal(Kab/K) identifies Gal(Kab/K)
with the maximal Hausdorff abelian quotient of Gal(Ks/K). The kernel is the clo-
sure of the derived subgroup of Gal(Ks/K).
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From now on we fix a local field K, and fix a separable closure Ks. All finite
separable extensions of K are assumed to be inside Ks. Note that Kab ⊃ Kur. We
now state the first main theorem of local class field theory.

Theorem 8.2.3 (Local Reciprocity). There exists a unique homomorphism

φK : K× −→ Gal(Kab/K)
satisfying the following conditions. For every subextension L/K inside Kab, we
write φL/K for the composite map K× φK−−→ Gal(Kab/K)→ Gal(L/K).

(i) For any uniformizer π ∈ K, the image of π under φKur/K : K× →
Gal(Kur/K) is the Frobenius σ.

(ii) Let L/K be a finite abelian extension (always assumed to be inside the
fixed Ks, and hence inside Kab). Then φL/K is surjective, and its kernel is
NL/K(L×). In particular, we have an induced isomorphism : K×/NL/K(L×) ∼−→
Gal(L/K), which we still denote by φL/K .

Note that every x ∈ O×K can be written as x = π/π′ for two different uniformizers
π and π′. It immediately follows from condition (i) that x ∈ kerφKur/K . Thus
φKur/K factors as K v−→ Z f−→ Gal(Kur/K). If we identify Gal(Kur/K) with Ẑ as
usual, then clearly f : Z→ Gal(Kur/K) is just the canonical map Z ↪→ Ẑ.

8.3. Consequences of Local Reciprocity.

Definition 8.3.1. A norm subgroup of K× is a subgroup of the form NL/K(L×)
for some finite abelian extension L/K. For brevity, we write NL for NL/K(L×)
when K is fixed.

Remark 8.3.2. By a result called the “norm limitation theorem”, the set of norm
subgroups of K× does not change if in the definition we allow arbitrary finite
extensions L/K. For the moment we will not use this result.

Corollary 8.3.3. Every norm subgroup is of finite index in K×.

Proof. If L/K is a finite abelian extension, then the index of NL in K× is equal to
the size of Gal(L/K), which is finite. �

Corollary 8.3.4. Every subgroup of K× containing a norm subgroup is itself a
norm subgroup.

Proof. Say N is a subgroup of K× containing a norm subgroup NL. Recall that we
have the isomorphism φL/K : K×/NL

∼−→ Gal(L/K). Let Gal(L/L′) be the image
of N in Gal(L/K). Then N is equal to the kernel of φL′/K : K× → Gal(L′/K),
which is NL′ . �

Corollary 8.3.5. Let L,L′ be finite abelian extensions of K (inside Kab). The
following statements hold.

(i) L ⊂ L′ if and only if NL ⊃ NL′ .
(ii) NL·L′ = NL ∩NL′ .

Proof. By NL′/K = NL/K ◦ NL′/L, we have the “only if” in (i). This also implies
the containment ⊂ in (ii). For the containment ⊃ in (ii), use that NL is the kernel
of φL/K : K× → Gal(L/K), and similarly for NL′ and NL·L′ . It suffices to show
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that the map Gal(L ·L′/K)→ Gal(L/K)×Gal(L′/K) is injective. But this is true
by general Galois theory.

We now use (ii) to prove the “if” in (i). By (ii) and by the assumption NL ⊃ NL′ ,
we have NL·L′ = NL′ . But then [L · L′ : K] = [L′ : K], and so L ⊂ L′. �

9. Lecture 9, 2/25/2021

9.1. Consequences of Local Reciprocity, continued.

Corollary 9.1.1. The map L 7→ NL is an inclusion-reversing bijection from the
set of finite abelian extensions of K (inside Kab) to the set of norm subgroups of
K×.

Proof. By part (i) of Corollary 8.3.5, this map is inclusion reversing and injective.
Surjectivity follows from the definition of norm groups. �

Corollary 9.1.2. Let L,L′ be finite abelian extensions of K. Then NL∩L′ =
NL ·NL′ .

Proof. We know that L∩L′ is the largest abelian extension of K contained in both
L and L′. On the other hand NL ·NL′ is a norm subgroup (since it contains a norm
subgroup), and it is clearly the smallest norm subgroup containing both NL and
NL′ . The assertion then follows from Corollary 9.1.1. �

Lemma 9.1.3. Let L/K be a finite extension of K (not necessarily abelian). If
NL/K(L×) is of finite index in K×, then it is open.

Proof. We know that O×L is compact, so NL/K(O×L ) is closed in K×. Also note
that NL/K(O×L ) = NL/K(L×) ∩O×K . (For x ∈ L we have vK(NL/K(x)) = fvL(x).)
Therefore NL/K(O×L ) is closed and of finite index in O×K , and hence open in O×K .
It follows that NL/K(L×) contains an open subgroup of K×, and is therefore itself
open. �

Remark 9.1.4. In fact, by the norm limitation theorem, we have NL/K(L×) =
NE/K(E×), where E is the maximal abelian extension of K in L. Hence NL/K(L×)
is automatically of finite index in K×.

Remark 9.1.5. If K has characteristic zero, then the lemma is superfluous as every
finite index subgroup of K× is open.

Corollary 9.1.6. Every norm subgroup of K× is open and of finite index.

Note that the six Corollaries 8.3.3, 8.3.4, 8.3.5, 9.1.1, 9.1.2, 9.1.6 are all conse-
quences of the existence of the local Artin map φK . We haven’t used the uniqueness.

9.2. The Local Existence Theorem. We now state the second main theorem of
local class field theory.

Theorem 9.2.1 (Local Existence Theorem). The norm subgroups of K× are pre-
cisely the open finite index subgroups of K×.

Corollary 9.2.2. The map L 7→ NL/K(L×) is a bijection from the set of finite
abelian extensions of K to the set of open finite index subgroups of K×.

Proof. Combine Corollary 9.1.1 with Theorem 9.2.1. �
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Corollary 9.2.3. The map φK induces an isomorphism from the profinite comple-
tion of K× to Gal(Kab/K).

Proof. Exercise. (Use that Gal(Kab/K) = lim←−L Gal(L/K), where L runs through
the finite abelian extensions of K.) �

Example 9.2.4. Let p be an odd prime. The degree p-extensions of Qp are all
abelian, and they correspond to index p (and open, which is automatic) subgroups
of Q×p . We have

Q×p ∼= pZ × Z×p ∼= Z× F×p × (1 + Zp) ∼= Z× F×p × Zp,

where we used the exponential map for (1+Zp,×) ∼= (Zp,+). The index p subgroups
of Q×p are in bijection with the index p subgroups of Q×p /(Q×p )p, and the latter is
isomorphic to Z/pZ × Z/pZ. Thus we have p + 1 such extensions. Among them,
one is unramified, and the other p extensions are totally ramified. Note that for
m = (pp − 1)p2, we have Gal(Qp(ζm)/Qp) ∼= Z/pZ × (Z/p2Z)× ∼= Z/pZ × Z/(p −
1)Z×Z/pZ. Denoting this group by G, we have G/Gp ∼= Z/pZ×Z/pZ. Therefore
inside Qp(ζm) we find all the p+ 1 extensions of Qp of degree p.

Example 9.2.5. Recall that Kn/K denotes the unramified extension of degree n.
Let π be a uniformizer of K. The map φKn/K : K× → Gal(Kn/K) sends π to σ
which has order n, and sends O×K to 1. Hence the kernel of it is πnZO×K . (Note
that this subgroup of K× is independent of the choice of π.) We conclude that
NKn = πnZO×K . After some reduction steps, this fact boils down to the surjectivity
of the norm map between two finite fields, which can be proved elementarily. (For
instance, use that the non-zero elements of a finite field form a cyclic group.)

9.3. The field Kπ. In the following discussion, we assume the existence of the local
Artin map φK as in Theorem 8.2.3. Fix a uniformizer π ∈ K×. Let Kπ ⊂ Kab

be the fixed field of φK(π) ∈ Gal(Kab/K). The next lemma gives an intrinsic
characterization of Kπ.

Lemma 9.3.1. The field Kπ is the union of finite abelian extensions L/K such
that π ∈ NL.

Proof. We know that Kπ is the union of finite abelian extensions L/K such that π
lies in the kernel of φL/K : K× → Gal(L/K). But the last condition is equivalent
to π ∈ NL. �

Remark 9.3.2. If L/K is any finite Galois extension such that π ∈ NL/K(L×),
then L/K must be totally ramified. To see this, use the formula vK(NL/K(x)) =
f(L/K)vL(x),∀x ∈ L×. Since the left hand side can assume 1, we must have
f(L/K) = 1.

Recall that K× has a tower of subgroups
K× ⊃ U ⊃ U1 ⊃ U2 ⊃ · · · ,

where U = O×K and Un = 1 + mnK . For any choice of uniformizer π, we have
K× = πZ × U .

Proposition 9.3.3. Assume the existence of φK as in the Local Reciprocity The-
orem (Theorem 8.2.3), and assume the Local Existence Theorem (Theorem 9.2.1).
Choose a uniformizer π ∈ K. The following statements hold.
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(i) For each n ≥ 1, let Kπ,n be the finite abelian extension of K characterized
by the condition

NKπ,n = πZ × Un.
(This exists by the Local Existence Theorem, since πZ × Un is an open
finite index subgroup of K×.) Then Kπ =

⋃
nKπ,n.

(ii) We have Kab = KπK
ur.

Proof. Clearly Kπ,n ⊂ Kπ. To show that Kπ =
⋃
nKπ,n, we need to show that an

arbitrary finite abelian extension L/K satisfying π ∈ NL is contained in Kπ,n for
some n. We know that NL is open, so it must contain an open neighborhood of π
in K×. But ({π} × Un)n≥1 form a neighborhood basis of π. Hence NL contains
{π} × Un for suitable n. Since NL is a group, it also contains NKπ,n . But then we
have L ⊂ Kπ,n.

We now show that Kab = KπK
ur. For this we need to show that an arbitrary

finite abelian extension L/K is contained in Kπ,nK
ur for some n. We know that

NL is an open finite index subgroup of K×. Since NL is open, it must contain Un
for some n. Since NL is of finite index in K×, it cannot be contained inside U ,
i.e., there exists x ∈ NL with v(x) 6= 0. Write x = πv(x)y, with y ∈ U . Note that
a suitable power of y lies in Un, since [U : Un] < ∞. Hence after raising x to a
power we may assume that x = πv(x)y with y ∈ Un. But then NL contains πv(x).
Therefore

NL ⊃ πvZ × Un
for some integers v, n ≥ 1. Note that

πvZ × Un = (πvZ × U) ∩ (πZ × Un) = NKv ∩NKπ,n = NKπ,n·Kv .

(Recall that Kv denotes the degree v unramified extension of K.) Hence L ⊂
Kπ,n ·Kv ⊂ Kπ,n ·Kur. �

10. Lecture 10, 3/2/2021

10.1. The Local Existence Theorem, continued. In the proof of Proposition
9.3.3, we essentially showed the following fact: Let U be a profinite group. Then
every open finite index subgroup of Z × U contains vZ × U ′ for some v ≥ 1 and
some open subgroup U ′ ⊂ U . In particular, the profinte completion of Z × U is
Ẑ×U . Using this, we can give a more conceptual (but essentially the same) proof of
the fact Kab = KπK

ur using infinite Galois theory and Corollary 9.2.3 as follows.
(Note that Corollary 9.2.3) still assumes the Local Existence Theorem.)

Alternative proof of Proposition 9.3.3 (ii). Since K× ∼= πZ × U as a topological
group and U is profinite, the profinite completion K̂× of K× is isomorphic to
πẐ × U (by the preceding paragraph). When we identify this with Gal(Kab/K) as
in Corollary 9.2.3, the subgroup πẐ corresponds to Gal(Kab/Kπ) and the subgroup
U corresponds to Gal(Kab/Kur). Since the intersection of these two subgroups is
trvial, we have Kab = Kπ ·Kur. �

Note that U is a canonical subgroup of K̂×, but πẐ is not canonical as it depends
on π. (Rather, we have a canonical quotient map K̂× → Ẑ induced by v : K× → Z.)
This corresponds to the fact that Kur/K is canonical and Kπ/K is not.

From the above alternative proof, we easily see that φK restricts to an isomor-
phism of topological groups U ∼−→ Gal(Kπ/K).
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Proposition 10.1.1. Assume the Local Existence Theorem. Then φK in the Local
Reciprocity Theorem is unique.

Proof. Suppose φ′K is another choice. For any uniformizer π ∈ K, use φK to define
Kπ, and use φ′K to define K ′π. Note that Kπ = K ′π, since they are both the union
of finite abelian extensions L/K such that π ∈ NL. We have Kab = KπK

ur. We
have φK(π) acts via the identity on Kπ, and acts via σ on Kur. Ditto for φ′K(π).
Therefore φK(π) = φ′K(π). Now note that the set of all possible uniformizers of
K actually generate K×. (Clearly K× is generated by one uniformizer and U , but
any element of U is a ratio of two uniformizers.) Hence φK = φ′K . �

Remark 10.1.2. In the above proof, we needed the Local Existence Theorem only
for the knowledge that K = KπK

ur.

10.2. Idea of Lubin–Tate theory. Lubin–Tate theory gives a self-contained ex-
plicit construction of Kπ,n, for any uniformizer π of K. It also constructs an
isomorphism U

∼−→ Gal(Kπ/K), as predicted in by the Local Reciprocity Theorem
and Local Existence Theorem.

Example 10.2.1. Let K = Qp, π = p. Then Kπ,n = Qp(ζpn).

The construction of Qp(ζpn) can be interpreted as follows. Let Λ =
⋃
LmL,

where L runs through finite extensions of Qp inside Qp. For each L, we transport
the multiplicative group structure on 1 + mL to a group structure on mL via the
bijection 1 + mL

∼−→ mL, x 7→ x− 1. Then for x, y ∈ mL, we have

x+′ y = (1 + x)(1 + y)− 1 = x+ y + xy

where +′ is the group operation. We can think of +′ as a deformation of the usual
group operation + on mL, where the difference is only in “higher order terms”.
Since the formula defining +′ is independent of L, we get a group structure +′ on
Λ. Let

Λn =

x ∈ Λ | x+′ · · ·+′ x︸ ︷︷ ︸
pn times

= 0


Then Qp(ζpn) = Qp(Λn).

The Z-module Λn is a free Z/pnZ-module of rank 1. The action of Gal(Qp(Λn)/Qp)
on Λn gives rise to a homomorphism Gal(Qp(Λn)/Qp)→ (Z/pnZ)×. Taking the in-
verse limit in n we get a homomorphism Gal(Qp(ζp∞)/Qp)→ lim←−n(Z/pnZ)× = Z×p .
This is an isomorphism, and the inverse ismorpism Z×p

∼−→ Gal(Qp(ζp∞),Qp) is equal
to the negative of the local Artin map.

How do we generalize this to construct Kπ,n for general K and π? We define the
set Λ in the same way, and we need a group structure +′ on Λ (which depends on
π) deforming the usual +. This time, x+′ y will no longer be given by a polynomial
in x, y. It is rather a power series in x, y of the form

x+ y + higher degree terms,

and the coefficients are in OK . Lubin and Tate figured out the suitable power series
to be used here, and this is called the Lubin–Tate formal group law. One of the
key features in the construction is that OK-acts on this group via endomorphisms,
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Thus we have a ring homomorphism OK → End(Λ,+′), which we will denote by
a 7→ [a]. Define

Λn := {x ∈ Λ | [π]nx = 0}
The Λn is an OK-submodule of Λ, and it is in fact an OK/πn-module. It turns out
to be a free OK/πn-module of rank 1. Define

Kπ,n = K(Λn).

Then we have a natural homomorphism Gal(Kπ,n/K) → (OK/πn)×. Take Kπ =⋃
nKπ,n. The map Gal(Kπ/K) → lim←−n(OK/πn)× = O×K is an isomorphism, and

its inverse is the negative of the restriction of the local Artin map.

11. Lecture 11, 3/4/2021

11.1. Formal group laws. We closely follow [Mil20, §I.2]

11.1.1. Formal power series. Fix a commutative ring A with 1. (We will set A =
OK .) Let A[[X1, · · · , Xn]] be the formal power series ring, and let A[[X1, . . . , Xn]]+
be the subset consisting of power series whose constant terms are zero.

Let f(X1, · · · , Xn) ∈ A[[X1, · · · , Xn]], and let g1(Y1, · · · , Ym), · · · gn(Y1, · · · , Ym) ∈
A[[Y1, · · · , Ym]]. The substitution

f(g1(Y1, · · · , Ym), · · · , gn(Y1, · · · , Ym))

does not make sense in general. For instance, if f = f(X1) = X1 + X2
1 +

· · · , g = g(X1) = 1, then f(g) does not make sense. It makes sense whenever
each gi has zero constant term, i.e., gi ∈ A[[Y1, · · · , Ym]]+. In this case, we have
f(g1, · · · , gn) ∈ A[[Y1, · · · , Ym]]. If we know that f ∈ A[[X1, · · · , Xn]]+ in addition,
then f(g1, · · · , gn) ∈ A[[Y1, · · · , Ym]]+.

Lemma 11.1.2. (i) Let f ∈ A[[T ]], g, h ∈ A[[T ]]+. The two interpretations
of f(g(h)) are the same.

(ii) Let f ∈ A[[T ]]+. Then f admits a composition right-inverse g ∈ A[[T ]]+,
i.e., f(g(T )) = T , if and only if the linear term of f is aT for some
a ∈ A×. In this case we also have g(f(T )) = T .

Proof. Part (i) is obvious, so we only prove (ii). Write f(T ) =
∑
i≥1 aiT

i. If
f(g(T )) = T , then

a1g(T ) + a2g(T )2 + · · · = T.(11.1.2.1)

The linear coefficient on the LHS is divisible by a1, so a1 ∈ R×.
Conversely, assume a1 ∈ R×. Write g =

∑
i≥1 biT

i. We solve for bi consecutively
from (11.1.2.1). The linear coefficient of both sides is a1b1 = 1, so b1 = a−1

1 . The
quadratic coefficient is a1b2 + a2b

2
1 = 0, from which b2 = −a−1

1 (a2b
2
1). In general,

the n-th coefficient is a1bn+ polynomial in (a2, · · · , an, b1, · · · , bn−1) = 0, so we can
solve for bn.

Now assume f(g(T )) = T , and we show that g(f(T )) = T . Clearly the linear
coefficient of g is also in A×. Thus there exists h ∈ A[[T ]]+ such that g(h(T )) = T .
Then f(T ) = f(g(h(T ))) = h(T ), so g(f(T )) = g(h(T )) = T . �

Exercise 11.1.3. Part (ii) of the above lemma can be viewed as a version of the
Inverse Function Theorem. State and prove a multi-variable version.
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Example 11.1.4. Assume that A contains Q. Then we can define

f(T ) = log(1 + T ) = −
∑
n≥1

(−T )n/n,

and
g(T ) = eT − 1 =

∑
n≥1

Tn/n!.

We have f(g(T )) = g(f(T )) = T .

11.1.5. Axioms for a formal group law.

Definition 11.1.6. A formal group law over A is a power series F (X,Y ) ∈
A[[X,Y ]]+ satisfying certain axioms. For f, g ∈ A[[Z1, · · · , Zn]]+, we write f +F g
for F (f, g) ∈ A[[Z1, · · · , Zn]]+. (In particular, we write X+F Y for F (X,Y ) itself.)
The axioms are as follows:

(i) (Associativity.) We have
X +F (Y +F Z) = (X +F Y ) +F Z ∈ A[[X,Y, Z]]+.

(i.e., F (X,F (Y,Z)) = F (F (X,Y ), Z).)
(ii) (Commutativity.) We have

X +F Y = Y +F X ∈ A[[X,Y ]]+.
(i.e., F (X,Y ) = F (Y,X).)

(iii) (Identity.) We have
X +F 0 = X.

(i.e., F (X, 0) = X.)
(iv) (Inverse.) There exists i(X) ∈ A[[X]]+ such that

X +F i(X) = 0.
(i.e., F (X, i(X)) = 0.)

We immediately observe that by axioms (ii) and (iii), we have
F (X,Y ) = X + Y + higher degree terms,

and none of these higher degree terms is a pure power of X or Y . By this and by
axiom (iv), we have

i(X) = −X + higher degree terms.
We think of +F as a deformation of the usual +, and think of i(X) as a deformation
of the usual −.

Exercise 11.1.7. Show that i(X) is uniquely determined by F (X,Y ).

Lemma 11.1.8. Suppose F ∈ A[[X,Y ]]+ is of the form F (X,Y ) = X+Y+ higher
degree terms, and suppose F satisfies axiom (i). Then F satisfies axiom (iii).

Proof. Let f(X) = F (X, 0). We need to show that f(X) = X. Note that F (0, 0) =
0. In axiom (i), taking Y = Z = 0, we get f(X) = F (f(X), 0) = f(f(X)). Now
note that f(X) = X+ higher degree terms, so there exists a composition inverse g
of f . Then f(X) = g(f(f(X))) = g(f(X)) = X. �

Remark 11.1.9. What we call “formal group laws” are actually the commutative
one-dimensional formal group laws. Only such formal group laws will appear in the
course.
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Example 11.1.10. The additive formal group law F (X,Y ) = X + Y . In this case
clearly i(X) = −X. This makes sense over A = Z, and hence over arbitrary A.

Example 11.1.11. The multiplicative formal group law F (X,Y ) = (X+1)(Y +1)−1.
We can compute the inversion i(X) as follows. We have

(X + 1)(i(X) + 1)− 1 = 0,

so

i(X) + 1 = (X + 1)−1 =
∑
n≥0

(−X)n.

We get

i(X) =
∑
n≥1

(−X)n.

This makes sense over A = Z, and hence over arbitrary A.

Example 11.1.12. For simplicity assume A is a field. One can get a formal group
law over A from an elliptic curve E over A, by expanding the group law of E near
the identity. See [Sil09, Chapter IV] for more details.

Example 11.1.13. Let f, g ∈ A[[T ]]+ be composition-inverses of each other. Suppose
F (X,Y ) is a formal group law. Then g(F (f(X), f(Y ))) is another formal group
law. For instance, f(T ) = log(1 + T ), g(T ) = eT − 1, and F (X,Y ) = X + Y . Then

g(F (f(X), f(Y ))) = g(f(X)+f(Y )) = g(log((1+X)(1+Y ))) = (1+X)(1+Y )−1.

This is the multiplicative formal group law.

11.1.14. Homomorphisms and endomorphisms. Let F and G be two formal group
laws over A. By a homomorphism F → G, we mean a power series h(T ) ∈ A[[T ]]+
satisfying

h(X +F Y ) = h(X) +G h(Y ),

or equivalently h(F (X,Y )) = G(h(X), h(Y )). If we have homomorphisms h : F →
G and h′ : G → H, then we define their composition to be h′(h(T )), which is a
homomorphism F → H.

Example 11.1.15. The power series h(T ) = log(1 +T ) is a homomorphism from the
multiplicative formal group to the additive formal group.

The endomorphisms of a formal group law F form a ring, where addition is given
by (h1(T ), h2(T )) 7→ h1(T ) +F h2(T ), and multiplication is given by composition.
We denote this ring by End(F ). This ring has multiplicative identity, given by
h(T ) = T .

Appendix. Formal group laws as group objects in a category. We explain
how to define formal group laws as group objects in a certain category of coordinated
formal Lie varieties. Throughout we fix a commutative ring A with 1.
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11.1.16. Coordinated formal Lie varieties. The category L of coordinated formal
Lie varieties is defined as follows. The objects are labeled by the positive integers:
L1, L2, · · · . We think of Ln as an infinitesimal neighborhood of the origin in An.
A morphism from Ln to Lm is an m-tuple of elements of A[[X1, · · · , Xn]]+. Here
is the informal way to think of it: The morphism given by (f1, · · · , fm) sends the
point

(X1, · · · , Xn) ∈ Ln

to the point
(f1(X1, · · · , Xn), · · · , fm(X1, · · · , Xn)) ∈ Lm.

If (f1, · · · , fm) is a morphism Ln → Lm, and (g1, · · · , gk) is a morphism Lm →
Lk, we get the composite morphism Ln → Lk given by

(g1(f1, · · · , fm), · · · , gk(f1, · · · , fm)).
This definition of composition indeed satisfies the usual associativity requirement.
The identity map Ln → Ln is given by

(X1, · · · , Xn).
For technical convenience we also include an object L0 in the category L. By

definition, there is a unique homomorphism Ln → L0 for each n. Also, there is a
unique homomorphism L0 → Ln given by the n-tuple (0, · · · , 0). Note that L0 is
simultaneously an initial object and a final object in L. For arbitrary m and n, we
define the composite morphism Lm → L0 → Ln to be (0, · · · , 0).

The category L admits finite products. Given m,n, define
pr≤m = (X1, X2, · · · , Xm) : Lm+n −→ Lm

and
pr>m = (Xm+1, Xm+2, · · · , Xm+n) : Lm+n −→ Ln.

It is easy to see that (Lm+n,pr≤m,pr>m) is the product of Lm and Ln. In fact,
given morphisms

f = (f1, · · · , fm) : Lk −→ Lm

and
g = (g1, · · · , gn) : Lk −→ Ln,

we define f × g : Lk → Lm+n by
f × g = (f1, · · · , fm, g1, · · · , gn).

Then f × g is the unique morphism Lk → Lm+n such that pr≤m ◦ (f × g) = f and
pr>m ◦ (f × g) = g.

11.1.17. Group objects. Let C be a category that contains a final object denoted by
pt (the notation stands for “point”). We assume that C admits finite products. By
a group object in C , we mean an object G in C together with a group structure
on Hom(S,G) for each S ∈ C. This should satisfy the property that whenever
f : S → T is a morphism, the induced map f∗ : Hom(T,G) → Hom(S,G) is a
homomorphism. Similarly we define an abelian group object.

Given a group object G, we can produce a multiplication map m : G×G→ G,
an identity section e : pt → G, and an inversion map i : G → G as follows. In
Hom(G × G,G), we have two elements pr1 and pr2. We define m to be pr1 · pr2,
where · is the group operation on Hom(G×G,G). Similarly, we define e to be the
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neutral element in the group Hom(pt,G), and define i to be the inverse element of
idG ∈ Hom(G,G) with respect to the group structure on Hom(G,G).

It is easy to see that the group structure on Hom(S,G), for any S, can be
recovered from m, e, i. For instance, given f1, f2 ∈ Hom(S,G), we recover f1 · f2 as
the composition

S
(f1,f2)−−−−→ G×G m−→ G.

In fact, we can equivalently define a group object by just specifyingm, e, i satisfying
certain axioms that are analogous to the usual axioms for a group.

11.1.18. Formal group laws.

Definition 11.1.19. By an n-dimensional commutative formal group law over A,
we mean an abelian group object in L supported on Ln. In our course, a “formal
group law” simply refers to a 1-dimensional commutative formal group law.

To give a one-dimensional commutative formal group law, it is the same as
to give morphisms m : L1 × L1 = L2 → L1, e : L0 → L1, and i : L1 → L1

satisfying certain axioms. Note that m is just given by a power series in two
variables F (X1, X2) ∈ A[[X1, X2]]+. The morphism e must be given by (0), and
the morphism i is given by a power series in one variable i(X1) ∈ A[[X1]]+. We
shall write F (X1, X2) also as X1 +F X2. The general axioms for an abelian group
object satisfed by m, e, i translate to the axioms in Definition 11.1.6.

11.1.20. Homomorphism and endomorphisms. In a general category (with a final
object pt and admitting finite products), a homomorphism between two group ob-
jects G1, G2 is a morphism h : G1 → G2 that is compatible with the multiplication
maps G1×G1 → G1 and G2×G2 → G2, and compatible with the identity sections
pt→ G1 and pt→ G2.

In our situation, a homomorphism between two formal group laws F and G
should be a morphism L1 → L1, i.e., an element h ∈ A[[X]]+, that is compatible
with the multiplication maps, i.e.,

h(X +F Y ) = h(X) +G h(Y ),

or equivalently h(F (X,Y )) = G(h(X), h(Y )). The composition of homomorphisms
h : F → G and h′ : G→ H is simply given by h′(h(X)). (This is how we compose
two morphisms L1 → L1.)

The endomorphisms of a formal group F form a ring, where + is the “pointwise
addition” and × is the composition. We denote this ring by End(F ). For h1, h2 ∈
End(F ), the pointwise sum h1 + h2 is really just

h1 +F h2 = F (h1(X), h2(X)) ∈ End(F ).

The ring structure on End(F ) is characterized categorically as follows. For each
Ln ∈ L, we have a natural map from End(F ) to End(Hom(Ln, F )), where the latter
is the usual endomorphism ring of the abelian group Hom(Ln, F ). We require this
map to be a ring homomorphism. This condition uniquely characterizes the ring
structure on End(F ). (This essentially follows from Yoneda’s Lemma.)
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12. Lecture 12, 3/9/2021

12.1. Lubin–Tate formal group laws. We now construct certain formal group
laws called Lubin–Tate formal group laws. We follow [Mil20, §I.2]. The original
source is [LT65], which is extremely well written and readable.

From now on, we fix a non-archimedian local field K and fix a uniformizer π.
Let q be the cardinality of the residue field. Let A = OK .

Definition 12.1.1. Let Fπ denote the set of f(X) ∈ A[[X]] satisfying
(i) f(X) = πX +O(X2).
(ii) f(X) ≡ Xq mod π.

Example 12.1.2. We have f(X) = πX +Xq ∈ Fπ.

Example 12.1.3. Assume K = Qp and π = p. Let f(X) = (1 + X)p − 1. Then
f(X) = pX+

∑p−1
i=2

(
p
i

)
Xi +Xp, where all the binomial coefficients are divisible by

p. Hence f ∈ Fp .

Lemma 12.1.4 (Key Lemma). Let f, g ∈ Fπ. Let n ≥ 1. Then there exists
φ ∈ A[[X1, · · · , Xn]]+ such that

f(φ(X1, · · · , Xn)) = φ(g(X1), · · · , g(Xn)).
Moreover, φ is uniquely determined by its linear part, which can be an arbitrary
linear form a1X1 + · · · anXn.

Proof. We write X for (X1, · · · , Xn), and write g(X) for (g(X1), · · · , g(Xn)). Sup-
pose we want the linear part of φ to be some arbitrary φ1(X) = a1X1 + · · · anXn.
We prove by induction on r ≥ 1 that there exists a degree r polynomial φr(X) =
φr(X1, · · · , Xn), whose linear part is φ1, satisfying

f(φr(X)) = φr(g(X)) +O(Xr+1).(12.1.4.1)

Here O(Xr+1) denotes a sum of monomials in X1, · · · , Xn of degrees ≥ r + 1.
Moreover, we require that φr+1 − φr is a homogeneous polynomial of degree r+ 1.

If r = 1, take φr to be φ1. Then (12.1.4.1) holds because on both sides the linear
part is

∑
i πaiXi.

Suppose φr has been constructed. Set φr+1(X) = φr(X) + Q(X), where Q(X)
is a homogeneous polynomial of degree r + 1, to be determined. We have

f(φr+1(X)) = f(φr(X) +Q(X)) = f(φr(X)) + f ′(φr(X))Q(X) +O(X2r+2)

= f(φr(X)) + πQ(X) +O(Xr+2).
(We used that f ′(X) = π +O(X) and Q(X) = O(Xr+1).) On the other hand, we
have

φr+1(g(X)) = φr(g(X)) +Q(g(X)) = φr(g(X)) +Q(g(X1), · · · , g(Xn))

= φr(g(X)) +Q(πX1, · · · , πXn) +O(Xr+2) = φr(g(X)) + πQ(X) +O(Xr+2).
(We used that Q is homogeneous of degree r + 1.) Thus we want

Q(πX1, · · · , πXn)− πQ(X1, · · · , Xn) = f(φr(X))− φr(g(X)) +O(Xr+2).
Note that LHS is (πr+1 − π)Q(X), so we want

Q(X) = f(φr(X))− φr(g(X))
πr+1 − π

+O(Xr+2).(12.1.4.2)
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Note that the numerator in the fraction is O(Xr+1), so as long as we can show that
the fraction has coefficients in A = OK we can (and must) take Q(X) to be the
homogeneous degree r+ 1 part of the fraction. Since the denominator πr+1−π has
valuation 1 in OK , we only need

f(φr(X)) ≡ φr(g(X)) mod π.

But f(φr(X)) ≡ φr(X)q ≡ φr(Xq
1 , · · · , Xq

r ) ≡ φr(g(X1), · · · , g(Xr)) mod π, so we
are done.

Now define φ to be limr→∞ φr ∈ A[[X]]. (Note that this limit is well defined,
because φr agrees with φr+1 in all degree ≤ r terms.) Then we have

f(φ(X)) = f(φr(X)) +O(Xr+1) = φr(g(X)) +O(Xr+1) = φ(g(X)) +O(Xr+1),

where for the first equality we used that f ∈ A[[X]]+, and for the last equality we
used that g ∈ A[[X]]+. Since this holds for all r, we have f(φr(X)) = φr(g(X)).

Finally, we show the uniqueness of φ when the linear part is fixed. Suppose φ
solves the problem in the lemma. Define φr to be the truncation of φ where we
throw away terms of degree larger than r. Then φr must satisfy (12.1.4.1), and also
φr+1 − φr is homogeneous of degree r. As the proof above shows, the difference
Q = φr+1−φr must be determined by (12.1.4.2). Thus each φr, and hence φ itself,
is uniquely determined by the linear part φ1. �

Proposition 12.1.5. For every f ∈ Fπ, there exists a unique formal group law Ff
over A such that f ∈ End(Ff ).

Proof. Let F = Ff be the unique power series in A[[X,Y ]]+ whose linear part is
X + Y , satisfying

f(F (X,Y )) = F (f(X), f(Y )).
(The existence and uniqueness of F follows from the Key Lemma applied to n = 2
and f = g.) We only need to show that F is a formal group law.

To show associativity, let G1(X,Y, Z) = F (F (X,Y ), Z) and G2(X,Y, Z) =
F (X,F (Y,Z)). Then G1 and G2 both have linear part X + Y + Z. We have

f(G1(X,Y, Z)) = f(F (F (X,Y ), Z)) = F (f(F (X,Y )), f(Z)) = F (F (f(X), f(Y )), f(Z))

= G1(f(X), f(Y ), f(Z)).
Similarly, f(G2(X,Y, Z)) = G2(f(X), f(Y ), f(Z)). By the uniqueness in the Key
Lemma, we have G1 = G2.

Similary, we have F (X,Y ) = F (Y,X), because F (X,Y ) andG(X,Y ) := F (Y,X)
both have linear part X + Y , and they both solve the problem in the Key Lemma
with f = g.

By Lemma 11.1.8, we have F (X, 0) = X.
Finally, we show the existence of i(X) ∈ A[[X]]+ such that F (X, i(X)) = 0.

Let i(X) be the unique element of A[[X]]+ whose linear part is −X and such that
f(i(X)) = i(f(X)). Set G(X) = F (X, i(X)). Then

f(G(X)) = f(F (X, i(X))) = F (f(X), f(i(X))) = F (f(X), i(f(X))) = G(f(X)).

Note that the linear part of G is 0. On the other hand, clearly 0 is a power series
in one variable with linear part 0 such that it intertwines with f (since f(0) = 0).
Thus the uniqueness in the Key Lemma implies that G = 0. �
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13. Lecture 13, 3/11/2021

13.1. Lubin–Tate formal group laws, continued.

Example 13.1.1. Let K = Qp and π = p. We have f(X) = (1 + X)p − 1 ∈ Fp.
Note that f is an endomorphism of the multiplicative formal group law F (X,Y ) =
(X + 1)(Y + 1)− 1. Hence F = Ff .

For every f ∈ Fπ, the formal group law Ff is called a Lubin–Tate formal group
law. The set of all Lubin–Tate formal group laws (corresponding to all choices
of π and f ∈ Fπ) are characterized as those formal group laws that admit an
endomorphism whose linear coefficient is a uniformizer in OK and whose reduction
modulo mK is the Frobenius X 7→ Xq. (Over Fq, every formal group law admits
an endomorphism of the form h(X) = Xq. )

We continue fixing a uniformizer π ∈ K, and writing A for OK .

Proposition 13.1.2. Let f, g ∈ Fπ. For each a ∈ A, there is a unique homo-
morphism [a]g,f : Ff → Fg whose linear coefficient is a and which intertwines the
endomorphisms f ∈ End(Ff ) and g ∈ End(Fg), i.e., g ◦ [a]g,f = [a]g,f ◦ f .

Proof. Let h be the unique element of A[[X]]+ whose linear part is aX and satisfying
h(f(X)) = g(h(X)). We see that the intertwining condition forces [a]g,f to be
equal to h. We only need to show that h is indeed a homomorphism Ff → Fg, i.e.,
h(Ff (X,Y )) = Fg(h(X), h(Y )). Call the two sides G1(X,Y ) and G2(X,Y ). Then
G1 and G2 both have linear part aX + aY . We then compute

G1(f(X), f(Y )) = h(f(X)+Ff f(Y )) = h(f(X+FfY )) = g(h(X+FfY )) = g(G1(X,Y )).

Similarly, G2(f(X), f(Y )) = g(G2(X,Y )). Hence G1 = G2 by the uniqueness in
the key lemma. �

Proposition 13.1.3. Let f, g, h ∈ Fπ. Let a, b ∈ A. We have [a]g,f +Fg [b]g,f =
[a + b]g,f , and [a]g,f ◦ [b]f,h = [ab]g,h. Moreover [1]f,f is the identity on Ff , and
[π]f,f = f .

Proof. This follows easily from the uniqueness in the previous proposition. �

Corollary 13.1.4. Let f ∈ Fπ. There is a unique (injective) ring homomorphism
[·] : a → End(Ff ) such that for each a ∈ OK , the linear coefficient of [a] is a, and
such that [π] = f .

Proof. For the existence, take [·] to be [·]f,f . This is indeed a ring homomorphism
sending π to f , by the previous proposition. For the uniqueness, note that [a] must
intertwine with [π] = f since OK is a commutative ring. Hence we must have
[a] = [a]f,f . �

By the above discussion, for each f ∈ Fπ we obtain a canonical ring homomor-
phism A → End(Ff ), a 7→ [a]f,f . To simply notation we write [a]f for it. This
means that Ff has the canonical structure of a formal A-module. For f, g ∈ Fπ,
we have a canonical A-linear isomorphism [1]g,f : Ff

∼−→ Fg. (Here A-linearity
follows from [a]g,g ◦ [1]g,f = [a]g,f = [1]g,f [a]f,f .) We can characterize [1]g,f as the
unique A-linear isomorphism whose linear coefficient is 1. Thus we know that the
formal A-module Ff is independent of the choice of f up to canonical isomorphism.
(However, the isomorphism class of the A-module Ff depends on π.)
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Example 13.1.5. Let K = Qp, π = p, f = (1 + X)p − 1 ∈ Fp. We know that Ff is
the multiplicative formal group law Ff (X,Y ) = (1 +X)(1 + Y )− 1. What is [a]f,f
for a ∈ Zp? We know that it is the unique power series h(X) with linear coefficient
a satisfying f(h(X)) = h(f(X)). Take

h(X) = (1 +X)a :=
∑
m≥0

(
a

m

)
Xm,

where
(
a
m

)
is by definition

a(a−m) · · · (a−m+ 1)/m! ∈ Qp.

We first need to check that these coefficients
(
a
m

)
are actually in Zp. To see this,

let (ai)i be a sequence in N converging to a in Zp. (For instance, take ai ∈ N to
be any postive lift of the image of a in Zp/piZp ∼= Z/piZ.) Then the sequence

(
ai
m

)
converges to

(
a
m

)
inside Qp. It follows that

(
a
m

)
∈ Zp since each

(
ai
m

)
∈ N ⊂ Zp and

since Zp is closed in Qp. Now the linear coefficient of h is indeed a, and the desired
identity f(h(X)) = h(f(X)) boils down to the fact that

((1 +X)a)p = ((1 +X)p)a = (1 +X)ap.
Again, this is true because it is true when a is replaced by ai.

13.2. Lubin–Tate extensions. The discrete valuation v on K extends uniquely
to a (non-discrete) valuation on the algebraic closure K̄, which we now explain. If
L/K is a finite extension, then recall that there is a unique discrete valuation w on
L such that w(x) = e(L/K)v(x),∀x ∈ K. Now for x ∈ L, we define v(x) to be

w(x)/e(L/K).
In this way we have extended the function v : K → Z ∪ {+∞} to a function
v : L → Q ∪ {+∞}. Since w is unique, it is easy to see that this extension of v
is also unique, i.e., it must be given by v(x) = w(x)/e(L/K). By writing K̄ as a
union of such finite extensions L/K, we obtain a function

v : K̄ −→ Q ∪ {+∞} ,
which extends v : K → Z ∪ {+∞} and is independent of any choices. The well
definedness of v on K̄ follows from the uniqueness of the extension of v to each
finite extension L/K.

We define
Λ =

{
x ∈ K̄ | v(x) > 0

}
.

Then Λ is the union of mL, where L runs over all finite extensions of K (inside K̄).
We now fix a uniformizer π ∈ K and fix f ∈ Fπ. We then have the formal group

law Ff ∈ OK [[X,Y ]]+.
Note that for any x1, · · · , xn ∈ Λ and any H(X1, · · · , Xn) ∈ OK [[X1, · · · , Xn]]+,

the power series H(x1, · · · , xn) converges in Λ. More precisely, if x1, · · · , xn ∈ mL
for some finite extension L/K, then H(x1, · · · , xn) ∈ mL. Indeed, if

H(X1, · · · , Xn) =
∑

i1≥0,··· ,in≥0
ai1,··· ,inX

i1
1 · · ·Xin

n , (with a0,··· ,0 = 0)

then the individual terms of the series H(x1, · · · , xn), namely ai1,··· ,inx
i1
1 · · ·xinn ,

tend to zero in L. Thus the series converges in L. Since all the partial sums are
inside mL, the limit is also in mL (by the closedness of mL in L).
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Thus the formal group law Ff together with the formal A-module structure gives
rise to an A-module structure on Λ. We denote this A-module by Λf . By definition,
the underlying set of Λf is just Λ, addition in Λf is given by

(x, y) 7−→ Ff (x, y) = x+Ff y, ∀x, y ∈ Λ
and scalar multiplication is given by

(a, x) 7→ [a]f (x), ∀a ∈ OK , x ∈ Λ.
(Recall that [a]f ∈ OK [[X]]+.)

14. Lecture 14, 3/23/2021

14.1. Lubin–Tate extensions, continued. Let K be a local field. We continue
writing A for OK . We denote by π a uniformizer in A. Recall that for any f ∈ Fπ,
we have an A-module Λf , whose underlying set is Λ =

{
x ∈ K̄ | v(x) > 0

}
, and the

A-module structure is defined via the formal A-module Ff .

Definition 14.1.1. Let M be an A-module. We denote by Mn the submodule
{x ∈M | πnx = 0}. Note that the definition of Mn is independent of the choice of
the uniformizer π.

For f, g ∈ Fπ, we have a canonical A-module isomorphism Λf
∼−→ Λg given

by x 7→ [1]g,f (x). In particular, for x ∈ Λ, we have x ∈ Λf,n if and only if
[1]g,f (x) ∈ Λg,n. Note that x and [1]g,f (x) generate the same finite extension of
K, because whenever x ∈ L we have [1]g,f (x) ∈ L, for any finite extension L/K,
and vice versa (since x = [1]f,g([1]g,f (x))). Thus the extension K(Λf,n)/K is
independent of the choice of f . We denote it by Kπ,n.

For instance, we can take f(X) = Xq + πX ∈ Fπ, and consider the n-fold
composition f (n)(X) = f(f(· · · f(X))), which is a degree qn polynomial. Then
Kπ,n is generated over K by the roots of f (n)(X) inside Λ.

Proposition 14.1.2. Let f(X) = Xq + πX. All the roots of f (n) in K̄ are in Λ.

Recall the Newton polygon method to determine valuations of roots.

Theorem 14.1.3 (See [Neu99, §2.6]). Let f(X) = anX
n + · · · + a1X + a0 ∈

OK [X]. Define the Newton polygon to be the (lower) convex hull of the points
(i, v(ai)). Suppose it has k different edges, of horizontal distances l1, · · · , lk and
slopes s1, · · · , sk. Then among the n roots of f inside K̄ (with multiplicities), there
are precisely lj roots α such that v(α) = −sj, for j = 1, · · · , k.

Example 14.1.4. We say that f(X) = anX
n + · · · + a0 ∈ OK [X] is Eisenstein if

v(an) = 0, v(ai) > 0 for i < n, and v(a0) = 1. Then the Newton polygon is the
straight edge from (0, 1) to (n, 0). Hence all n roots have valuation 1/n.

Proof of Proposition 14.1.2. The polynomial f (n)(X) is of the formXqn+· · ·+πnX.
Moreover, since f(X) ≡ Xq mod π, we have f(f(X)) ≡ f(X)q ≡ Xq2 mod π, and
by induction f (n)(X) ≡ Xqn mod π. Hence all the middle coefficients of f (n) have
positive valuation. It follows that all the edges in the Newton polygon have strictly
negative slopes. Thus all the roots of f (n) in K̄ lie in Λ. �

In conclusion, Kπ,n/K is generated by all the roots of f (n)(X) in K̄, where
f(X) = Xq + πX. In particular, we have
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Corollary 14.1.5. The extension Kπ,n/K is finite and normal.

Lemma 14.1.6. For any f ∈ Fπ, the set Λf,1 has q distinct elements. The map
π : Λf → Λf (i.e., the map sending x ∈ Λ to [π]f (x) = f(x) ∈ Λ) is surjective.

Proof. The isomorphism class of the A-module Λf is independent of f , so we may
assume that f(X) = Xq +πX. For the first statement, we need to show that f(X)
has q distinct roots in Λ. We have already seen that all the roots of f(X) in K̄ lie
in Λ. Since deg f = q, we only need to check that f and f ′ are coprime. We have
f ′(X) = qXq−1+π, so any root α of f ′(X) in K̄ satisfies v(q)+(q−1)v(α) = v(−π),
i.e., v(α) = (1 − v(q))/q − 1. On the other hand, by a similar computation, every
root of f(X) is either zero, or has valuation 1/(q − 1). Since v(q) 6= 0, we see that
f and f ′ do not have common roots in K̄, i.e., they are coprime.

We now prove the second statement. We need to show that for any λ ∈ Λ, there
exists α ∈ Λ such that f(α) = λ. Namely, the polynomial f(X)−λ = Xq +πX−λ
has a root in Λ. Using the Newton polygon, we see that all the roots of this
polynomial in K̄ have positive valuations. �

15. Lecture 15, 3/25/2021

15.1. Lubin–Tate extensions, continued.

Lemma 15.1.1. For any f ∈ Fπ, the extension Kπ,n/K is separable, and hence
Galois in view of Corollary 14.1.5.

Proof. As usual we may assume that f = Xq + πX. We prove the lemma by
induction on n. For n = 1, we have seen that Λf,1 is the set of the q distinct roots
of f(X) ∈ K[X]. Hence the elements of Λf,1 are all separable over K. Now suppose
Kπ,n/K is separable. Let α ∈ Λf,n+1. Then β := f(α) ∈ Λf,n, and α is a root of
f(X) − β ∈ Kπ,n[X]. The derivative of this polynomial is again qXq−1 + π, and
every root of it has valuation equal to (1 − v(q))/q − 1 ≤ 0. Hence α is not root
of (f(X)− β)′, and not a multiple root of f(X)− β. Therefore α is separable over
Kπ,n. Since Kπ,n/K is separable, we have α is separable over K. �

Proposition 15.1.2. For any f ∈ Fπ and any n ≥ 1, the A-module Λf,n is
isomorphic to A/(π)n. In particular, it has qn elements.

Proof. We first show that Λf,n has exactly qn elements. Consider the short exact
sequence

0→ Λf,n → Λf,n+1
π−→ Λf,n → 0.

Here, the surjectivity of the last map follows from Lemma 14.1.6. Since we know
Λf,1 has q elements, the claim follows from induction.

Now by the classification of finitely generated modules over a PID, we have
Λf,n ∼= A/(πm1)⊕ · · · ⊕A/(πmk) for a unique sequence of integers m1 ≤ · · · ≤ mk.
Note that Λf,1 is equal to the π-torsion in Λf,n. If k ≥ 2, then |Λf,1| ≥ q2,
contradicting Lemma 14.1.6. Hence Λf,n ∼= A/(πm) for some m. Since it has qn
elements, we have m = n. �

As an immediate consequence of the above corollary, the endomorphism ring of
the A-module Λf,n is naturally isomorphic to A/πn, and the automorphism group
of the A-module Λf,n is naturally isomorphic to (A/πn)×. Now Gal(Kπ,n/K)
acts on Λf,n via A-module automorphisms. In fact, the condition that an element
x ∈ mKπ,n lies in Λf,n is expressed in a power series equation in x with coefficients
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in A. The group Gal(Kπ,n/K) acts continuously on mKπ,n , so it preserves such a
power series equation. We thus obtain a homomorphism

ρπ,n : Gal(Kπ,n/K) −→ AutA-mod(Λf,n) ∼= (A/πn)×.

We call it the Lubin–Tate homomorphism.
Implicitly, the definition of ρπ,n involves the choice of f ∈ Fπ, but it is easy to

see that ρπ,n is in fact indepedent of that choice. The point is that for f, g ∈ Fπ,
the isomorphism Λf,n

∼−→ Λg,n induced by [1]g,f is Gal(Kπ,n/K)-equivariant, since
it is given by a power series with coefficients in K.

Theorem 15.1.3. The following statements hold.
(i) The extension Kπ,n/K is totally ramified, of degree (q − 1)qn−1.
(ii) ρπ,n is an isomorphism.
(iii) π is a norm from Kπ,n.

Proof. Take f(X) = Xq − πX. Let π1 be a non-zero root of f(X) in K̄. For i ≥ 2,
inductively choose πi to be a non-zero root of f(X)−πi−1 = 0 in K̄. Using Newton
polygons, we have v(π1) = 1/(q− 1) and v(πi) = 1/(q− 1)qi−1 for i ≥ 2. Note that
πn ∈ Λf,n, so we have πn ∈ Kπ,n. Thus e(Kπ,n/K) ≥ (q − 1)qn−1.

Now ρ is clearly injective. Hence [Kπ,n : K] ≤ |(A/πn)×| = (q− 1)qn−1. For the
last equality, see the exercise below.

Combining the two inequalities, we get (i) (ii).
We now show (iii). Let g(T ) = f(T )/T = T q−1+π, and let un(T ) = g(f(· · · f(T ))),

where f appears n− 1 times. Then deg un = (q − 1)qn−1, and

un(πn) = un−1(πn−1) = · · · = g(π1) = 0.

By part (i) and the fact that v(πn) = 1/(q − 1)qn−1, we know that πn has degree
(q − 1)qn−1 over K, and that Kπ,n = K(πn). Hence un is the monic minimal
polynomial of πn over K. Thus the norm of πn ∈ Kπ,n down to K is (−1)degun

times the constant term of un, which is π. If (−1)degun = 1 then we are done.
Otherwise, −π is a norm, and the extension Kπ,n/K has odd degree and therefore
−1 is a norm. Hence π is a norm. �

Exercise 15.1.4. Show that |(A/πn)×| = (q−1)qn−1. Hint: first show that (A/πn)× ∼=
A×/(1 + πnA).

Exercise 15.1.5. Let K = Qp and π = p. We have Kπ,n = Qp(ζpn), and the
isomorphism ρ : Gal(Kπ,n/K) ∼−→ (Zp/pn)× = (Z/pn)× is the usual isomorphism,
i.e., ρ−1(ā) maps ζpn to ζapn .

16. Lecture 16, 3/30/2021

16.1. Explicit local reciprocity map. Fix a uniformizer π ∈ K. Recall from
Theorem 15.1.3 that the Lubin–Tate homomorphism ρπ,n : Gal(Kπ,n/K)→ (A/πn)×
is an isomorphism. It will turn out that the negative of ρ−1

π,n, which is an isomor-
phism

(A/πn)× ∼−→ Gal(Kπ,n/K),
a 7−→ (−ρ−1

π,n(a) : x 7→ [a−1]f (x),∀x ∈ Λf,n)
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is induced by the local Artin map φKπ,n/K : K× φ−→ Gal(Kab/K)→ Gal(Kπ,n/K).
Let

Kπ =
⋃
n

Kπ,n

(where the union is inductive), and let
KLT = Kπ ·Kur.

It will enventually turn out that KLT = Kab, but we cannot use it for now. Since
each Kπ,n/K is totally ramified, the fields Kπ and Kur are linearly disjoint over
K. Thus

Gal(KLT/K) ∼= Gal(Kπ/K)×Gal(Kur/K) ∼= lim←−
n

Gal(Kπ,n/K)× Ẑ ∼= A× × Ẑ.

Here in the last isomorphism we used ρ to identify Gal(Kπ,n/K) with (A/πn)×,
and used the (obvious) fact that the natural map Gal(Kπ,m/K) → Gal(Kπ,n/K)
corresponds to the natural projection (A/πm)× → (A/πn)× when n ≤ m. If we
know KLT = Kab, then we can define the local Artin map by the formula

K× = πZ ×A× −→ Gal(Kab/K) ∼= A× × Ẑ,

πb · a 7−→ (a−1, b).

One approach to local class field theory is to try and show KLT = Kab directly
(using the Hasse–Arf Theorem), and then to define the local Artin map in the above
way. We will however not take this approach.

Without knowing KLT = Kab, we can still use the formula πb · a 7→ (a−1, b) to
define a homomorphism

φπ : K× −→ Gal(KLT/K).

16.2. Independence of the uniformizer.

Theorem 16.2.1. The subfield KLT ⊂ K̄ is independent of the choice of π. The
map φπ is independent of the choice of π.

The discrete valuation v on K extends to a discrete valuation v on Kur, making
Kur a discretely valued field. We know that (Kur, v) is not complete, and denote
the completion by K̆. The unique extension of v to K̆ is again denoted by v. Let
B = OK̆ =

{
x ∈ K̆ | v(x) ≥ 0

}
. The Frobenius σ ∈ Gal(Kur/K) extends uniquely

to a K-automorphism σ of K̆. Then σ preserves v on K̆, and in particular acts on
B.

Lemma 16.2.2. The homomorphisms B →, b 7→ b − σ(b) and B× → B×, b 7→
bσ(b)−1 are surjective, with kernels A and A× respectively. These homomorphisms
are often called Lang isogenies.

Proof. Let R be the valuation ring of Kur, whose maximal ideal is πR and residue
field is k̄, the algebraic closure of the residue field k of K. By the definition of
completion we have B = lim←−nR/π

n. We show by induction that the sequence

0→ A/πn → R/πn
fn−→ R/πn → 0(16.2.2.1)

is exact, where fn(x) = x− σ(x). When n = 1, the sequence becomes

0→ k → k̄
σ−1−−−→ k̄,
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which is obviously exact. Assuming the sequence is exact for n − 1, we can apply
the snake lemma to the diagram

0 // R/π
πn−1
//

f1

��

R/πn //

fn

��

R/πn−1 //

fn−1

��

0

0 // R/π
πn−1
// R/πn // R/πn−1 // 0

(The exactness of the two rows is obvious, and the commutativity folows from
the fact that σ(π) = π.) Then fn is surjective, and ker(fn) is an extension of
ker(fn−1) = A/πn−1 by ker(f1) = A/π. Thus ker(fn) has qn elements, and since
it contains A/πn it must be equal to A/πn. We have thus shown that (16.2.2.1) is
exact.

Recall the following general fact: Suppose I is directed set, and we have inverse
systems (Ai)i∈I , (Bi)i∈I , (Ci)i∈I of abelian groups. For each i, suppose we have a
short exact sequence 0→ Ai → Bi → Ci → 0, and suppose that the maps Ai → Bi
and Bi → Ci are compatible with the transition maps. Then we have an exact
sequence

0→ lim←−
i

Ai → lim←−
i

Bi → lim←−
i

Ci.

The last map is surjective when I is countable and (Ai)i∈I is Mittag-Leffler, i.e.,
for each i ∈ I the system im(Aj → Ai) of subgroups of Ai stabilizes as j gets
sufficiently large. Applying this to our situation, from (16.2.2.1) we get a short
exact sequence

0→ A→ B
σ−1−−−→ B → 0,

since the inverse system (A/πn)n (with the obvious transition maps) is Mittag-
Leffler.

The case with B× → B×, b 7→ bσ(b)−1 is proved similarly. We replace A/πn
and R/πn by A×/(1 + πnA) and R×/(1 + πnR) respectively. Note that A× ∼=
lim←−nA

×/(1 + πnA), and B× ∼= lim←−n(R/πn)× ∼= lim←−nR
×/(1 + πnR). (The isomor-

phism (R/πn)× ∼= R×/(1 + πnR) is similar to the one in Exercise 15.1.4.) �

Remark 16.2.3. When char(K) = 0, the surjectivity in Lemma 16.2.2 can be gener-
alized when B or B× is replaced by G(B), where G is a smooth affine group scheme
over OK with connected special fiber [Gre63, Proposition 3].

We now let π,$ be two uniformizers in K, and write $ = πu, with u ∈ A×. Let
f ∈ Fπ and g ∈ F$.

Proposition 16.2.4. The formal A-modules Ff and Fg over OK become isomor-
phic after base changing from OK to B. (Here we write OK instead of A to em-
phasize that it is the ring of coefficients of the power series defining the formal
group; after base changing from OK to B, we obtain two formal A-modules over
B. They are defined by simply viewing all the power series over OK involved in the
definitions of Ff and Fg as power series over B.) More precisely, fix ε ∈ B× such
that σ(ε) = εu. There exists θ(T ) ∈ B[[T ]]+ such that

(i) The linear coefficient of θ(T ) is ε.
(ii) σ(θ(T )) = θ([u]f (T )).
(iii) θ(Ff (X,Y )) = Fg(θ(X), θ(Y )).
(iv) θ([a]f (X)) = [a]g(θ(X)),∀a ∈ A.
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Note that conditions (i) (iii) (iv) imply that θ is an isomorphism between formal
A-modules over B. Indeed, by condition (i) and Lemma 11.1.2 (the Inverse Function
Theorem), we know that θ has a composition inverse.

Proof. We leave it as an exercise to prove the existence of θ(T ) satisfying (i) and
(ii), using Lemma 16.2.2. We now show that such θ(T ) can be modified to satisfy
g = σθ ◦ f ◦ θ−1. (Here θ−1 is the composition inverse of θ.) In fact, let h =
σθ ◦ f ◦ θ−1 ∈ B[[T ]]+. Then

h = θ ◦ [u]f ◦ f ◦ θ−1 = θ ◦ f ◦ [u]f ◦ θ−1.

Since f and [u]f have coefficients in A, we have
σh = σθ ◦ f ◦ [u]f ◦ σθ−1 = σθ ◦ f ◦ θ−1 = h.

Hence
h ∈ A[[T ]]+.

The linear coefficient of h is εuπε−1 = uπ = $. Modulo mK , we have
h ≡ σθ ◦ (X 7→ Xq) ◦ θ−1,

so
h(X) ≡ σθ(θ−1(X)q) ≡ θ(θ−1(X))q = Xq.

(For the second congruence we used (σθ)(Y q) ≡ (θ(Y ))q.) Thus h ∈ F$, and we
can consider [1]g,h. Replace θ by θ′ = [1]g,h ◦ θ. Then θ′ still satisfies conditions (i)
and (ii), and we have

σθ′ ◦ f ◦ θ′−1 = [1]g,h ◦ h ◦ [1]h,g = g.

We now assume that g = σθ ◦ f ◦ θ−1. It is then easy to prove conditions (iii)
and (iv) using the Key Lemma (Lemma 12.1.4). �

Exercise 16.2.5. Finish the above proof.

17. Lecture 17, 4/1/2021

Proof of Theorem 16.2.1. We first show that KLT is independent of π. Let π,$
be two uniformizers of K. We shall show that Kur · Kπ,n = Kur · K$,n for each
n ≥ 1. Let f = Xq − πX ∈ Fπ and g = Xq − $X ∈ F$. Let θ be as in
Proposition 16.2.4, with respect to π,$, f, g. Let C be the completion of K̄, with
respect to the topology defined by v. By the functoriality of completion there is a
natural embedding K̆ → C. We can make the set Λ′ = {x ∈ C | v(x) > 0}, which
is analogous to Λ, into A-modules Λ′f and Λ′g according to Ff and Fg respectively.
Note that the πn-torsion in Λ′f , denoted by Λ′f,n, is actually equal to Λf,n, because
both sets consist of all the roots of the polynomial f (n) in K̄. Similarly, Λ′g,n = Λg,n.
Clearly θ induces an A-module isomorphism Λ′f

∼−→ Λ′g, x 7→ θ(x), and hence a
bijection Λ′f,n

∼−→ Λ′g,n. (Recall that the πn-torsion and $n-torsion in an A-module
are the same.) Hence we have Λg,n = θ(Λf,n). Note that θ(Λf,n) is a subset of the
completion of Kur ·Kπ,n (viewed as a subfield of C), since every element of θ(Λf,n)
is the limit of a sequence of elements of Kur ·Kπ,n. By symmetry, the completions
of Kur ·Kπ,n and Kur ·K$,n are equal, as subfields of C. By Lemma 17.0.1 below,
we can recover Kur · Kπ,n from its completion by taking algebraic elements over
K, and similarly for Kur ·K$,n. Hence Kur ·Kπ,n = Kur ·K$,n as desired, and so
KLT is independent of π.
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We now show that φπ is indepedent of π. Note that we only need to show that
φπ($) = φ$($) whenever π,$ are two uniformizers. In fact, if we know this,
then for any uniformizer π′ we have φπ($) = φπ′($), since they are both equal
to φ$($). Keeping π and π′ fixed and letting $ vary, we conclude that φπ = φπ′

since the set of all uniformizers generate the group K×.
We now show that φπ($) = φ$($). Recall that φ$($) acts as the Frobenius on

Kur and fixes K$,n for all n. Write $ = πu. Now φπ($) = φπ(πu) also acts as the
Frobenius on Kur, and it sends x ∈ Λf,n to [u−1]f (x). Thus it sends θ(x) ∈ Λg,n
to (σθ)([u−1]f (x)), since it acts on the coefficients of θ, which are in K̆, as σ. By
property (ii) in Proposition 16.2.4, (σθ)([u−1]f (x)) = θ(x). Thus φπ($) fixes θ(x)
for every x ∈ Λf,n. Since θ induces a bijection Λf,n

∼−→ Λg,n, we see that φπ($)
fixes Λg,n. Hence φπ($) agrees with φ$($) on K$,n for all n. �

Lemma 17.0.1. Let L be an intermediate extension of K̄/K such that v(L×) =
1
eZ ⊂ Q for some e ∈ Z≥1. Let L̂ be the completion of L with respect to the discrete
valuation w := e · v. Then L is algebraically closed inside L̂.

Proof. Suppose not. Then there is a non-trivial finite extension L1/L inside L̂.
Let ŵ be the unique discrete valuation on L̂ extending w on L. Note that on
any algebraic extension of K, there is at most one (in fact, exactly one) Q-valued
valuation extending v on K, since this is the case on any finite extension of K. It
follows that ŵ|L1 is the unique discrete valuation on L1 that extends w on L up
to a scalar. Let L̂1 be the completion of L1 with respect to this discrete valuation.
By functoriality we have a canonical map L̂ → L̂1, and by [Ser79, §II.3, Theorem
1 (iii)] the L̂-dimension of L̂1 is equal to [L1 : L] > 1. It follows that the canonical
map L̂ → L̂1 is non-surjective, and so L is not dense in L1. But L ⊂ L1 ⊂ L̂ and
L is dense in L̂, a contradiction. �

Remark 17.0.2. In Lemma 17.0.1, we crucially used that (L,w) is algebraic over a
complete discretely valued field. For instance Q is not algebraically closed inside
its p-adic completion Qp.

17.1. Group (co)homology.

17.1.1. G-modules. Let G be a group. By a G-module, we mean an abelian group
equipped with a left G-action via group automorphisms. Let Z[G] be the group
algebra of G over Z. Then a G-module is the same as a left Z[G]-module. Mor-
phisms between G-modules are group homomorphisms which are G-equivariant.
(We shall also call these morphisms G-homomorphisms.) The category of G-
modules is abelian.

If X,Y are G-modules, we write Hom(X,Y ) for the group of homomorphisms
X → Y , and write HomZ[G](X,Y ) = HomG(X,Y ) for the group ofG-homomorphisms
X → Y . Note that Hom(X,Y ) is naturally a G-module, with the G-action
defined by (gf)(x) = g(f(g−1x)),∀g ∈ G, f ∈ Hom(X,Y ), x ∈ X. We have
HomG(X,Y ) = Hom(X,Y )G.

Similarly, if X,Y are G-modules, then X ⊗Z Y is naturally a G-module, where
the G-action is defined by g(x⊗ y) = gx⊗ gy.
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17.1.2. Induction and coinduction. Let H be a subgroup of G. We have two func-
tors from H-modules to G-modules, called induction and coinduction, defined by

IndGH(X) = Z[G]⊗Z[H] X, coIndGH(X) = HomZ[H](Z[G], X).
In the first definition, Z[G] is viewed as a right Z[H]-module by right multiplication
of H on G, and the G-action on IndGH(X) is induced by the left multiplication of
G on Z[G]. In the second definition, Z[G] is viewed as a left Z[H]-module by left
multiplication of H on G, and the G-action on coIndGH(X) is induced by right
multiplication of G on Z[G]. In other words, for g0 ∈ G and f ∈ coIndGH(X), we
define

(g0f)(
∑
g

ag[g]) := f(
∑
g

ag[gg0]), ∀
∑
g

ag[g] ∈ Z[G].

When H is trivial, we write IndG and coIndG for the two functors. If a G-module
Y is isomorphic to IndG(X) (resp. coIndG(X)) for some abelian group X, we call
Y induced (resp. coinduced).

Exercise 17.1.3. If G is a finite group, then the functors IndG and coIndG are
naturally isomorphic. In fact, Z[G] has a canonical finite Z-basis {[g] | g ∈ G}.
Therefore IndG(X) =

⊕
g∈G[g] · X, and the G-action is given by permuting the

summands [g] · X. Given an element x =
∑
g[g] · xg of IndG(X), we define a

function fx : G → X, g 7→ xg−1 , viewed as an element of coIndG(X). Show that
the map x 7→ fx is a G-module isomorphism IndG(X) ∼−→ coIndG(X), and that
this isomorphism is functorial in X. (If we defined fx to be g 7→ xg then the map
x 7→ fx would not be G-equivariant.)

The following exercise generalizes the previous one.

Exercise 17.1.4. Let G be an arbitrary group, and let H be a finite index subgroup.
Then the functors IndGH and coIndGH are naturally isomorphic. (Hint: Use g 7→ g−1

to relate G/H and H\G.)

Remark 17.1.5. In [Mil20], our functor coIndGH is denoted by IndGH , and what we
call coinduced modules are called induced modules. Our convention agrees with
that in [Ser79].

Lemma 17.1.6. The functors IndGH and coIndGH are exact.

Proof. This follows from the fact that Z[G], when viewed as a left (resp. right)
Z[H]-module, is free. In fact, if (gi)i∈I is a set of representatives of the cosets in
G/H, then ([gi])i∈I is a basis of Z[G] as a right Z[H]-module. Similarly, there exists
a basis of Z[G] as a left Z[H]-module. �

18. Lecture 18, 4/6/2021

18.1. Group (co)homology, continued. Let X be a G-module. Write X0 for
the underlying abelian group. Then we have an injective G-homomorphism

X −→ coIndG(X0), x 7−→ (
∑
g

ag[g] 7→
∑
g

agg(x)),

and a surjective G-homomorphism

IndG(X0) −→ X, (
∑
g

ag[g])⊗ x 7−→
∑
g

agg(x).
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Recall that in an abelian category A, an object I is called injective (resp. projec-
tive) if the functor HomA(·, I) (resp. HomA(I, ·)) from A to the category of abelian
groups is exact.

Exercise 18.1.1. Check the following two versions of Frobenius reciprocity: Let H
be a subgroup of G. For any G-module X and H-module A, we have natural
isomorphisms

HomZ[G](X, coIndGH A) ∼= HomZ[H](X,A)
and

HomZ[G](IndGH A,X) ∼= HomZ[H](A,X).

Lemma 18.1.2. If A is an injective abelian group, then coIndGA is an injective
G-module. If A is a projective abelian group, then IndGA is a projective G-module.

Proof. This follows easily from Frobenius reciprocity. �

Corollary 18.1.3. The category of G-modules has enough injective objects and
enough projective objects, i.e., for each G-module X there exists an injective G-
homomorphism X → I and a surjective G-homomorphism P → X, where I is an
injective G-module and P is a projective G-module.

Proof. LetX0 be the underlying abelian group ofX. The category of abelian groups
have enough injective objects, so we can find an injective homomorphism X0 → I0
where I0 is an injective abelian group. Since coIndG is exact, we have injective
G-homomorphisms X → coIndGX0 → coIndG I0. By Lemma 18.1.2, coIndG I0 is
an injective G-module.

The proof of enough projective objects is similar, using that the category of
abelian groups has enough projectives and using the surjection IndGX0 → X. �

By the above corollary, for any left exact additive functor F from G-modules to
an abelian category, we have the right derived functors RiF , i ≥ 0. Similarly, for
any right exact additive functor G from G-modules to an abelian category, we have
the left derived functors LiG, i ≥ 0.

18.1.4. Recall of derived functors. (See [Wei95, §2] for details.) Let F : A → B
be a left exact additive functor between abelian categories.7 Assume that A has
enough injectives. Then the right derived functors RiF (for i ≥ 0) are defined as
follows. For X ∈ A, we find an injective resolution

0→ X → I0 → I1 → · · ·
(i.e., an exact sequence in A with each Ii an injective object), which exists since
A has enough injectives. We then define RiF(X) ∈ B to be the i-th cohomology
object of the complex

F(I0)→ F(I1)→ · · ·
in B. (We shall write the resolution as 0→ X → I•, and write the above complex
as F(I•).) The definition of RiF(X) is independent of the choice of the injective
resolution up to canonical isomorphism. Hence we can think of the functor RiF as
being canonically defined.

7An additive functor F : A → B between abelian categories is called left (resp. right) exact, if
for any short exact sequence 0→ A→ B → C → 0 inA, the sequence 0→ F(A)→ F(B)→ F(C)
(resp. F(A)→ F(B)→ F(C)→ 0) is exact.
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Note that R0F = F , and RiF(I) = 0 for all injective objects I and all i ≥ 1.
Moreover, the family of functors (RiF)i≥0 has the additional structure of a δ-
functor. Namely, for any short exact sequence 0→ A→ B → C → 0 in A, we have
a long exact sequence

0→ F(A)→ F(B)→ F(C) δ0

−→ R1F(A)→ R1F(B)→ R1F(C) δ1

−→ R2F(A)→ · · ·
Moreover this long exact depends functorially on the short exact sequence. This
means that if we have a commutative diagram with exact rows in A:

0 // A //

��

B //

��

C //

��

0

0 // A′ // B′ // C ′ // 0
then for each i ≥ 0 the following diagram commutes:

RiF(C)

��

δi // Ri+1F(A)

��
RiF(C ′) δi // Ri+1F(A′)

Now suppose that F : A → B is a right exact additive functor between abelian
categories, and that A has enough projectives. Then the left derived functors LiF
(i ≥ 0) are defined. For each X in A, take a projective resolution

· · · → P1 → P0 → X → 0.
By definition LiF(X) is the i-th homology of the complex F(P•). We have L0F =
F , and LiF(P ) = 0 for all projective P and all i ≥ 1. For any short exact sequence
0→ A→ B → C → 0 in A, we have a long exact sequence

· · ·L2F(C) δ−→ L1F(A)→ L1F(B)→ L1F(C) δ−→ F(A)→ F(B)→ F(C)→ 0.

18.1.5. Definition of group (co)homology. Given any G-module X, we define the
G-invariants

XG = {x ∈ X | gx = x,∀g ∈ G}
and the G-coinvariants

XG = X/〈gx− x | g ∈ G, x ∈ X〉.
Then X 7→ XG and X 7→ XG are functors from G-modules to abelian groups. Note
that they are left exact and right exact respectively.

Definition 18.1.6. For i ≥ 0, we define Hi(G, ·) to be the i-th right derived functor
of the left exact functor X 7→ XG from G-modules to abelian groups. We define
Hi(G, ·) to be the i-th left derived functor of the right exact functor X 7→ XG from
G-modules to abelian groups.

Example 18.1.7. By definition we have H0(G,X) = XG and H0(G,X) = XG.

Example 18.1.8. Let G be the trivial group. Then Hi(G,X) = Hi(G,X) = 0 for
i > 0.

Exercise 18.1.9. Let (Mj)j∈J be a family of G-modules. Then Hi(G,
∏
jMj) ∼=∏

j Hi(G,Mj).
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18.2. Free resolution of Z. Note that the functor X 7→ XG from G-modules to
abelian groups can be alternatively regarded as the functor X 7→ HomZ[G](Z, X),
where Z is equipped with the trivialG-action. Therefore, Hi(G,X) = ExtiZ[G](Z, X).
If we take a projective resolution

· · · → P1 → P0 → Z→ 0

of Z in the category of G-modules, then ExtiZ[G](Z, X) can be computed as the i-th
cohomology of

HomZ[G](P0, X)→ HomZ[G](P1, X)→ · · · .
This gives an alternative, and in fact more practical, way of computing Hi(G,X).
Note that we can fix the resolution P• once and for all, independent of X.

We will soon exhibit a free resolution P• → Z→ 0, i.e., each Pi is a direct sum
of copies of Z[G]. With such a resolution we can also compute Hi(G, ·). Note that
the functor X 7→ XG is really the same as X 7→ Z ⊗Z[G] X, where Z is viewed as
a right Z[G]-module with the trivial G-action. Hence Hi(G,X) = Tori,Z[G](Z, X).
Now we view the left G-module Pi also as a right G-module by defining p · g to be
g−1 ·p, for p ∈ Pi, g ∈ G. Then P• → Z→ 0 is also a free resolution in the category
of right Z[G]-modules. Thus Hi(G,X) is the i-th homology of

· · · → P1 ⊗Z[G] X → P0 ⊗Z[G] X.

Definition 18.2.1. A G-module X is called relatively injective (resp. relatively
projective), if it is a direct summand of a coinduced (resp. induced) G-module.

Proposition 18.2.2. Let X be a relatively injective G-module. Then Hi(G,X) = 0
for i ≥ 1. Let Y be a relatively projective G-module, then Hi(G, Y ) = 0 for i ≥ 1.

Proof. Fix a free resolution P• → Z → 0 in the category of G-modules. Since
Hi(G, ·) is compatible with finite direct sums, we may assume that X = coIndA.
Then Hi(G,X) is the i-th cohomology of HomZ[G](P•, coIndGA), which is the same
as HomZ(P•, A) by Frobenius reciprocity. Note that P• → Z → 0 is also a free
resolution in the category of Z-modules. (Everything free over Z[G] is also free
over Z.) Thus Hi(G,X) ∼= ExtiZ(Z, A), and this vanishes for i ≥ 1 since Z is a free
Z-module.

The statement about Hi(G, Y ) is proved similarly. We may assume that Y =
IndGA. Then Hi(G, Y ) is the i-th homology of P•⊗Z[G] IndGA, which is obviously
isomorphic to P• ⊗Z A. Hence Hi(G, Y ) ∼= Tori,Z(Z, Y ), and this vanishes for
i ≥ 1. �

The following result is a generalization of Proposition 18.2.2, and its proof is
essentially the same.

Proposition 18.2.3 (Shapiro’s Lemma). Let H be a subgroup of G. For each
H-module X, there are natural isomorphisms

Hi(G, coIndGH X) ∼= Hi(H,X)

and
Hi(G, IndGH X) ∼= Hi(H,X)

for i ≥ 0.

Exercise 18.2.4. Prove Proposition 18.2.3.
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19. Lecture 19, 4/8/2021

19.1. Explicit free resolution of Z. We now describe an explicit choice of a free
resolution P• → Z → 0 in the category of G-modules. Let Pi = Z[Gi+1], with
G-action given by

g · [g0, g1, · · · , gi] = [gg0, · · · , ggi], ∀g ∈ G, (g0, · · · , gi) ∈ Gi+1.

Note that Pi is indeed a free Z[G]-module, with a Z[G]-basis

{[1, g1, · · · , gi] | g1, · · · , gi ∈ G} .

Define the differential di : Pi → Pi−1 by

di[g0, · · · , gi] :=
∑

0≤j≤i
(−1)j [g0, · · · , ĝj , · · · , gi], ∀(g0, · · · , gi) ∈ Gi+1.

Here hat means ommision. Define ε : P0 → Z by ε[g0] = 1,∀g0 ∈ G.

Exercise 19.1.1. Check that P•
ε−→ Z → 0 is a resolution in the category of G-

modules. (Do not forget to check that the compositions of consecutive differentials
are zero.)

19.2. Computing cohomology. Let X is a G-module. Recall that Hi(G,X) is
the i-th cohomology of HomZ[G](P•, X). Now HomZ[G](Pi, X) is identified with
abelian group C̃i(G,X) consisting of functions f : Gi+1 → X satisfying the homo-
geneous condition

f(gg0, · · · , ggi) = g · f(g0, · · · , gi).

Such functions are called homogeneous i-cochains. The differential d̃ : C̃i(G,X)→
C̃i+1(G,X) induced by d : Pi+1 → Pi is given by

(d̃f)(g0, · · · gi+1) =
i∑

j=0
(−1)jf(g0, · · · , ĝj , · · · , gi)

We would like to dehomogenize C̃i(G,X). Let Ci(G,X) be the abelian group of
all maps Gi → X. We have an isomorphism

C̃i(G,X) ∼−→ Ci(G,X), f 7→ f,

where
f(g1, · · · , gi) = f(1, g1, g1g2, · · · g1 · · · gi).

The induced differential d : Ci(G,X)→ Ci+1(G,X) is given by

(df)(g1, · · · , gi+1) = g1f(g2, · · · , gi+1)+
i∑

j=1
(−1)jf(g1, · · · , gjgj+1, · · · , gi+1)+(−1)i+1f(g1, · · · , gi).

The kernel and image of d : Ci(G,X)→ Ci+1(G,X) are denoted by Zi(G,X) and
Bi+1(G,X), and their elements are called i-cocycles and i + 1-coboundaries. We
have

Hi(G,X) = Zi(G,X)/Bi(G,X).

Example 19.2.1. The differential d0 : C0(G,X) = X → C1(G,X) sends x ∈ X to
the function G→ X, g 7→ gx− x. Its kernel is indeed H0(G,X) = XG.
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Example 19.2.2. The differential d1 : C1(G,X) → C2(G,X) sends f to the func-
tion G2 → X, (g1, g2) 7→ g1 · f(g2) − f(g1g2) + f(g1). Its kernel Z1(G,X) consists
of functions f : G → X satisfying f(g1g2) = f(g1) + g1 · f(g2), called crossed
homomorphisms. Thus H1(G,X) is the quotient of the group of crossed homomor-
phisms by the group of functions of the form g 7→ gx − x for some x ∈ X (which
are called principal crossed homomorphisms). Note that if G acts trivially on X,
then H1(G,X) = Hom(G,X).

Example 19.2.3. Suppose we have a short exact sequence of groups 1 → X →
E → G → 1, where X is abelian (written multiplicatively). We say that E is an
extension of G by X. Fix a set-theoretic section s : G → E of the map E →
G. For each g ∈ G, let g act on X by x 7→ s(g)xs(g)−1. This defines a G-
module structure on X, which is independent of the choice of s. The function
G2 → X, (g, h) 7→ s(g)s(h)s(gh)−1 is an element of Z2(G,X), and its image in
H2(G,X) is independent of the choice of s. In this way, H2(G,X) classifies all the
isomorphism classes of extensions of G by X with the prescribed G-action on X.

19.2.4. Functoriality. Suppose that X → Y is a map of G-modules. Then sice
Hi(G, ·) is a functor we have a homomorphism Hi(G,X) → Hi(G, Y ). This can
be described in terms of cochains as follows. We have an obvious map Ci(G,X)→
Ci(G, Y ) for each i, induced by the map X → Y . These maps commute with the
differentials, and hence induce maps Hi(G,X)→ Hi(G, Y ). The last maps are the
correct ones.

19.2.5. The connecting homomorphism in terms of cochains. Given a short exact
sequence 0→ A→ B → C → 0 of G-modules, the connecting map δ : Hi(G,C)→
Hi+1(G,A) can be described in terms of cochains as follows. Given ζ ∈ Hi(G,C),
first find an i-cocycle z : Gi → C representing z. Since B → C is surjective, we can
lift z to an i-cochain z̃ : Gi → B. Now dz̃ need no longer be 0, but we at least have
dz̃ ∈ Ci(G,A) since dz = 0. Since d(dz̃) = 0, we have dz̃ ∈ Zi(G,A). The class in
Hi(G,A) represented by dz̃ is δ(ζ).

Remark 19.2.6. As we discussed before, we can use the free resolution P• → Z→ 0
to compute Hi(G,X) as well. See [Ser79, §VII.4] for explicit formulas in terms of
finitely supported functions Gi → X and differentials.

19.3. Computing H1(G,Z). Let Z be the Z[G]-module with trivial G-action. We
compute H1(G,Z). Consider the augmentation map

π : Z[G] −→ Z,
∑
g

ag[g] 7−→
∑
g

ag.

(This is the same as the map ε : P0 → Z before.) Let IG be the kernel of π. Note
that IG is a free Z-module with basis {1− [g] | g ∈ G− {e}}. For any G-module
X, we have

XG
∼= X/IGX.

From the short exact sequence 0→ IG → Z[G]→ Z→ 0, we obtain the long exact
sequence

H1(G,Z[G])→ H1(G,Z)→ H0(G, IG)→ H0(G,Z[G]).
The first term is zero since Z[G] is induced (Proposition 18.2.2), and the last map
is zero since it is the map IG/I2

G → Z[G]/IG induced by the inclusion IG → Z[G].
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Thus we have a canonical isomorphism

H1(G,Z) ∼= IG/I
2
G.

Now it is elementary to check that

G −→ IG/I
2
G, g 7→ 1− [g]

induces an isomorphism Gab ∼−→ IG/I
2
G. (Here Gab is the abelianization of G as

an abstract group.) Thus we have a canonical isomorphsm between H1(G,Z) and
Gab.

20. Lecture 20, 4/13/2021

20.1. Change of group. Let X be a G-module and X ′ be a G′-module. Suppose
we have homomorphisms α : G′ → G and β : X → X ′. We say that (α, β) is
compatible, if

β(α(g′) · x) = g′ · β(x)

for all g′ ∈ G′, x ∈ X. In this case, for each i ≥ 0 we have a homomorphism

Ci(G,X) −→ Ci(G′, X ′)
f 7−→ ((g′1, · · · , g′i) 7→ β(f(α(g′1), · · · , α(g′i))).

These homomorphisms commute with the differentials Ci(G,X)→ Ci+1(G,X) and
Ci(G′, X ′)→ Ci+1(G′, X ′), and so they induce homomorphisms

Hi(G,X) −→ Hi(G′, X ′).

Example 20.1.1. We have X = X ′, β = id, and α : H → G is the inclusion
of a subgroup. In this case the homomorphism Hi(G,X) → Hi(H,X) is called
restriction, denoted by Res.

Example 20.1.2. Let H be a normal subgroup of G, and let X be a G-module. Let
α be the quotient map G→ G/H, and let β be the inclusion XH → X. Note that
XH is indeed a G/H-module, and that (α, β) is compatible. The homomorphism

Hi(G/H,XH) −→ Hi(G,X)

is called inflation, denoted by Inf.

Remark 20.1.3. For homology, we have natural corestriction maps. When H is a
subgroup of G, for each G-module we have a natural map

Cor : Hi(H,X)→ Hi(G,X).

When i = 0 this is the map XH → XG induced by the identity on X. The
corestriction maps can be defined using the presentation of homology in terms of
chains and differentials. (The group of i-chains Ci(H,X) is the group of finitely
supported functions Hi → X. We have Ci(H,X) → Ci(G,X) by extension by
zero.)
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20.2. The inflation-restriction sequence. Let X be a G-module, and let H be
a normal subgroup of G.

Proposition 20.2.1. The sequence

0→ H1(G/H,XH) Inf−−→ H1(G,X) Res−−→ H1(H,X)

is exact.

Proof. Elementary computation with 1-cocycles. �

We have the following generalization.

Proposition 20.2.2. Let q be a positive integer. Suppose that Hi(H,X) = 0 for
1 ≤ i ≤ q − 1. (If q = 1, this hypothesis is void.) Then the sequence

0→ Hq(G/H,XH) Inf−−→ Hq(G,X) Res−−→ Hq(H,X)

is exact.

Lemma 20.2.3. Let Y be a G-module. If Y is coinduced, then it is also coinduced
when viewed as an H-module. Similarly for induced.

Proof. Since Z[G] is a free Z[H]-module, we can write Z[G] ∼= Z[H]⊗ZM for some
abelian group M . If Y = coIndGX for some abelian group X, then

Y = HomZ(Z[G], X) ∼= HomZ(Z[H],HomZ(M,X)) = coIndH(HomZ(M,X)),

and the isomorphism is H-equivariant. If Y = IndGX, then

Y = Z[G]⊗Z X ∼= Z[H]⊗Z (M ⊗Z X) = IndH(M ⊗Z X),

and the isomorphism is H-equivariant. �

Proof of Proposition 20.2.2. We induct on q. For q = 1 this is Proposition 20.2.1.
Assume q ≥ 2. Recall that we have an injective G-homommorphism X ↪→ Y :=
coIndGX0, where X0 is the underlying abelian group of X. Let Z = Y/X. Since
Hi(G, Y ) = 0 for all i ≥ 1 (see Proposition 18.2.2), by the long exact sequence
associated with 0→ X → Y → Z we have

Hi(G,Z) ∼= Hi+1(G,X)(20.2.3.1)

for i ≥ 1.
Now since H1(H,X) = 0 by hypothesis (as q ≥ 2), the sequence

0→ XH → Y H → ZH → 0

is exact. It is easy to see that Y H = coIndG/H X0, i.e., it is coinduced as a G/H-
module. Thus by the same argument as above we have

Hi(G/H,ZH) ∼= Hi+1(G/H,XH)(20.2.3.2)

for i ≥ 1/
Now if we view the G-module Y as an H-module, then it is also coinduced by

Lemma 20.2.3. Then from the short exact sequence 0 → X → Y → Z → 0 of
H-modules we obtain

Hi(H,Z) ∼= Hi+1(H,X)(20.2.3.3)

for i ≥ 1.
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One checks that the diagram

0 // Hq−1(G/H,ZH) Inf //

��

Hq−1(G,Z) Res //

��

Hq−1(H,Z)

��
0 // Hq(G/H,XH) Inf // Hq(G,X) Res // Hq(H,X)

commutes, where the vertical maps are the isomorphisms (20.2.3.1) (20.2.3.2) (20.2.3.3),
which are connecting homomorphisms. To finish the proof, it suffices to check that
the first row is exact. Note that Z indeed satisfies the condition that Hi(H,Z) = 0
for 1 ≤ i ≤ q− 2, since we have (20.2.3.3). Thus the first row of the above diagram
is exact by the induction hypothesis. �

Remark 20.2.4. Proposition 20.2.2 also follows from the general machinary of Hochschild–
Serre spectral sequence, arising from the fact that the functor (·)G : G-mods→ Ab
is the composition of the functors (·)H : G-mods → G/H-mods and (·)G/H :
G/H-mods→ Ab.

20.3. Finite index subgroups. Assume that H ≤ G is a finite index subgroup.
We then have corestriction maps Hi(H,X) → Hi(G,X) and restriction maps
Hi(G,X)→ Hi(H,X) for any G-module X. The most natural way to define them
is via Grothendieck’s general formalism of universal δ-functors, which will be re-
viewed in the appendix. Alternatively, one can define them using Shapiro’s Lemma
(Proposition 18.2.3), see [Mil20, §II, Example 1.29]. Below we define them using
“dimension shifting”, which is essentially equivalent to the approach of universal
δ-functors.

20.3.1. Corestriction for cohomology. For each i ≥ 0, we need to define a natural
transformation Cori : Hi(H, ·) → Hi(G, ·), between functors from G-mods to Ab.
When i = 0, for each G-module X we have the norm map

NG/H : XH −→ XG, x 7−→
∑

gH∈G/H

g · x,

which is well defined and functorial in X. We define Cor0 to be NG/H .
We now define Cori inductively on i. Assume that Cori has been constructed,

and we construct Cori+1. LetX be aG-module. Choose an injectiveG-homomorphism
X ↪→ Y such that Y is coinduced (e.g., Y = coIndGX0). Let Z = Y/X. By Lemma
20.2.3, Y is also coinduced as an H-module. Hence Hi+1(G, Y ) = Hi+1(H,Y ) = 0.
Thus the following diagram has exact rows8:

Hi(H,Y ) //

Cori
��

Hi(H,Z) δ //

Cori
��

Hi+1(H,X) // 0

Hi(G, Y ) // Hi(G,Z) δ // Hi+1(G,X) // 0

Since Cori is a natural transformation Hi(H, ·) → Hi(G, ·), the above diagram
commutes. Therefore there is a unique homomorphism Cori+1

X : Hi+1(H,X) →

8As i can be 0, we don’t know if Hi(H,Y ) and Hi(G, Y ) vanish.
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Hi+1(G,X) making the diagram

Hi(H,Z) δ //

Cori
��

Hi+1(H,X)

Cori+1
X

��
Hi(G,Z) δ // Hi+1(G,X)

commute.
We need to check that the definition of Cori+1

X is independent of the choice of
X ↪→ Y . Suppose X ↪→ Y ′ is another choice and Z ′ = Y ′/X ′. Up to replacing Y ′
by Y ′ ⊕ Y (equipped with the diagonal embedding X ↪→ Y ′ ⊕ Y ), we may assume
that there is a G-homomorphism Y ′ → Y commuting with X ↪→ Y and X ↪→ Y ′.
Let f : Z ′ → Z be the induced map. From the commutative diagram

0 // X //

id
��

Y ′ //

��

Z ′

f

��

// 0

0 // X // Y // Z // 0
we obtain commutative diagrams

Hi(G,Z ′)

f

��

δ // Hi+1(G,X)

id
��

Hi(G,Z) δ // Hi+1(G,X)

and
Hi(H,Z ′)

f

��

δ // Hi+1(H,X)

id
��

Hi(H,Z) δ // Hi+1(H,X)

The well definedness of Cori+1
X reduces to the commutativity of the following dia-

gram

Hi(H,Z ′)

f

��

Cori // Hi(G,Z ′)

f

��
Hi(H,Z) Cori // Hi(G,Z)

The commutativity of the above diagram follows from the fact that Cori is a natural
transformation.

We have proved the well definedness of Cori+1
X . It still remains to check that it

is functorial in X. For this, suppose f : X1 → X2 is a G-homomorphism between
G-modules. Choose Xi ↪→ Yi, with Yi coinduced. We can replace Y1 by Y1⊕Y2, and
define the map X1 ↪→ Y1⊕Y2 by summing the maps X1 → Y1 and X1 → X2 → Y2.
Thus we may assume that there is a G-homorphism f̃ : Y1 → Y2 extending f :
X1 → X2. The naturality of Cori+1 with respect to f follows from the naturality
of Cori with respect to the map Y1/X1 → Y2/X2 induced by f̃ . This finishes the
definition of Cori+1 as a natural transformation Hi+1(H, ·)→ Hi+1(G, ·).
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Proposition 20.3.2. The family of natural transformations Cori : Hi(H, ·) →
Hi(G, ·) (i ≥ 0) between functors from G-mods to Ab is uniquely characterized by
the following properties:

(i) Cor0 = NG/H .
(ii) If 0→ A→ B → C → 0 is a short exact sequence of G-modules, then for

each i ≥ 0 we have a commutative diagram

Hi(G,C) //

Cori
��

Hi+1(G,A)

Cori+1

��
Hi(G,C) // Hi+1(G,A)

where the horizontal maps are the connecting homomorphisms.

Exercise 20.3.3. Prove Proposition 20.3.2. (Note that by our construction, prop-
erty (ii) is satisfied if B is coinduced. One still needs to check (ii) in general. Hint
for this: Find an embedding B ↪→ B′ with B′ coinduced. Conclude that there is a
morphism from the short exact sequence 0 → A → B → C → 0 to a short exact
sequence of the form 0 → A → B′ → C ′ → 0. Then relate the connecting homo-
morphism Hi(G,C) → Hi+1(G,A) to the functorial map Hi(G,C) → Hi(G,C ′),
and similarly for G replaced by H.)

20.3.4. Restriction for homology. For each i ≥ 0, we need to define a natural trans-
formation Resi : Hi(G, ·) → Hi(H, ·), between functors from G-mods to Ab. For
each G-module X we have

N′G/H : XG −→ XH , x mod IGX 7−→
∑

Hg∈H\G

g · x mod IHX,

which is functorial in X. We define Res0 to be N′G/H . We then inductively define
Resi similarly as before using dimension shifting. Here the key fact is that for any
G-module X there is a surjection of G-modules Y → X with Y induced, and the
fact that Y is also induced as an H-module (Lemma 20.2.3). The family of natural
transformations Resi is characterized similarly as in Proposition 20.3.2.

Appendix. Universal δ-functors

The following definitions are taken from Grothendieck’s Tohoku paper [Gro57],
with some simplifications. Fix abelian categories A and B.

Definition 20.3.5. A δ-functor from A to B (ranging over Z≥0) is the following
datum:

• For each integer i ≥ 0, an additive functor Hi : A → B.
• For each short exact sequence 0 → A → B → C → 0 in A and for each
i ≥ 0, a connecting homomorphism δ : Hi(C)→ Hi+1(A).

These should satisfy the following conditions:
(i) For each short exact sequence 0→ A→ B → C → 0 in A, the connecting

homomorphisms δ as above give rise to a long complex

H0(A)→ H0(B)→ H0(C) δ−→ H1(A)→ · · · ,

i.e., the composition of two consecutive maps is 0.
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(ii) If we have a commutative diagram with exact rows in A:

0 // A //

��

B //

��

C //

��

0

0 // A′ // B′ // C ′ // 0
then for each i ≥ 0 the following diagram commutes:

Hi(C)

��

δi // Hi+1(A)

��
Hi(C ′) δi // Hi+1(A′)

We often denote a δ-functor by (Hi)i≥0, omitting δ from the notation. We say that
a δ-functor is exact, if the long complex associated with any short exact sequence
is always exact. A morphism between two δ-functors (Hi) and (E i) is a collection
of natural transformations Hi → E i which are compatible with the connecting
homomorphisms.

Definition 20.3.6. A δ-functor (Hi) from A to B is called universal, if for any
other δ-functor (E i) from A to B, any natural transformation H0 → E0 extends
uniquely to a morphism of δ-functors (Hi)→ (E i).

Remark 20.3.7. If (Hi) is a universal δ-functor, then it is uniquely determined by
H0 (up to unique isomorphism between δ-functors).

Definition 20.3.8. An additive functor F : A → B is called effacable (or effaçable),
if for any A ∈ A there exists a monomorphism u : A→ B in A such that F(u) = 0.

Theorem 20.3.9 (Grothendieck, [Gro57, Proposition 2.2.1]). Let (Hi)i≥0 be an
exact δ-functor. If Hi is effacable for all i ≥ 1, then (Hi)i≥0 is universal.

Sketch of proof. Let (Hi) be such a δ-functor. Suppose (E i) is another δ-functor
and we have a natural transformation f0 : H0 → E0. We inductively define f i :
Hi → E i as follows. Fix i ≥ 1, and assume that f j has been constructed for
0 ≤ j ≤ i − 1. Let A ∈ A. By assumption we can find a short exact sequence
0→ A→ B → C → 0 such that Hi(A)→ Hi(B) is the zero map. This means that
Hi(A) ∼= Hi−1(C)/Hi−1(B). The desired map f i : Hi(A)→ E i(A) must, and can,
be induced by the composition

Hi−1(C) fi−1

−−−→ E i−1(C) δ−→ E i(A).

One still needs to check well definedness of f i for fixed A, functoriality of f i in
A, and compatibility with the connecting homomorphisms.9 The first two points
can be checked in a similar way as when we constructed Cori in §20.3.1. The third
point is checked in a similar way as Exercise 20.3.3. �

Remark 20.3.10. The converse is not always true. It is true if A has enough injective
objects. In this case, Hi is in fact RiH0.

9The checking of these three poins are described as “raisonnements standarts” in [Gro57,
Proposition 2.2.1].
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20.3.11. Corestriction for cohomology. Now consider an arbitrary subgroup H of
G. We view (Hi(H, ·)) as a family of functors from G-mods to Ab. Then it has
the canonical structure of an exact δ-functor, since each short exact sequence of
G-modules is also a short exact sequence of H-modules.

Lemma 20.3.12. The exact δ-functor (Hi(H, ·)) on G-mods is universal.

Proof. For each G-module X, we have the injection X ↪→ Y := coIndGX0. By
Lemma 20.2.3, Y is also coinduced as an H-module. Thus Hi(H,Y ) = 0 for i ≥ 1
by Proposition 18.2.3. This shows that Hi(H, ·) is effacable on G-mods for each
i ≥ 1. The lemma follows from Theorem 20.3.9. �

Now assume that H is a finite index subgroup of G. By the above lemma, we
can extend the natural transformation NG/H : H0(H, ·) → H0(G, ·) to a unique
momorphism of δ-functors (Hi(H, ·)) → (Hi(G, ·)). This defines corestriction for
cohomology.

20.3.13. Restriction for homology. Similarly, when H is of finite index in G, we
define restriction for homology extending N′G/H : H0(G, ·)→ H0(H, ·). Here we can
view (Hi(H, ·)) and (Hi(G, ·)) as δ-functors from the opposite category of G-mods
to the opposite category of Ab. The key point is then to check that Hi(H, ·) is
effacable on the opposite category of G-mods, for i ≥ 1. In other words, for each
G-module X and each i ≥ 1, we need to find an epimorphism u : Y → X such that
Hi(H,Y )→ Hi(H,X) is zero. For this we can take Y to be an induced G-module
(e.g., Y = IndGX0), and note that it is also induced as an H-module by Lemma
20.2.3.

21. Lecture 21, 4/15/2021

21.1. Restriction and corestriction. Let G be a group, and let H be a finite
index subgroup of G.

Proposition 21.1.1. Let X be a G-module. Then the compositions

Hi(G,X) Res−−→ Hi(H,X) Cor−−→ Hi(G,X)
and

Hi(G,X) Res−−→ Hi(H,X) Cor−−→ Hi(G,X)
are both equal to multiplication by [G : H].

Proof. We only prove the statement about the first composition, as the other one
is proved similarly. When i = 0 this follows immediately from the definition of
NG/H . In general we can take a short exact sequence 0→ X → Y → Z with Y =
coIndGX0. As in the proof of Proposition 20.2.2 we have Hi(G,Z) ∼= Hi+1(G,X)
and Hi(H,Z) ∼= Hi+1(G,X). These isomorphisms commute with Res and Cor. Up
to replacing X by Z the proof reduces to the induction hypothesis. �

Corollary 21.1.2. If G is finite, then Hi(G,X) and Hi(G,X) are killed by |G|
for i ≥ 1.

Proof. The composition Hi(G,X) Res−−→ Hi({1} , X) Cor−−→ Hi(G,X) is equal to |G|,
but it is zero since the middle group is zero. Hence Hi(G,X) is killed by |G|. The
other statement is proved similarly. �
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Corollary 21.1.3. If G is finite and X is a G-module which is finitely generated
as an abelian group, then Hi(G,X) and Hi(G,X) are finite abelian group killed by
|G| for i ≥ 1.

Proof. Using the description in terms of cochains and chains, it is easy to see that
Hi(G,X) and Hi(G,X) are finitely generated abelian group. �

21.1.4. Transfer. An important special case is the homomorphism

Res : H1(G,Z) −→ H1(H,Z)

when H ≤ G is of finite index. Recall that the two sides are canonically identified
with Gab and Hab. The resulting homomorphism Gab → Hab is called transfer,
and it can be described by an explicit formula as follows.

Proposition 21.1.5. Fix a section θ : H\G → G of the projection G → H\G.
For each s ∈ G and t ∈ H\G, define xt,s ∈ H by

θ(t)s = xt,sθ(ts).

Then the transfer map Gab → Hab is induced by

G −→ H, s 7−→
∏

t∈H\G

xt,s.

Exercise 21.1.6. Prove Proposition 21.1.5.

21.2. Tate cohomology. From now on, G is a fintie group. For any G-module X,
we have the norm map

NG : X −→ X, x 7−→
∑
g∈G

g · x.

We writeX[NG] for ker(NG : X → X). Recall that H0(G,X) = XG and H0(G,X) =
XG = X/IGX. It is easy to see that

NG(X) ⊂ XG, IGX ⊂ X[NG].

Define
Ĥ

0
(G,X) := XG/NG(X)

and
Ĥ
−1

(G,X) := X[NG]/IGX.

Thus Ĥ
0
(G,X) is a quotient group of H0(G,X), and Ĥ

−1
(G,X) is a subgroup of

H0(G,X).
Also define

Ĥ
i
(G,X) :=

{
Hi(G,X), i ≥ 1,
H−i−1(G,X), i ≤ −2.

Recall that since G is finite, coinduced G-modules are the same as induced G-
modules. Thus relatively injective G-modules are the same as relatively projective
G-modules, i.e., they are direct summands of (co)induced G-modules.

Lemma 21.2.1. Let X be a relatively injective G-module. Then Ĥ
i
(G,X) = 0 for

all i ∈ Z.
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Proof. If i 6= 0,−1, then this is just Proposition 18.2.2. For i = 0 or −1, we may
assume that X = IndGA. Then X ∼=

⊕
g∈GA, and G acts on X by permuting the

coordiates. We have

XG = {(ag)g∈G | ag = ah,∀g, h ∈ G} .

Any element (ag)g∈G of it can be written as NG((a1, 0, · · · , 0)). Hence XG =
NG(X). Also

X[NG] =
{

(ag)g∈G |
∑

ag = 0
}
.

Any element (ag)g∈G of it is equal to∑
g∈G

(−ag, 0, · · · , 0, ag, 0, · · · , 0),

where −ag appears at the coordiate corresponding to 1 ∈ G, and ag appears at the
g-th coordiate. Now each summand clearly lies in IGX, so X[NG] = IGX. �

Let 0 → X → Y → Z → 0 be a short exact sequence of G-modules. There
is a connecting homomorphism Ĥ

−1
(G,Z) → Ĥ

0
(G,X) defined as follows. Let

α ∈ Ĥ
−1

(G,Z) = Z[NG]/IGZ. Find a lift z ∈ Z[NG] of α, and find a lift y ∈ Y of
z. Since NG(z) = 0, we have NG(y) ∈ X. It is easy to see that NG(y) ∈ XG. Its
image in Ĥ

0
(G,X) = XG/NG(X) is independent of all choices.

One checks that the connecting homomorphism defined as above, together with
the usual connecting homomorphisms for usual homology and cohomology, give rise
to a doubly infinite long exact sequence

· · · → Ĥ
i
(G,X)→ Ĥ

i
(G, Y )→ Ĥ

i
(G,Z)→ Ĥ

i+1
(G,X)→ · · · ,

where i ranges over Z. Moreover, this long exact sequence depends functorially on
the short exact sequence 0→ X → Y → Z → 0.

Remark 21.2.2. Given any G-module X, we know that there is a G-equivariant
injection X → I and a G-equivariant surjection P → X, where I and P are in-
duced G-modules. In view of Lemma 21.2.1, the connecting homomorphisms induce
isomorphisms Ĥ

i
(G,X) ∼= Ĥ

i−1
(G, I/X) and Ĥ

i
(G,X) ∼= Ĥ

i+1
(G, ker(P → X)).

This “dimension shifting” allows us to reduce the proofs of many properties of
Ĥ
i
(G, )̇ to the case i = 0. It also follows from the dimension shifting that the

family of functors Ĥ
i
(G, ·) together with the connecting homomorphisms is charac-

terized by Ĥ
0
(G, ·). (In other words, one can start with the definition of Ĥ

0
(G, ·)

and inductively define Ĥ
i
(G, ·) for all i ∈ Z by dimension shifting.)

21.3. Restriction and corestriction for Tate cohomology. Let G be a finite
group, and H ≤ G a subgroup. We have defined Res : Hi(G, ·) → Hi(H, ·) and
Res : Hi(G, ·)→ Hi(H, ·) for all i ≥ 0. One checks that Res : H0(G, ·)→ H0(H, ·)
factors through Ĥ

0
(G, ·) → Ĥ

0
(H, ·), and that Res : H0(G, ·) → H0(H, ·) induces

Ĥ
−1

(G, ·)→ Ĥ
−1

(H, ·). Thus we have

Res : Ĥ
i
(G, ·) −→ Ĥ

i
(H, ·)

for all i ∈ Z. Moreover, we have the following characterization.
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Proposition 21.3.1. We have a family of natural transformations Res : Ĥ
i
(G, ·)→

Ĥ
i
(H, ·), for all i ∈ Z, and this family is uniquely characterized by the following

properties:
(i) For each G-module X, the map Res : Ĥ

0
(G,X) → Ĥ

0
(H,X) is induced

by the inclusion XG → XH .
(ii) These natural transformations are compatible with the connecting homo-

morphisms.

Proof. The uniqueness follows from dimension shifting. To prove that Res indeed
satisfies condition (ii), we need to check that for a short exact sequence 0 → A →
B → C → 0, we have a commutative diagram

Ĥ
i
(G,C) δ //

Res
��

Ĥ
i+1

(G,A)

Res
��

Ĥ
i
(H,C) δ // Ĥ

i+1
(H,A)

Only the case i = −1 is essentially new. But in this case the compatibility can be
checked using the explicit description of δ. �

Similarly, we have corestriction, characterized as follows.

Proposition 21.3.2. We have a family of natural transformations Cor : Ĥ
i
(G, ·)→

Ĥ
i
(H, ·), for all i ∈ Z, and this family is uniquely characterized by the following

properties:
(i) For each G-module X, the map Cor : Ĥ

0
(H,X) → Ĥ

0
(G,X) is induced

by the norm map NG/H : XH → XG.
(ii) These natural transformations are compatible with the connecting homo-

morphisms.

Corollary 21.3.3. For each i ∈ Z, the composition

Ĥ
i
(G, ·) Res−−→ Ĥ

i
(H, ·) Cor−−→ Ĥ

i
(G, ·)

is equal to multiplication by [G : H].

Proof. Check this for i = 0 explicitly, and prove the general case by dimension
shifting. �

Corollary 21.3.4. For each i ∈ Z, the abelian group Ĥ
i
(G,X) is killed by |G|. It

is finite if X is finitely generated as an abelian group.

Proof. This is proved in the same way as Corollary 21.1.2 (but note that now the
statement holds for all i ∈ Z, since we have Ĥ

i
({1} , ·) = 0 for all i). �

Remark 21.3.5. When X is finitely generated, the groups H0(G,X) = XG and
H0(G,X) = XG need not be finite (e.g., they can both be X if G acts trivially on
X).

Remark 21.3.6. For Tate cohomology, there is no natural way to define inflation
Inf : Ĥ

i
(G/H,XH) → Ĥ

i
(G,X) for all i. (We do not have inflation for homology

in general, so we run into trouble when i ≤ −2.)
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21.4. Cup product. We continue letting G be a finite group. For G-modules A
and B, we define a G-module structure on A⊗B = A⊗ZB by g · (a⊗ b) = ga⊗ gb.

Proposition 21.4.1. There is a unique family of Z-bilinear pairings:

∪ : Ĥ
p
(G,A)⊗ Ĥ

q
(G,B) −→ Ĥ

p+q
(G,A⊗B), p, q ∈ Z

satisfying the following conditions:
(i) Functoriality in A and B.
(ii) For p = q = 0, this is induced by the natural map AG ⊗ BG → (A ⊗ B)G

by passing to quotients.
(iii) Suppose 0 → A → A′ → A′′ → 0 is a short exact sequence of G-modules,

and B is a G-module such that 0 → A ⊗ B → A′ ⊗ B → A′′ ⊗ B → 0 is
still exact. Then for each β ∈ Ĥ

q
(G,B) the following diagram commutes:

Ĥ
p
(G,A′′)

·∪β
��

δ // Ĥ
p+1

(G,A)

·∪β
��

Ĥ
p+q

(G,A′′ ⊗B) δ // Ĥ
p+q+1

(G,A⊗B)

(iv) Suppose 0→ B → B′ → B′′ → 0 and 0→ A⊗B → A⊗B′ → A⊗B′′ → 0
are exact. Then for each α ∈ Ĥ

p
(G,A) the following diagram commutes

Ĥ
q
(G,B′′)

(−1)pα∪·
��

δ // Ĥ
q+1

(G,B)

α∪·
��

Ĥ
p+q

(G,A⊗B′′) δ // Ĥ
p+q+1

(G,A⊗B)

Proof. The uniqueness follows from dimension shifting. See [CF10, §IV.7] or [Bro82,
§VI.5] for the proof of existence. �

22. Lecture 22, 4/20/2021

22.1. Properties of cup product.

Proposition 22.1.1. The cup product satisfies the following properties. Let A,B,C
be G-modules. Let a ∈ Ĥ

p
(G,A), b ∈ Ĥ

q
(G, b), c ∈ Ĥ

r
(G, c).

(i) We have
(a ∪ b) ∪ c = a ∪ (b ∪ c)

under the identification (A⊗B)⊗ C ∼= A⊗ (B ⊗ C).
(ii) We have a ∪ b = (−1)pqb ∪ a under the identification A⊗B ∼= B ⊗A.
(iii) Let H ≤ G. Then Res(a ∪ b) = Res(a) ∪ Res(b), and Cor(a′ ∪ Res(b)) =

Cor(a′) ∪ b for a′ ∈ Ĥ
p
(H,A).

Proof. All the properties can be checked directly for the cup product between Ĥ
0
.

The general case is then proved by dimension shifting. For instance, let us check
Cor(a′ ∪ Res(b)) = Cor(a′) ∪ b for a′ ∈ Ĥ

0
(H,A) and b ∈ Ĥ

0
(G,B). We lift a′ to
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an element a′ ∈ AH , and lift b to an element b ∈ BG. Then Cor(a′ ∪ Res(b)) is
represented by

NG/H(a′ ⊗ b) =
∑

g∈G/H

ga′ ⊗ gb =
∑

g∈G/H

ga′ ⊗ b = (
∑

g∈G/H

ga′)⊗ b.

But
∑
g/H ga

′ ∈ AG represents Cor(a′). The desired identify follows. �

22.2. The use of group cohomology in local CFT. We shall use group coho-
mology to construct the local Artin map as follows. Let L/K be a finite abelian
extension of local fields. Let G = Gal(L/K), and let C = L× viewed as a G-
module. We shall show that there is a distinguished element α ∈ Ĥ

2
(G,C) called

the fundamental class, with the property that

α ∪ · : Ĥ
i
(G,Z) −→ Ĥ

i+2
(G,C ⊗ Z) = Ĥ

i+2
(G,C)

is an isomorphism for each i ∈ Z. Applying this to i = −2, we obtain an isomor-
phism from H1(G,Z) = Gab = G to Ĥ

0
(G,C) = K×/NL/K(L×). The inverse of

this isomorphism can be thought of as a surjective homomorphism

K× −→ Gal(L/K)

whose kernel is exactly NL/K(L×). This will be our definition of the local Artin
map.

Let G be an arbitrary finite group and C a G-module. We shall first investigate
abstractly when a class α ∈ Ĥ

2
(G,C) has the property that α ∪ · : Ĥ

i
(G,Z) →

Ĥ
i+2

(G,C) is an isomorphism for all i ∈ Z. This is the content of Tate’s theorem,
which we will state and prove in the next lecture. Before that we need some
preparations.

22.3. Cohomology of finite cyclic groups. Let G be a finite cyclic group of
order n. The main result about cohomology of G is Theorem 22.3.3. Our approach
follows [CF10, §IV.8]. See [Ser79, §VIII.4] for a different point of view.

Lemma 22.3.1. The group Ĥ
2
(G,Z) is cyclic of order n.

Proof. We have a short exact sequence

0→ IG → Z[G]→ Z→ 0,

where the last map is the augmentation map
∑
g ag[g] 7→

∑
g ag. Let s be a

generator of G. We then have a short exact sequence

0→ Z→ Z[G]→ IG → 0,

where the two maps are multiplication by
∑
g∈G[g] and by 1 − [s] respectively.

(To see that the map Z[G] → IG given yb multiplication is surjective, use that
1 − [sk] = (1 − [s])(1 + [s] + · · · + [sk−1]).) From these two short exact sequences,
we obtain connecting homomorphisms

Ĥ
0
(G,Z) ∼−→ Ĥ

1
(G, IG)

and
Ĥ

1
(G, IG) ∼−→ Ĥ

2
(G,Z)



CLASS FIELD THEORY 67

both of which are isomorphisms since Z[G] is induced. Now note that Ĥ
0
(G,Z) =

Z/NG(Z) = Z/n (which holds for any finite group G of order n). Hence Ĥ
2
(G,Z)

is cyclic of order n. �

Lemma 22.3.2. Let x ∈ Ĥ
0
(G,Z) = Z/n be a generator. Then x ∪ · defines

an automorphism of Ĥ
i
(G,A) for each i ∈ Z and each G-module A. (Here we

identified Z⊗A with A.)
Proof. By dimension shifting, we reduce to the case i = 0. (To give more details,
suppose i > 0. Find a short exact sequence 0→ A→ P → A′ → 0 with P induced.
Then the connecting homomorphism Ĥ

i−1
(G,A′) → Ĥ

i
(G,A) is an isomorphism.

This isomorphism is compatible with the endomorphisms on the two groups pro-
vided by x ∪ ·, since the short exact sequence remains exact (in fact, unchanged)
after tensoring with Z. Thus we can lower i and reduce to the case i = 0. If i < 0,
we find a short exact sequence 0 → A′ → P → A → 0 with P induced and argue
similarly.)

When i = 0, the map in question is scalar multiplication by x ∈ Z/n on the Z/n-
module Ĥ

0
(G,A) = AG/NG(A). Since x ∈ (Z/n)×, this map is an automorphism.

�

Theorem 22.3.3. Let x ∈ Ĥ
2
(G,Z) be a generator. Then x ∪ · defines an iso-

morphism Ĥ
i
(G,A) → Ĥ

i+2
(G,A) for each i ∈ Z and each G-module A. (Here

we identified A ⊗ Z with A.) In particular, the isomorphism class of Ĥ
i
(G,A) is

periodic in i with period 2.
Proof. Note that the two short exact sequences in Lemma 22.3.1 remain exact after
⊗A, since they are split in the category Ab. (All the three abelian groups IG,Z[G],Z
are free.) Therefore the theorem reduces to Lemma 22.3.2 by the compatibility of
cup product with connecting homomorphisms. �

Definition 22.3.4. For everyG-moduleA, we write hq(A) for
∣∣∣Ĥq

(G,A)
∣∣∣ whenever

it is finite. Define the Herbrand quotient to be h(A) = h0(A)/h1(A) (whenever the
two numbers are finite).
Proposition 22.3.5. Let 0 → A → B → C → 0 be a short exact sequence of
G-modules. If two of h(A), h(B), h(C) are defined, then so is the third, and we
have h(B) = h(A)h(C).

Proof. In view of the periodicity of Ĥ
i
(G, ·), we have an exact hexagon

Ĥ
0
(G,A) // Ĥ

0
(G,B)

%%

Ĥ
1
(G,C)

99

Ĥ
0
(G,C)

yy

Ĥ
1
(G,B)

ee

Ĥ
1
(G,A)oo

The statement easily follows. �
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Proposition 22.3.6. If A is a finite G-module, then h(A) = 1.

Proof. First note that h(A) is defined since all Ĥ
i
(G,A) are finite. Let s ∈ G be a

generator. We have exact sequences

0→ AG → A
1−[s]−−−→ A→ AG → 0

and
0→ Ĥ

−1
(G,A)→ AG

NG−−→ AG → Ĥ
0
(G,A)→ 0.

The first shows that
∣∣AG∣∣ = |AG|, and the second shows that h0(A) = h1(A). �

23. Lecture 23, 4/22/2021

23.1. Tate’s theorem. Let G be a finite group. Our approach to Tate’s theorem
(Theorem 23.1.5 below) follows [Neu13, §I.7]. See [Mil20, §II.3] for a different
approach using splitting modules (which is Tate’s original idea in his 1952 paper
[Tat52]). See [CF10, Chap.IV, §§9 - 10] or [Ser79, §IX] for more refined versions of
the theorem, whose proofs are more complicated.

Definition 23.1.1. A G-module A is called cohomologically trivial, if Ĥ
i
(H,A) = 0

for all subgroups H ≤ G and all i ∈ Z.

Example 23.1.2. Recall that an induced G-module is also induced as an H-module,
for any H ≤ G. Hence induced G-modules, and more generally relatively projective
G-modules, are cohomologically trivial.

Theorem 23.1.3. A G-module A is cohomologically trivial if there exists q ∈ Z
such that for all subgroups H ≤ G we have Ĥ

q
(H,A) = Ĥ

q+1
(H,A) = 0.

Proof. Firstly, observe that we only need to show that

Ĥ
q−1

(G,A) = Ĥ
q+2

(G,A) = 0,

since we can recursively apply this result to conclude that Ĥ
i
(G,A) = 0 for all i,

and then we can also replace G by its subgroups, to conclude the proof.
By dimension shifting we may assume that q = 1. (Since an induced G-module

is cohomologically trivial, by dimension shifting we can find a G-module A± such
that Ĥ

i
(H,A±) ∼= Ĥ

i±1
(H,A) for all subgroups H ≤ G and all i ∈ Z.)

First assume that G is solvable. Then G admits a proper normal subgroup N
such that G/N is cyclic. By induction we may assume that the theorem holds for
N . Since A satisfies the same assumptions with G replaced by N , we know that A
is cohomologically trivial as an N -module. It follows that for all i ≥ 1, we have the
inflation-restriction exact sequence

0→ Hi(G/N,AN ) Inf−−→ Hi(G,A) Res−−→ Hi(N,A) = 0.
Since Hi(G,A) = 0 for i ∈ {1, 2}, we have Hi(G/N,AN ) = 0 for i ∈ {1, 2}. But
G/N is cyclic, so by periodicity-2 we know that Ĥ

i
(G/N,AN ) = 0 for all i ∈ Z.

By the above exact sequence for i = 3, we conclude that H3(G,A) = 0.
Since Ĥ

0
(G/N,AN ) = Ĥ

0
(N,A) = 0, we have

AG = (AN )G/N = NG/N (AN ) = NG/N (NN A) = NG(A).

Hence Ĥ
0
(G,A) = 0. The proof of the theorem is complete for G solvable.
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For general G, we fix a Sylow p-subgroup Gp for each prime p dividing |G|.
Since Gp is solvable, we have Ĥ

i
(Gp, A) = 0 for all i ∈ Z by the above. Since

CorG/Gp ◦ResG/Gp = [G : Gp] is coprime to p, we know that ResG/Gp : Ĥ
i
(G,A)→

Ĥ
i
(Gp, A) is injective on the p-primary part. Thus the p-primary part of Ĥ

i
(G,A)

is zero for all i. Since Ĥ
i
(G,A) is |G|-torsion, we conclude that Ĥ

i
(G,A) = 0. �

Lemma 23.1.4. Let A,B be G-modules, and let α ∈ Ĥ
0
(G,A). Let a ∈ AG be a

lift of α. Then for each i ∈ Z, the map α ∪ · : Ĥ
i
(G,B) → Ĥ

i
(G,A ⊗ B) is the

same as the functorial map induced by the G-homomorphism B → A⊗B, b 7→ a⊗b.
(Note that the last map is indeed a G-homomorphism since a is G-invariant.)
Proof. By dimension shifting (cf. the proof of Lemma 22.3.2) we easily reduce to
the case i = 0, when the lemma is clear. �

Theorem 23.1.5 (Tate). Let A be a G-module. Let p ∈ Z be such that for each
subgroup H ≤ G, we have Ĥ

p−1
(H,A) = 0 and Ĥ

p
(H,A) ∼= Z/ |H|. Then any

generator α of Ĥ
p
(G,A) ∼= Z/ |G| has the property that the map

ResG/H(α) ∪ · : Ĥ
i
(H,Z) −→ Ĥ

i+p
(H,A)

is an isomorphism for each H ≤ G and each i ∈ Z.
Proof. We first observe that for any subgroup H ≤ G, the element Res(α) ∈
Ĥ
p
(H,A) ∼= Z/ |H| is a generator. In fact, suppose its order is less than |H|.

Then Cor Res(α) = [G : H]α has order less than |H|, contradicting with the fact
that α generates Ĥ

p
(G,A) ∼= Z/ |G|. Thus we reduce to proving that

α ∪ · : Ĥ
i
(G,Z) −→ Ĥ

i+p
(G,A)

is an isomorphism for each i ∈ Z.
Now to prove this statement, by dimension shifting we reduce to the case p = 0.

Let a ∈ AG be a lift of α. By Lemma 23.1.4, we only need to show that the
G-homomorphism

f : Z −→ A, n 7−→ na

induces isomorphisms Ĥ
i
(G,Z) ∼−→ Ĥ

i
(G,A) for all i ∈ Z. Up to replacing A by

A⊕Z[G] and replacing a by a⊕
∑
g∈G[g], we may assume that f is injective. (This

is the key trick!) Let A′ = coker(f). Then we have a short exact sequence

0→ Z f−→ A→ A′ → 0.
We only need to show that A′ is cohomologically trivial as a G-module. Let H ≤ G.
Since Ĥ

−1
(H,A) = 0 by assumption and Ĥ

1
(H,Z) = Homgp(H,Z) = 0, we have

an exact sequence

0→ Ĥ
−1

(H,A′)→ Ĥ
0
(H,Z) (∗)−−→ Ĥ

0
(H,A)→ Ĥ

0
(H,A′)→ 0,

where (∗) is the functorial map induced by f . If we can show that (*) is an
isomorphism, then Ĥ

−1
(H,A′) = Ĥ

0
(H,A′) = 0, and so A′ is cohomologically

trivial by Theorem 23.1.3 since H is arbitrary. But (*) is an isomorphism since it
sends 1 ∈ Ĥ

0
(H,Z) = Z/ |H| to the image of a in Ĥ

0
(H,A) = AH/NH(A), which

is a generator of Ĥ
0
(H,A) ∼= Z/ |H| by our first observation. �



70 YIHANG ZHU

24. Lecture 24, 4/27/2021

We shall apply Theorem 23.1.5 to the following situation. The integer p is 2.
The group G is Gal(E/K), where E/K is a finite Galois extension of local fields.
The G-module A is E×. Using Galois theory, the hypotheses of the theorem are
translated to the following statement:

Theorem 24.0.1. For every subextension L/K inside E, we have H1(Gal(E/L), E×) =
0 and H2(Gal(E/L), E×) is cyclic of order [E : L].

We now study H1 and H2 in the above theorem. Note that it suffices to prove the
theorem only for L = K since the desired statements depend only on the extension
E/L and are insensitive to K.

24.1. Hilbert 90 and consequences. Let E/K be a finite Galois extension of
fields, and let G = Gal(E/K). The groups (E,+) and E× are G-modules.

Proposition 24.1.1. We have Ĥ
i
(G,E) = 0 for all i ∈ Z.

Proof. By the normal basis theorem, E ∼= IndGK is an induced G-module. �

Theorem 24.1.2 (Hilbert 90). We have H1(G,E×) = 0.

Proof. Let φ be a 1-cocycle in C1(G,E×). Recall that this means φ is a function
G→ E×, s 7→ φs satisfying φst = φs ·s(φt).We need to show that φ is a coboundary,
i.e., φs = b/s(b) for some fixed b ∈ E×.

Let a ∈ E×, and let
b :=

∑
t∈G

φt · t(a) ∈ E.

By the linear independence of the characters t : E× → E× (where t runs through
G), we can find a such that b 6= 0. For s ∈ G, we compute

s(b) =
∑
t∈G

s(φt) · (st)(a) =
∑
t∈G

φst
φs
· (st)(a) = φ−1

s b.

Thus φs = b/s(b) as desired. �

Corollary 24.1.3 (Classical Hilber 90). Assume that E/K is a cyclic extension.
Let s ∈ G be a generator. Then any element of E whose norm to K is 1 is of the
form s(a)/a for some a ∈ E×.

Proof. Since G is cyclic, we have Ĥ
−1

(G,E×) ∼= Ĥ
1
(G,E×) = 0. But Ĥ

−1
(G,E×)

is the quotient of ker(NE/K : E× → K×) by IG · E× = {s(a)/a | a ∈ E×}. �

Corollary 24.1.4. If K is a finite field , then Ĥ
i
(G,E×) = 0 for all i ∈ Z. In

particular, NE/K : E× → K× is surjective.

Proof. In this case G is cyclic, and the Herbrand quotients h(E×) = 1 since E×

is finite. Thus the vanishing of Ĥ
1
(G,E×) implies the vanishing of all Ĥ

i
(G,E×).

The “in particular” part follows from the vanishing of Ĥ
0
(G,E×). �

Exercise 24.1.5. Let E/K be a finite extension of finite fields. Use elementary
methods to show that NE/K : E× → K× is surjective.
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24.2. Brauer groups. Let L/K and E/K be finite Galois extensions, with E ⊂
L. Write GL/K for Gal(L/K), etc. We have GE/K = GL/K/GL/E , and E× =
(L×)GL/E . Thus we have the inflation-restriction sequence

0→ Hq(GE/K , E×) Inf−−→ Hq(GL/K , L×) Res−−→ Hq(GL/E , L×).

Recall that this sequence is exact if we know the vanishing of Hi(GL/E , L×) for
all 1 ≤ i ≤ q − 1 (see Proposition 20.2.2). Since H1(GL/E , L×) = 0, the above
sequence is exact for q = 2. We write Br(L/K) for H2(GL/K , L×), etc. Thus we
have an exact sequence

0→ Br(E/K) Inf−−→ Br(L/K) Res−−→ Br(L/E).

We think of the first map as the inclusion. Define Br(K) to be the union of
Br(L/K), where L runs thourgh all finite Galois extensions of K inside Ks. In
other words, Br(K) is the direct limit of Br(L/K), where the transition maps are
the injections Inf : Br(L/K) → Br(L′/K) when L ⊂ L′. Note that when L ⊂ L′,
the following diagram commutes:

0 // Br(E/K) Inf // Br(L/K) Res //

Inf
��

Br(L/E)

Res
��

0 // Br(E/K) Inf // Br(L′/K) Res // Br(L′/E)

(The commutativity follows easily from the fact that Inf and Res are induced by
natural maps between the sets of cochains.) Thus we have an exact sequnece

0→ Br(E/K) Inf−−→ Br(K) Res−−→ Br(E)

We have denoted the two maps still by Inf and Res respectively.

Example 24.2.1. If K is a finite field, then Br(K) = 0 by Corollary 24.1.4.

Remark 24.2.2. It turns out that Br(K) can be identified with the classical Brauer
group of K. Recall that this is the set of equivalence classes of central simple
algebras over K. Two central simple algebras A and B over K are equivalent if and
only if A ∼= Mn(D) and B ∼= Mm(D) for some integers n,m and a central division
algebra D over K. (Here n and D are uniquely determined by A.) The group
operation is given by ⊗K . The subgroup Br(E/K) ⊂ Br(K) is identified with the
subgroup of the equivalence classes of central simple algebras over K which split
over E (i.e., those A such that A⊗KE ∼= Mn(E)). The map Res : Br(K)→ Br(E) is
given by base changing the central simple algebras from K to E. The identification
is given by an explicit construction, which starts with a 2-cocycle in Z2(GE/K , E×)
and gives a central simple algebra overK which splits over E. For details see [Ser79,
§X.5] and [Mil20, §IV]. We will not need this relationship in our course.

Remark 24.2.3. By Wedderburn’s Little Theorem, every finite division ring is a
field. This shows that the classical Brauer group of a finite field vanishes. Compare
with Example 24.2.1.

In order to finish the proof of Theorem 24.0.1, we need to show that when E/K
is a finite Galois extension of local fields we have Br(E/K) ∼= Z/[E : K].
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24.3. The Brauer group of an unramified extension. Let E/K be an un-
ramified extension of local fields of degree n. We shall compute Br(E/K). Let
G = Gal(E/K), and let U = O×E . We have a short exact sequence of G-modules

1→ U → E×
v−→ Z→ 0,

where v is the valuation.

Proposition 24.3.1. The valuation v : E× → Z induces an isomorphism Ĥ
i
(G,E) ∼−→

Ĥ
i
(G,Z) for each i ∈ Z.

Proof. It suffices to show that Ĥ
i
(G,U) = 0 for all i. Let U0 = U and Uj =

1 + πjOE ⊂ U for j ≥ 1. Recall that U is profinite and naturally isomorphic
to lim←−j(U/Uj). Note that each Uj is G-stable. Using the perspective that Tate
cohomology is given by cocycles modulo coboundaries, it is easy to see that the
vanishing of Ĥ

i
(G,U) follows from the vanishing of Ĥ

i
(G,Uj/Uj+1) for all j ≥ 0.

(For details, see [CF10, §VI.1.2, Lemma 3 ].)
When j = 0, we have Uj/Uj+1 ∼= k×E , and the isomorphism is G-equivariant. We

have Ĥ
i
(G, k×E ) = Ĥ

i
(Gal(kE/kK), k×E ) (here G ∼= Gal(kE/kK)), and we have seen

the vanishing of this in Corollary 24.1.4.
When j ≥ 1, we have a G-equivariant isomorphism Uj/Uj+1 ∼= (kE ,+), and we

have seen the vanishing of its cohomology in Proposition 24.1.1. �

Theorem 24.3.2. We have a canonical isomorphism inv : Br(E/K) ∼−→ 1
nZ/Z.

Proof. By Proposition 24.3.1, we have a canonical isomorphism Br(E/K) ∼= H2(G,Z).
Now G acts trivially on Z, and we have a short exact sequence 0 → Z → Q →
Q/Z → 0. We have Ĥ

i
(G,Q) = 0 since on the one hand this is killed by |G|

and on the other hand multiplication by |G| must be an automorphism since it
is an automorphism on Q.10 Therefore the connecting homomorphism gives an
isomorphism

H1(G,Q/Z) ∼= H2(G,Z).
The left hand side is just Hom(G,Q/Z), and this is canonically isomorphic to 1

nZ/Z
by looking at where the Frobenius generator σ ∈ G ∼= Z/nZ goes to. In other words,
we have Hom(G,Q/Z) ∼−→ 1

nZ/Z, f 7→ f(σ). �

25. Lecture 25, 4/29/2021

Remark 25.0.1. Let E/K be a finite unramified extension of local fields. We have
seen in the proof of Proposition 24.3.1 that Ĥ

i
(GE/K ,O×E) = 0 for all i ∈ Z.

Applying this to i = 0 and using that (O×E)GE/K = O×K , we get the useful result
that the norm map

NE/K : O×E −→ O
×
K

is surjective. It easily follows that the image of NE/K : E× → K× has index [E : K]
in K×. (Use that the norm of a uniformizer in E has valuation [E : K].)

10We are using the following simple fact: For a G-module A and an integer n, the functorial
endomorphism of Ĥ

i
(G,A) induced by A → A, a 7→ na is multiplicaiton by n. This can be seen

using dimension shifting.
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25.1. Functoriality of inv. Let K be a local field. For each n ≥ 1, let Kn be the
unique degree n unramified extension of K inside a fixed algebraic closure K̄. We
have constructed a canonical isomorphism

inv : Br(Kn/K) ∼−→ 1
n
Z/Z.

If n|m, then Kn ⊂ Km. In this case we have a diagram

Br(Kn/K)

Inf
��

inv // 1
nZ/Z

id
��

Br(Km/K) inv // 1
mZ/Z

Chasing the constructions (especially using the compatibility of Inf with con-
necting homomorphisms), we see that the above diagram commutes.

We define Br(Kur/K) :=
⋃
n Br(Kn/K). (This is a subgroup of Br(K), and

we will later see that it is in fact equal to Br(K).) Then we have a canonical
isomorphism

inv : Br(Kur/K) ∼−→ Q/Z.
We now let L/K be a possibly ramified (and possibly inseparable) finite extension

inside K̄. For each n ≥ 1, we form the compositum LKn inside K̄. Then the
extension LKn/L is finite unramified (but its degree may be less than n). Thus we
have

inv : Br(LKn/L) ↪→ Q/Z.
We have a pair of maps Gal(LKn/L) ↪→ Gal(Kn/K), τ 7→ τ |Kn and K×n ↪→
(LKn)×. They form a compatible pair, and therefore give rise to a change-of-group
map
Res : Br(Kn/K) = H2(Gal(Kn/K),K×n ) −→ Br(LKn/L) = H2(Gal(LKn/L), (LKn)×).

Lemma 25.1.1. The diagram

Br(Kn/K) Res //

inv
��

Br(LKn/L)

inv
��

Q/Z
[L:K] // Q/Z

commutes.

Proof. Let e = e(L/K) and f = f(L/K). We have a commutative diagram

Br(Kn/K) vK
∼=
//

Res
��

H2(GKn/K ,Z)

e·Res
��

H1(GKn/K ,Q/Z)δ
∼=

oo

e·Res
��

� � // Q/Z

ef

��
Br(LKn/L) vL

∼=
// H2(GLKn/L,Z) H1(GLKn/L,Q/Z)δ

∼=
oo � � // Q/Z

and the two rows define inv in the two cases. The first square commutes becasue
vK = e · vL|K× . The second square commutes because Res is compatible with
the connecting homomorphisms attached to 0 → Z → Q → Q/Z → 0. The
third diagram commutes because the Frobenius generator in Gal(Kn/K) is the f -th
power of the image of the Frobenius in Gal(LKn/L) under the map Gal(LKn/L)→
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Gal(Kn/K). (To see this, note that the images of the two Frebenius elements
in Aut(Kkn) are the automorphisms x 7→ x|kK | and x 7→ x|kL| respectively, and
|kL| = |kK |f .) �

Taking inductive limit over n, we obtain a commutative diagram

Br(Kur/K) Res //

inv∼=
��

Br(Lur/L)

inv∼=
��

Q/Z
[L:K] // Q/Z

Thus the kernel of the first row is cyclic of order [L : K]. Note that if L/K is finite
Galois, then this kernel is a subgroup of Br(L/K), since Br(L/K) ⊂ Br(K) is the
kernel of Res : Br(K)→ Br(L). Thus we have proved:

Lemma 25.1.2. Let L/K be a degree n finite Galois extension (inside K̄.) The
group Br(L/K) contains the subgroup of Br(Kur/K) which is isomorphic to 1

[L:K]Z/Z ⊂
Q/Z under inv : Br(Kur/K) ∼−→ Q/Z. �

Our next goal is to show that the containment in the above lemma is in fact an
equality. For this, it suffices to show the following result.

Theorem 25.1.3 (Second Fundamental Inequality). The order of Br(L/K) divides
[L : K].

Corollary 25.1.4. For every degree n Galois extension L/K, Br(L/K) is equal to
Br(Kn/K) as subgroups of Br(K). In particular, there is a canonical isomorphism
inv : Br(L/K) ∼−→ 1

nZ/Z. We also have Br(K) = Br(Kur/K), and there is a
canonical isomorphism inv : Br(K) ∼−→ Q/Z. �

Remark 25.1.5. In the classical language, the above result says that every central
simple algebra over K splits over a finite unramified extension of K. Moreover,
the equivalence classes of central simple algebras are classified by an associated
invariant in Q/Z.

At this point, we have proved Theorem 24.0.1, modulo proving the Second Fun-
damental Inequality.

25.2. Proof of the Second Fundamental Inequality. Our approach follows
[CF10, §VI.1.4-VI.1.6] with slight simplifications.

Let L/K be a degree n Galois extension of local fields. Let G = Gal(L/K), and
let U = O×L . Let π = πK be a uniformizer in K.

Lemma 25.2.1. There exists a G-stable open subgroup V of U such that Ĥ
i
(G,V ) =

0 for all i ∈ Z.

Proof. Let {e1, · · · , en} be a normal basis for L/K, that is, it is a K-basis of L,
and G permutes the ei’s simply transitively. Let A = OLe1 ⊕ · · · ⊕ OLen ⊂ L. Up
to replacing ei by πrei for a large integer r (common for all i), we may assume
that each ei lies in OL, and in particular A ⊂ OL. Note that A is open, since the
topology on L ∼= Kn is just the product topology of the topology on K. Therefore
there exists N ≥ 1 such that A ⊃ πNOL.
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Let M = πN+1A. We claim that M ·M ⊂ πM . In fact,
M ·M = π2N+2A ·A ⊂ π2N+2OL = πN+2πNOL ⊂ πN+2A = πM.

Let V = 1 + M . We claim that V is an open, G-stable subgroup of U . To see
that V is closed under multiplication, use thatM+M ⊂M andM ·M ⊂ πM ⊂M .
To see that V is closed under inversion, use that (1 − m)−1 = 1 +

∑
k≥1m

k for
all m ∈ mL (and in particular for all m ∈ M). For m ∈ M , the converging series∑
k≥1m

k lies in M since M is an open and hence closed subgroup of OL. Thus V
is a subgroup of U . To see that V is open, note that V = 1+πN+1A ⊃ 1+π2N+1A,
and the latter is an open subgroup of U . Finally, V is stable under G since G fixes
π and stabilizes A.

It remains to show that Ĥ
i
(G,V ) = 0 for all i ∈ Z. We have a decreasing

filtration
V = V0 ⊃ V1 ⊃ V2 ⊃ · · ·

where Vj = 1 + πjKM ⊂ V . Since V is profinite (being an open subgroup of U), we
have V ∼= lim←−j V/Vj . Moreover each Vj is G-stable. Thus as in the proof of Proposi-

tion 24.3.1, the vanishing of Ĥ
i
(G,V ) follows from the vanishing of Ĥ

i
(G,Vj/Vj+1)

for all j ≥ 0. We have a G-equivariant isomorphism M/πKM
∼−→ Vj/Vj+1,m 7→

1 + πjKm. (To see that this is indeed a homomorphism, we need to use that
M ·M ⊂ πKM .) But M/πKM ∼= A/πKA ∼= kKe1 ⊕ · · · kKen ∼= Z[G] ⊗Z kK is
induced as a G-module. Hence Vj/Vj+1 has trivial cohomology. �

26. Lecture 26, 5/4/2021

26.1. Proof of the Second Fundamental Inequality, continued.
Corollary 26.1.1. Assume that L/K is a degree n cyclic extension of local fields.
Let U = O×L . Then |Br(L/K)| = n.

Proof. Let G = Gal(L/K). Let U = O×L , and let V ⊂ U be as in Lemma 25.2.1.
Then the Herbrand quotient h(V ) = 1, and h(U/V ) = 1 because U/V is finite (since
V is an open subgroup of the compact U). Thus we have h(U) = h(V )h(U/V ) =
1. Since L×/U ∼= Z, we have h(L×) = h(U)h(Z) = h(Z). We compute that
Ĥ

0
(G,Z) = Z/n and Ĥ

−1
(G,Z) = 0. Hence h(Z) = n. This shows that h(L×) = n.

But H1(G,L×) = 0 by Hilbert 90. Hence Br(L/K) has order n. �

Proof of Theorem 25.1.3. Let G = Gal(L/K). It suffices to show that for each
prime p, the p-part of |G| divides the p-part of |Br(L/K)|. Let Gp be a Sylow-
p subgroup of G, and let K ′ = LGp . We saw in the proof of Theorem 23.1.3
that Res : Ĥ

i
(G, ·) → Ĥ

i
(Gp, ·) is injective on the p-primary part. If we know

the theorem for the extension L/K ′ instead of L/K, then H2(Gp, L×) has order
dividing |Gp|, and it follows that the p-part of

∣∣H2(G,L×)
∣∣ divides |Gp|, which is

the p-part of |G|.
Hence we can replace K by K ′ and replace G by Gp. Thus we may assume

that G is a p-group, and in particular solvable. Let H ≤ G be a proper normal
subgroup such that G/H is cyclic. Let E = LH . By induction we may assume that
the theorem holds for E/K. Also the theorem holds for L/E by Corollary 26.1.1,
since L/E is cyclic. Now we have the exact sequence

0→ Br(E/K) Inf−−→ Br(L/K) Res−−→ Br(L/E).



76 YIHANG ZHU

Thus |Br(L/K)| divides |Br(E/K)| · |Br(L/E)| =
∣∣GE/K∣∣ ∣∣·GL/E∣∣ = |G| . �

26.2. The local Artin map. At this point, we have verified the axioms in Tate’s
theorem in the setting of a finite Galois extension of local fields, i.e., we have proved
Theorem 24.0.1. We summarize the results as follows:

Theorem 26.2.1. Let L/K be a degree n Galois extension of local fields. Then
Br(L/K) = Br(Kn/K) as subgroups of Br(K), and we have a canonical isomor-
phism

inv : Br(L/K) = Br(Kn/K) ∼−→ 1
n
Z/Z.

Define
uL/K := inv−1( 1

n
) ∈ Br(L/K),

called the fundamental class. By Tate’s theorem, the map

uL/K ∪ · : Ĥ
q
(GL/K ,Z) −→ Ĥ

q+2
(GL/K , L×)

is an isomorphism for each q ∈ Z. �

Definition 26.2.2. In the setting of Theorem 26.2.1, taking q = −2 we have the
isomorphism

Gab
L/K

∼= Ĥ
−2

(GL/K ,Z) ∼−→ Ĥ
0
(GL/K , L×) = K×/NL/K(L×).

We denote the inverse isomorphism by φL/K . Sometimes we also think of φL/K as
a surjective homomorphism K× → Gab

L/K whose kernel is exactly NL/K(L×).

Lemma 26.2.3. Let G be a finite group, and let B be a G-module. Let g ∈ G and
β ∈ Z1(G,B) (a 1-cocycle G → B). Let ḡ be the image of g in Gab = Ĥ

−2
(G,Z),

and let β̄ be the image of β in Ĥ
1
(G,B). Then the element ḡ ∪ β̄ ∈ Ĥ

−1
(G,B) =

B[NG]/IGB is represented by β(g) ∈ B.11

Proof. See [Ser79, App. to Chap. XI, Lem. 3] or [Neu13, I.5.7]. �

Lemma 26.2.4. Keep the setting of Theorem 26.2.1. Let G = GL/K . Let f ∈
Hom(G,Q/Z) = Ĥ

1
(G,Q/Z), and let a ∈ K×. Note that f factors through Gab,

so f(φL/K(a)) ∈ Q/Z is well defined. We have
f(φL/K(a)) = inv(ā ∪ δf),

where δf is the image of f in Ĥ
2
(G,Z) under the connecting homomorphism as-

sociated with 0 → Z → Q → Q/Z → 0, and ā ∈ Ĥ
0
(G,L×) = K×/N(L×) is the

image of a.

Remark 26.2.5. Clearly the element φL/K(a) ∈ Gab is characterized by the values
f(φL/K(a)) for all f .

Proof of Lemma 26.2.4. Write g for φL/K(a) ∈ Ĥ
−2

(G,Z). Write u for the funda-
mental class uL/K . By the definition of φL/K , we have

ā = u ∪ g ∈ Ĥ
0
(G,L×).

11Note that NG(β(g)) =
∑

h∈G
h(β(g)) =

∑
h
β(hg)− β(h) = 0, so indeed β(g) ∈ B[NG].
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Thus
ā ∪ δf = (u ∪ g) ∪ δf = u ∪ (g ∪ δf) = u ∪ δ(g ∪ f).

Here g∪f lies in Ĥ
−1

(G,Q/Z), and δ of it lies in Ĥ
0
(G,Z). Note that Ĥ

−1
(G,Q/Z)

is the n-torsion of Q/Z, namely 1
nZ/Z. By Lemma 26.2.3, the element g ∪ f ∈

1
nZ/Z is equal to f(g). Write f(g) = r/n mod Z. Then δ(g ∪ f) = δ(r/n) ∈
Ĥ

0
(G,Z) = Z/nZ is represented by NG(r/n) = n · r/n = r ∈ Z. Thus from the

above computation we have
ā ∪ δf = u ∪ r̄ = r · u.

The inv of this element is r · inv(u) = r/n mod Z (since inv(u) = 1/n mod Z),
which is equal to f(g) as desired. �

Let L/K be a finite abelian extension. We shall take φL/K : K× → GL/K =
Gab
L/K as above as the definition of the local Artin map. We need to check the

following compatibility:

Lemma 26.2.6. Let L′ ⊃ L be two finite Galois extensions of K. The following
diagram commutes:

K×
φL′/K// Gab

L′/K

π

��
K×

φL/K // Gab
L/K

Here π is induced by the canonical projection GL′/K → GL/K .

Proof. Write G and G′ for GL/K and GL′/K respectively. Let a ∈ K×. Let g =
φL/K(a) ∈ Gab, and let g′ = φL′/K(a) ∈ G′ ab. We need to show that π(g′) = g.

Let f ∈ Ĥ
1
(G,Q/Z) be an arbitrary element, and let f ′ = Inf(f) ∈ Ĥ

1
(G′,Q/Z).

If we think of f and f ′ as characters Gab → Q/Z and G′ ab → Q/Z, then f ′ = f ◦π.
By duality, in order to show that π(g′) = g, we only need to show that f ′(g′) = f(g).

By Lemma 26.2.4 we have
f ′(g′) = inv(ā ∪ δf ′)

Since the operations δ(·), ā∪·, and inv(·) are all compatible with inflation, the right
hand side is equal to inv(ā ∪ δf), which is equal to f(g). �

By Lemma 26.2.6, we can define the local Artin map
φK : K× −→ Gal(Kab/K)

by taking the inverse limit of φL/K over all finite abelian extensions L/K. Com-
paring with Theorem 8.2.3, we see that condition (ii) in that theorem is satisfied
by construction. We still need to check condition (i):

Lemma 26.2.7. Let π ∈ K be a uniformizer. Then φK(π) acts as the Frobenius
σ on Kur.

Proof. Let n be an arbitrary positive integer. Write G for GKn/K . Let σ′ =
φKn/K(π). It suffices to show that σ′ is equal to the Frobenius σ ∈ G. Let
f ∈ Ĥ

1
(G,Q/Z). We have

f(σ′) = inv(π̄ ∪ δf).
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Recall that inv : Br(Kn/K) ∼−→ 1
nZ/Z is the composition

Br(Kn/K) v−→ Ĥ
2
(G,Z) δ−1

−−→ Ĥ
1
(G,Q/Z) evσ−−→ Q/Z,

where evσ is the evaluation of elements of Hom(G,Q/Z) at σ. We have v(π̄∪δf) =
v(π) · δf = δf . Hence

f(σ′) = evσ ◦ δ−1(δ(f)) = evσ(f) = f(σ).

Since f is arbitrary, this shows that σ = σ′. �

We have finished the proof of Theorem 8.2.3.

27. Lecture 27, 5/6,2021

27.1. Functoriality properties of the local Artin map. As a bonus of the
cohomological method, we have the following functorial properties of the local Artin
map. When H ≤ G are finite groups, we define the transfer map V : Gab → Hab

to be the composition

Gab = Ĥ
−2

(G,Z) Res−−→ Ĥ
−2

(H,Z) = Hab.

(Here V stands for verlagerung.) It has an explicit description, see Proposition
21.1.5.

Theorem 27.1.1. Let K be a local field. Let K ′/K be a finite separable extension
inside Ks. (In particular, K ′ ab ⊃ Kab.) The following diagrams commute

K ′×
φK′ //

NK′/K
��

Gal(K ′ ab/K ′)

i

��
K×

φK // Gal(Kab/K)

K ′×
φK′ // Gal(K ′ ab/K ′)

K×
φK //

incl

OO

Gal(Kab/K)

V

OO

Here i(τ) = τ |Kab , and V is the topological transfer map defined as follows. Let L
be a common Galois extension of K ′ and K. Then GL/K′ ⊂ GL/K , and we have
the transfer map Gab

L/K → Gab
L/K′ . We define V to be the inverse limit of these

maps over all L.

Sketch of proof. Let L be a common finite Galois extension of K ′ and K. Let
G = GL/K and H = GL/K′ ≤ G. It suffices to prove the commutativity of the
following diagrams:

Ĥ
0
(H,L×)

Cor
��

Ĥ
−2

(H,Z)
uL/K′∪·oo

Cor
��

Ĥ
0
(G,L×) Ĥ

−2
(G,Z)

uL/K∪·oo
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Ĥ
0
(H,L×) Ĥ

−2
(H,Z)

uL/K′∪·oo

Ĥ
0
(G,L×)

Res

OO

Ĥ
−2

(G,Z)
uL/K∪·oo

Res

OO

For the second diagram, we use Res(uL/K) = uL/K′ , which follows from Lemma
25.1.1, and we use the formula Res(a∪ b) = Res(a)∪Res(b). For the first diagram,
we must show uL/K ∪ Cor(β) = Cor(uL/K′ ∪ β). Now the right hand side is

Cor(Res(uL/K) ∪ β) = uL/K ∪ Cor(β).
�

27.2. Connection with Lubin–Tate theory. Let K be a local field. Recall that
for each uniformizer π in K, we have constructed a tower of fields Kπ =

⋃
nKπ,n.

The compositum KLT := Kur ·Kπ is a subfield of Kab, and we have shown that it
is independent of π (Theorem 16.2.1). Also, we have constructed a homomorphism

φπ : K× −→ Gal(KLT/K),
and shown that it is independent of π. We denote φπ by φ′, and denote the local
Artin map φK : K× → Gal(Kab/K) by φ. We have

φ′(π)|Kur = σ, φ′(π)|Kπ = id .
For a ∈ O×K , the element φ′(a) acts trivially on Kur, and its action on Kπ,n =
K(Λf,n) (where f ∈ Fπ) is induced by the action of a−1 on the OK/πn-module
Λf,n. Let

Ur,n = πrZ × (1 + πnOK) ⊂ K×

for r, n ≥ 1. In particular, elements of φ′(Ur,n) act trivially on Kπ,n.

Theorem 27.2.1. We have KLT = Kab, and φ′ = φ.

Lemma 27.2.2. For a ∈ K×, we have φ(a)|KLT = φ′(a).

Proof. Since K× is generated by uniformizers, we may assume that a is a uni-
formizer π. Then φ(π) and φ′(π) both act as σ on Kur. It remains to check
that φ(π) acts trivially on Kπ,n for each n. Recall that the kernel of K× φ−→
Gal(Kab/K) → Gal(Kπ,n/K) is NKπ,n/K(K×π,n). Hence it suffices to check that π
is a norm from K×π,n. But this was proved in Theorem 15.1.3. �

For r, n ≥ 1, let Kr,n = KrKπ,n (where Kr/K is the degree r unramified exten-
sion), and let Nr,n := NKr,n/K(K×r,n).

Lemma 27.2.3. We have Ur,n = Nr,n.

Proof. We know that Nr,n consists of those a ∈ K× such that φ(a) acts trivially
on Kr,n. Since φ(a) = φ′(a) on KLT and since φ′(Ur,n) acts trivially on Kπ,n and
on Kr, we know that

Nr,n ⊃ Ur,n
. On the other hand, the index of Nr,n in K× equals [Kr,n : K], and we have
computed in Theorem 15.1.3 that this number is equal to r[Kπ,n : K] = r(q −
1)qn−1. We observe that this number is equal to the index of Ur,n in K×. Hence
Nr,n = Ur,n.
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�

Proof of Theorem 27.2.1. We only need to show that an arbitrary finite abelian
extension L/K is contained inside KLT. The norm subgroup NL/K(L×) is open
and finite index in K× (by Corollary 9.1.6, which is valid here since we already
have the existence of φK). Therefore NL/K(L×) contains Ur,n for sufficiently large
r, n. For a ∈ K×, using Ur,n = Nr,n we have

φ(a)|Kr,n = id⇔ a ∈ Nr,n ⇔ a ∈ Ur,n ⇒ a ∈ NL/K(L×)⇔ φ(a)|L = id .

Let M be an abelian extension of K containing L and Kr,n. Since the map φM/K :
K× → GM/K is surjective, the above shows that any element τ ∈ GM/K fixing
Kr,n also fixes L. This implies that L ⊂ Kr,n by Galois theory. Thus L ⊂ KLT as
desired. �

We can now also prove the Local Existence Theorem.

Proof of Theorem 9.2.1. If U is an open finite index subgroup of K×, then U con-
tains Ur,n for sufficienty large r, n. Since Ur,n = Nr,n is a norm subgroup, so is U ,
see Corollary 8.3.4. �

We have finished the proof of the two main theorems of local CFT,
with the additional knowledge Theorem 27.2.1, which gives an explicit
description of Kab and the local Artin map.

27.3. The group of ideles. Let K be a global field. We define the group of ideles
A×K = IK to be the restricted product

′∏
v

K×v ,

where v runs through all the places of K. This means that elements of IK are
tuples (av)v ∈

∏
vK
×
v such that av ∈ OKv for almost all v. We define the topology

on IK by declaring a basis of open sets to be sets of the form
∏
v Vv, where each Vv

is an open subset of K×v , and Vv = O×Kv for almost all v. Under this topology, IK
is a topological group, and it is locally compact and Hausdorff.

The diagonal embedding K× →
∏
vK
×
v factors through IK . We shall henceforth

think of K× as a subgroup of IK . It is a discrete subgroup, with respect to the
topology on IK .

Definition 27.3.1. For a finite extension L/K, we define the norm map

NL/K : IL −→ IK
as follows. For b = (bw)w ∈ IL, the v-th component of NL/K(b) is

∏
w|v NLw/Kv (bw).

Note that the norm map restricts to the usual norm map L× → K×.

28. Lecture 28, 5/11/2021

28.1. The global Artin map. Let L/K be a finite abelian extension. Let v
be a place of K and let w be a place of L over v. The decomposition subgroup
D(w/v) ⊂ GL/K is canonically identified with Gal(Lw/Kv). If we choose a Kv-
algebra embedding Lw → K̄v, then we have a surjective map Gal(K̄v/Kv) →
D(w/v) (which factors uniquely through Gal(Kab

v /Kv)). This map is independent
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of the embedding Lw → K̄v, since the maps resulting from different choices will
differ by conjugation on the target, and the target is abelian. We thus have a map

iLv : Gal(Kab
v /Kv) −→ D(w/v) ⊂ GL/K .

Since GL/K is abelian, the subgroup D(w/v) depends only on v and is independent
of w. Moreover, the map iLv is depends only on v and is independent of w.
Exercise 28.1.1. Verify the last statement.
Remark 28.1.2. The CFT for a local archimedian field is almost trivial. For K = C,
the local Artin map φK is the trivial map C× → Gal(C/C) = 1. For K = R, the
local Artin map φK is the map sgn : R× → Gal(C/R) ∼= {±1}. In this case,
we have Br(R) = Br(C/R) = Z/2Z (by explicit computation using cocycles; the
non-trivial element corresponds to the Hamilton quaternion algebra), and the local
Artin map has the same cohomological description, i.e., it is inverse to the map
Gal(C/R)→ R×/NC/R(C×) given by cupping with a generator of Br(R).
Definition 28.1.3. Let L/K be a finite abelian extension. We define the global
Artin map by the formula

φL/K : IK −→ GL/K

(av)v 7−→
∏
v

iLv (φKv (av)),(28.1.3.1)

where φKv is the local Artin map. Note that the product is finite, since for almost
all v we have av ∈ O×Kv and L is unramified over v, and we know that φKv (av) acts
trivially on Kur

v .
If L and L′ are two finite abelian extensions of K with L ⊂ L′, then the maps

φL/K and φL′/K are compatible with the projection GL/K → GL′/K , which follows
from the analogous property of the local Artin maps. Hence by taking the inverse
limit over L we obtain the global Artin map

φK : IK −→ Gal(Kab/K).
(However, the number of nontrivial terms in the product (28.1.3.1) can increase as
L gets larger and larger.)

28.2. Statements of global CFT.
Theorem 28.2.1 (Global Reciprocity Law). The map φK factors through the quo-
tient IK/K×. For each finite abelian extension L/K, the map φL/K : IK → GL/K
is surjective, and its kernel is K× ·NL/K(IL).

We write CK for IK/K×, called the idele class group. We equip it with the
quotient topology. For any finite extension L/K, the map NL/K : IL → IK descends
to a map NL/K : CL → CK . The Global Reciprocity Law is equivalent to the
statement that for L/K finite abelian, φL/K induces an isomorphism

CK/NL/K(CL) ∼−→ GL/K .

Theorem 28.2.2 (Global Existence Theorem). The open finite index subgroups of
CK are precisely those of the form NL/K(CL) for finite abelian extensions L/K.

As in the local case, from the above two theorems we deduce that the map
L 7→ NL/K(CL) is a bijection from the set of finite abelian extensions of K (inside
a fixed K̄) to the set of open finite index subgroups of CK .
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Theorem 28.2.3 (Functoriality of the global Artin map). Let K be a global field.
Let K ′/K be a finite separable extension inside Ks. The following diagrams com-
mute

CK′
φK′ //

NK′/K
��

Gal(K ′ ab/K ′)

i

��
CK

φK // Gal(Kab/K)

CK′
φK′ // Gal(K ′ ab/K ′)

CK
φK //

j

OO

Gal(Kab/K)

V

OO

Here i(τ) = τ |Kab , j is induced by the inclusion K ↪→ K ′, and V is the topological
transfer map defined in the same way as in Theorem 27.1.1.

28.3. Passing to the ideal theoretic formulation. For simplicity, we only work
with number fields K. For each non-archimedean place v of K, we write pv for the
corresponding prime ideal of OK .

Recall that a modulus for K is a formal product

m =
∏
v

ve(v)

where v runs through all the places of K, satisfying that
(i) e(v) ∈ Z≥0, and e(v) = 0 for almost all v.
(ii) If v is a complex place, then e(v) = 0.
(iii) If v is a real place, then e(v) ∈ {0, 1}.

Given a modulus m as above, we define the following objects:
(i) Let Vm be the (open) subgroup of IK consisting of (av)v ∈ IK satisfying:

• If v is archimedean and e(v) > 0, then av ∈ Kv
∼= R is positive.

• If v is non-archimedean and e(v) > 0, then av ∈ O×Kv ⊂ K×v and
v(1− av) ≥ e(v) .

(ii) Let Um be the (open) subgroup of Vm consisting of those (av)v ∈ Vm such
that av ∈ O×Kv for all non-archimedean v.

(iii) Let Im be the group of fractional ideals of K whose prime factors are those
pv with e(v) = 0. (This is a free abelian group generated by the set of pv
with e(v) = 0.)

(iv) Let P̃m = K× ∩ Vm.
(v) Let Pm be the group of principal fractional ideals generated by elements

of P̃m. We have Pm ⊂ Im. We define the ray class group

Clm := Im/Pm.

Since P̃m = Vm ∩K×, we have an injective homomorphism

Vm/P̃mUm ↪→ IK/K×Um

induced by the inclusion Vm ↪→ IK . The weak approximation theorem for adeles
implies that IK = VmK

×. Thus the above injection is an isomorphism. On the
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other hand, we have a well-defined homomorphism

Vm −→ Im, (av)v 7−→
∏
v<∞

pv(av)
v ,

which is surjective and has kernel Um. The induced isomorphism Vm/Um
∼−→ Im

descends to an isomorphism

Vm/P̃mUm
∼−→ Clm .

We thus obtain a canonical isomorphism

IK/K×Um
∼−→ Clm .(28.3.0.1)

Remark 28.3.1. The group Clm is finite.

Let L/K be a finite extension, and let m be a modulus for K. Let Im,L be the
group of fractional ideals of L whose prime factors are over those non-archimedean
places v of K with e(v) = 0. We have the ideal norm map

Im,L −→ Im, P 7→ pf(P/p),

where P is any prime ideal of OL belonging to Im,L and p is the prime ideal of
OK below P. We denote the image of this map by NL/K(m). Note that under
(28.3.0.1), the image of NL/K(IL) in the left hand side corresponds to the image of
NL/K(m) in the right hand side.

Theorem 28.3.2 (Reciprocity Law). Let L/K be a finite abelian extension. Then
there exists a modulus m for K satisfying the following conditions:

(i) Every place of K (including the archimedean ones) is unramified in L if
and only if it does not appear m.12

(ii) By (i), for every finite place v of K not appearing in m, we have the
Frobenius element Frobv ∈ GL/K . The homomorphism
Im −→ GL/K , pv 7−→ Frobv, v finite and not appearing in m

induces an isomorphism

Clm / im(NL/K(m)) ∼−→ GL/K .

A modulus m as above is called admissible for L/K.

Sketch of proof. Recall from Remark 25.0.1 that if E/F is a finite unramified exten-
sion of non-archimedean local fields, then NE/F (O×E) = O×F . Using this fact and the
fact that NC/R(C×) = R>0, we can find m satisfying (i) such that NL/K(IL) ⊃ Um.
Let A := IK/K×NL/K(IL). Then A is a quotient of the group IK/K×Um

∼=
Clm, and A ∼= Clm / im(NL/K(m)). By the idelic Reciprocity Law, we have the
global Artin isomorphism A

∼−→ GL/K . One checks that the resulting isomorphism
Clm / im(NL/K(m)) ∼−→ GL/K has the description as in (ii). �

Theorem 28.3.3 (Existence Theorem). For any modulus m for K, there exists
a unique finite abelian extension Km/K for which m is admissible and such that
NL/K(m) ⊂ Pm ⊂ Im. In particular, Clm ∼= GKm/K . The field Km is called the ray
class field of m.

12Here we say that an archimedean place v of K is unramified in L, if for every place w of L
over v we have [Lw : Kv ] = 1.
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Remark 28.3.4. Given a finite abelian extension L/K, a modulus m is admissible
for L/K if and only if L ⊂ Km. Since such m always exists, we can classify all
finite abelian extensions of K by classifying intermediate extensions of Km/K for
all moduli m. (This classification of course has repetitions, but the repetitions can
be figured out precisely.) For a given m, the intermediate extensions of Km/K
correspond to subgroups of Clm by the isomorphism Clm ∼= GKm/K .
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