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The goal of this course is the proof of global and local class field theory. The course is
sequel to Algebraic Number Theory (I) in Spring 2025.

1. LOCAL CLASS FIELD THEORY VIA COHOMOLOGY

1.1. Statements of local class field theory. Let K be a non-archimedean local field.
The following two theorems are the main theorems of local class field theory.

Theorem 1.1.1 (Local Reciprocity Law). There is a continuous homomorphism ¥k :
K* — G% with dense image, called the local Artin map, satisfying the following conditions:

(1) For each finite unramified extension L/K, the composition ¥y + K* v, G3b —
Gal(L/K) sends every uniformizer in K> to the Frobenius element in Gal(L/K).
(2) For each finite abelian extension L/K, the composition 1 x = K* Y, G —
Gal(L/K) is surjective and its kernel is Ny /g (L™).
Theorem 1.1.2 (Local Existence Theorem). We have an inclusion-reversing bijection
{finite abelian extensions L/K in K°} — {open finite index subgroups of K™},
sending L to N, /i (L*).
Last semester, assuming the truth of Theorem 1.1.1, we used Lubin—Tate theory to
establish the following:

(1) An explicit description of K3P.

(2) The map ©g as in Theorem 1.1.1 must be unique, and it is given by an explicit
formula.

(3) An explicit proof of Theorem 1.1.2.

The first goal of this course is to prove Theorem 1.1.1, namely the existence of Y. We
shall use group cohomology to construct this map. It will also follow from our construction
that ¥ satisfies norm and transfer functoriality, as recalled below:

Theorem 1.1.3 (Norm and transfer functoriality). Let L/K be a finite separable extension.
Then we have a commutative diagram

L* YL Gib

wl |

K> 2 g
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where i is induced by the inclusion G — Gi. We have a commutative diagram

X YL GaLb

| L

K e
where V is the transfer map.

1.2. The idea of using group cohomology. For any group G and any G-module A
(abelian group with G-action), we have the cohomology groups H!(G, A),i > 0, which are
abelian groups. If G is finite, then we have the Tate cohomology groups ITIi(G7A),i € Z.
In order to construct the Artin map ¥, for each finite abelian extension L/K we need to
construct the isomorphism

Up )k  Gal(L/K) = K> /Ny (L¥).

The two sides have group cohomology interpretations: The left hand side is ITI*2(Gal(L /K),Z)
where Z has the trivial Gal(L/K)-action (more generally, for any finite group G, I/-\I’Q(G, Z)
is the abelianization of G), and the right hand side is H(Gal(L/K),L*). In general, we
have the cup product

U: H (G, A) @ H (G, B) - H(G,A® B).
Moreover, there is a distinguished element, called the fundamental class,
c € H*(Gal(L/K), L*).
The desired map 1/’2/11( will be given by cupping with c:

wZ}K(z) =z Uc.

1.3. The category of G-modules. Let G be a group. By a G-module, we mean an
abelian group equipped with a left G-action via group automorphisms. Let Z[G] be the
group algebra of G over Z. This is the ring consisting of formal finite linear combinations
i ailg:], with a; € Z and g; € G, and multiplication is given by

(Z ai [gi])(z bj[hs]) = Z aib;[gih;].

Then a G-module is the same as a left Z[G]-module. Morphisms between G-modules are
group homomorphisms which are G-equivariant. (We shall also call these morphisms G-
homomorphisms.) The category of G-modules is abelian.

If X, Y are G-modules, we write Hom(X,Y") for the group of homomorphisms X — Y,
and write Homgzjg)(X,Y) = Homg(X,Y) for the group of G-homomorphisms X — Y.
Note that Hom(X,Y) is naturally a G-module, with the G-action defined by (¢f)(z) =
g(f(g7'2)),¥g € G, f € Hom(X,Y),r € X. We have Homg(X,Y) = Hom(X,Y)%.

Similarly, if XY are G-modules, then X ®y Y is naturally a G-module, where the G-
action is defined by g(z ® y) = gz ® gy.

Let H be a subgroup of G. We have two functors from H-modules to G-modules, called
induction and coinduction, defined by

Indf(X) = Z[G) @z X,
colnd$; (X) = Homy s (Z[G], X).
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In the first definition, Z[G] is viewed as a right Z[H]-module by right multiplication of H
on G, and the G-action on Ind% (X) is induced by the left multiplication of G on Z[G]. In
the second definition, Z[G] is viewed as a left Z[H]-module by left multiplication of H on
G, and the G-action on coInd% (X) is induced by right multiplication of G on Z[G], i.e., for
go € G and f € colnd% (X), we define

(gof)(z ailgi]) == f(>_ ailgigo)), VZai[gi] € Z[G].

?

We can make these definitions more concrete. For induction, we can fix coset representa-
tives for G/H, so that G = | |;c; giH. Then the right Z[H]-module Z[G] is free with basis
{[gi] }icr- Therefore

Indf; X = Plg:] ® X,
il

and each [g;] ® X is isomorphic to X as an abelian group. We can interpret elements of this
direct sum as finitely supported functions {g; }ier — X, i.e., if ¢ is such a function, then
the corresponding element in the direct sum is ), [g;] ® ¢(g;). From this point of view, one
can write down an explicit formula for the G-action on Ind$ X as follows: Let g € G. For
each i € I, there exists s(i) € I and h; € H such that gg; = gy)hi. Clearly s: [ — I'is a
bijection. We have

9>l @ 6(9:)) = > _l99:] @ 6(9:) = D _[9.(1)] © hih(gs)-

Hence the new function g- ¢ : {g;} — X sends g; to hg—1(;P(gs-—13:)-
Similarly, we can fix coset representatives for H\G, so that G = ||,c; Hg;. Then

colnd% X is the space of (all) functions {g;} — X, and one can also write down explic-
itly the G-action on it.

Clearly Indg and coInde are additive functors from the category of H-modules to the
category of G-modules. The concrete descriptions above immediately imply the following:

Lemma 1.3.1. The functors Indg and coIndg are exact, i.e., they send exact sequences of
H-modules to exact sequences of G-modules.

Exercise 1.3.2. If H is of finite index in G, then the functors Ind$; and coInd$ are naturally
isomorphic. (Hint: Use g — ¢! to relate G/H and H\G.)

Let X be a G-module. Write X for X viewed as an H-module. Then we have an injective
G-homomorphism

X — colnd$ (Xp), @+ (Z ailgi) = Zaigi(fv))-

(It is injective because the image of x sends [1] € Z[G] to x.) Also we have a surjective
G-homomorphism

Indf (Xo) — X, (Z ailgi]) ® v — Zaigi(x)'

K2

Exercise 1.3.3. Check the following two versions of Frobenius reciprocity: Let H be a
subgroup of G. For any G-module X and H-module A, we have a natural isomorphism

Homy ) (Xo, A) — Homy)(X, colnd§ A)
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sending f : Xg — A to the composite map

colnd$ (f)

X — colnd$ X, colnd$ A.

Also we have an isomorphism
Homgzz1(A, Xo) AN Homygq (Indg A X)
sending f : A — X to the composite map

G
mdS A4 295D, 148 x, s X

Let Res$ be the functor from G-modules to H-modules sending a G-module to itself
viewed as an H-module. Then the above exercise shows that Res$ has left adjoint Indg
and right adjoint coIndg.

Recall that in an abelian category A, an object I is called injective (resp. projective)
if the functor Hom4 (-, 1) (resp. Hom4(I,-)) from A to the category of abelian groups is
exact. The category is said to have enough injectives, if for every object A there exists a
monomorphism A — I where [ is injective. The category is said to have enough projectives,
if for every object A there exists an epimorphism P — A where P is projective.

If A has enough injectives, then every object A admits an injective resolution, namely an
exact complex

0—-A=I1" =T — ...

where each I* is injective. (To construct it, first find a monomorphism A — I°. Then by
induction, if we already have A — I° — ... — I™ find a monomorphism Cok(I"~! —
I") — I"*t! with I"*! injective.) Similarly, if A has enough projectives, then every object
A admits a projective resolution

—>P1—>P0—>A—>O
where each P; is projective.

Exercise 1.3.4. In the category of abelian groups, an abelian group A is injective if and
only if it is divisible, namely for every a € A and n € Z~q, there exists b € A such that
a = nb. Every free abelian group is projective. Then show that the category of abelian
groups has enough projectives and enough injectives. (Hint: for the latter, show that for
every abelian group A there is an injection A — erHom(A,Q/Z) Q/z.)

Lemma 1.3.5. If A is an injective abelian group, then coIndf A is an injective G-module.
If A is a projective abelian group, then Indf’v A is a projective G-module.

Proof. This follows easily from Frobenius reciprocity. ]

Corollary 1.3.6. The category of G-modules has enough injectives and enough projectives.

Proof. Let X be a G-module, and X the underlying abelian group of X. The category of
abelian groups have enough injective objects, so we can find an injective homomorphism
Xy — Iy where I is an injective abelian group. Since coInd? is exact, we have injective
G-homomorphisms X — coIndf Xy — coIndf Iy. By Lemma 1.3.5, coInd? Iy is an injective
G-module.

The proof of enough projective objects is similar, using that the category of abelian
groups has enough projectives and using the surjection Inle Xo — X. ]
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By the above corollary, for any left exact additive functor F from G-modules to an
abelian category, we have the right derived functors R'F,i > 0. Similarly, for any right
exact additive functor G from G-modules to an abelian category, we have the left derived
functors L;G,i > 0.

1.4. Recall of derived functors. (See [Wei94, §2] for details.)

Definition 1.4.1. Let A, B be abelian categories.

(1) A cohomological §-functor is a collection (F?,§), where F' : A — B are additive
functors for i > 0, and § is the datum of a morphism F*(Z) — F**1(X) for each i
and each short exact sequence 0 - X — Y — Z — 0 in A. These should satisfy:

(a) For every short exact sequence 0 - X — Y — Z — 0 in A, we have a long
exact sequence

0= FUX) = FOY) » FU(2) S FUX) » FL (V) = FL (2Z) S FA(X) — -

(b) If we have a commutative diagram with exact rows in A:

0 X Y Z 0
0 X' Y’ A 0

then for each i > 0 the following diagram commutes:

Fi(Z) —2= FiH(X)

L,

FZ(Z/) 4 fi+1(X/)

(2) A homological d-functor is a collection (F;,d), where F; : A — B are additive
functors for ¢ > 0, and ¢ is the datum of a morphism F;11(Z) — F;(X) for each 4
and each short exact sequence 0 - X — Y — Z — 0 in .A. These should satisfy:

(a) For every short exact sequence 0 - X — Y — Z — 0 in A, we have a long
exact sequence

s F(2) S FUX) o FY) = FUZ) D Fo(X) = FoY) = Fo(Z) — 0.
(b) The analogue of (1)(b).

There is an obvious notion of morphisms between d-functors. For instance, a morphism
between cohomological é-functors (F¢,§) — (F'+¢,6") is a collection of natural transforma-
tions F? — F’* which are compatible with J in the obvious sense.

We now discuss right derived functors. Fix F : A — B a left exact additive functor
between abelian categories.! Assume that A has enough injectives.

Theorem 1.4.2. There is a unique (up to isomorphism) cohomological §-functor (R'F,6),
called the right derived functors of F, satisfying the following conditions:

(1) ROF = F.

LAn additive functor F : A — B between abelian categories is called left (resp. right) ezact, if for
any short exact sequence 0 - X — Y — Z — 0 in A, the sequence 0 — F(X) — F(Y) — F(2)
(resp. F(X) = F(Y) — F(Z) — 0) is exact.
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(2) If (G%,6&") is another cohomological §-functor, then every natural transformation
RYF — GO extends uniquely to a morphism of 6-functors (R'F,8) — (G, &)

Fact 1.4.3. One can compute R'F using injective resolution. For X € A, we find an
injective resolution 0 — X — I° — I' — -... Then R'F(X) € B is the i-th cohomology
object of the complex F(I°) — F(I') — --- in B. (We shall write the resolution as 0 —
X — I°*, and write the above complex as F(I°®).) In particular, if X is injective, then
RF(X)=0 foralli>1.

Definition 1.4.4. A cohomological §-functor (F*,§) is called effaceable, if for every X € A
there exists a monomorphism X — X’ such that F*(X’) =0 for all i > 1.

By our assumption that A has enough injectives and by the fact that R‘F(X) = 0 for
X injective, we know that the family of right derived functors R'F of F is effaceable. We
have the following criterion for recognizing derived functors.

Fact 1.4.5. The family of right derived functors of F is the unique (up to isomorphism)
effaceable cohomological §-functor whose 0-th member is F. More precisely, if (G*,8") is

an effaceable &-functor, then any isomorphism R°F -+ GO extends to an isomorphism of
§-functors (R'F,8) — (G4, 8').

We now discuss left derived functors, which is completely analogous. Fix F : A — B
a right exact additive functor between abelian categories. Assume that A has enough
projectives.

Theorem 1.4.6. There is a unique (up to isomorphism) homological §-functor (L;F,0),
called the left derived functors of F, satisfying the following conditions:
(1) LoF =2 F.
(2) If (G;,8") is another homological §-functor, then every natural transformation Gy —
LoF extends uniquely to a morphism of §-functors (G;,6') — (L;F,9).

Fact 1.4.7. One can compute L;F wusing projective resolution. For X € A, we find an
projective resolution --- — P, — Py — X — 0. Then L'F(X) € B is the i-th cohomology
object of the complex --- — F(P1) — F(Py) in B. In particular, if X is projective, then
L;F(X)=0 foralli> 1.

Definition 1.4.8. A homological é-functor (F;,d) is called effaceable, if for every X € A
there exists an epimorphism X’ — X such that F;(X’) =0 for all ¢ > 1.

Fact 1.4.9. The family of left derived functors of F is the unique (up to isomorphism)
effaceable homological §-functor whose 0-th member is F.

Now suppose that F : A — B is a right exact additive functor between abelian categories,
and that A has enough projectives. Then the left derived functors L;F (i > 0) are defined.
These turn short exact sequences 0 - X — Y — Z — 0 to long exact sequences of the form

coo 5 LoF(Z) - LiF(X) = LWFY) = L1 F(Z) = LoF(X) = LoF(Y) = LoF(Z) — 0,

and are similarly characterized by LoJF = F and a universal property as before. For each
X in A, take a projective resolution

=P = Py—= X —=0.

Then L;F(X) is the i-th homology of the complex F(P,).
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1.5. Definition of group (co)homology. Given any G-module X, we define the G-
invariants

XC¢={reX|gr=uVgeG}
and the G-coinvariants

Xe=X/(gr—z|geG,zxeX).
Then X — X% and X — X are functors from G-modules to abelian groups. Note that
they are left exact and right exact respectively.

Definition 1.5.1. For i > 0, we define H*(G,-) to be the i-th right derived functor of the
left exact functor X + X from G-modules to abelian groups. We define H;(G,-) to be
the i-th left derived functor of the right exact functor X — X¢ from G-modules to abelian
groups.

Example 1.5.2. By definition we have H(G, X) = X and Hy(G, X) = X¢.
Example 1.5.3. Let G be the trivial group. Then H (G, X) = H;(G, X) = 0 for i > 0.
Exercise 1.5.4. Let (M;) ;e be a family of G-modules. Then H'(G, [I; My) =11, HY(G, M;).

1.6. Alternative definition using free resolution of Z. Note that the functor X —
X% from G-modules to abelian groups can be alternatively regarded as the functor X —
Homgy(Z, X), where Z is equipped with the trivial G-action.

Fact 1.6.1. Let A be an abelian category with enough injectives. Fizx A € A, and let
Ext’(A,-) be the right derived functors of the functor Hom(A,-) : A — {abelian groups}.
Suppose A has a projective resolution Py — A — 0. Then Exti(A,X) can be computed as
the i-th cohomology of Hom(P,, X).

Thus HY(G, X) = Ext%[G] (Z, X). If we take a projective resolution
=P =Py —7Z—0

of Z in the category of G-modules (which exists), then Ext%[G] (Z,X) can be computed as
the i-th cohomology of

Homge(Po, X ) — Homge) (P, X) — -+ .

This gives an alternative, and in fact more practical, way of computing H*(G, X). Note
that we can fix the resolution P, once and for all, independently of X.

We will soon exhibit a free resolution Py — Z — 0, i.e., each P; is a direct sum of copies
of Z|G]. Note that any free Z[G]-module is projective. With such a resolution we can also
compute H;(G,-). We view the left G-module P; also as a right G-module by defining p - ¢
tobe g~ -p, for p € Pi,g € G. Then P, — Z — 0 is also a free resolution in the category
of right Z[G]-modules.

Lemma 1.6.2. Fach H;(G, X) is the i-th homology of
w = PL g X — By Qg1 X.

Proof. Let G; be the functor sending X to the i-th homology of the complex as in the
lemma. We first show that the (G;) can be naturally enhanced to a homological J-functor.
In other words, we need to show that for any short exact sequence 0 - X - Y — Z — 0
of G-modules we have functorially a long exact sequence

(1.1) = Gi(Z) = Go(X) = Go(Y) — Go(Z) — 0.
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For this, observe that 0 — P; @z X — P ®ziq1Y — P ®z/qZ — 0 is exact for all 4, since
P; @7/ R is just a direct sum of copies of R for any G-module R. Then we would obtain a
short exact sequence of complexes 0 — Py ®ziq) X — Pos Q@zq1 Y — Pe ®@z/g) Z — 0, from
which we obtain a long exact sequence of the homology groups of the complexes, i.e. a long
exact sequence (1.1).

We have Go(X) = (Py/P1) @zjq) X = Z @ziq) X = Ho(G, X). Thus by Fact 1.4.9, it
suffices to check that for every G-module X there is an epimorphism X’ — X such that
Gi(X') =0 for all i > 0. We take X’ = Ind® X = Z[G] @z X. We need to show that the
complex

o= Py ®z[G] X — Py ®z[a] X'

is exact. But each term is P; ®7 X. The P;’s are free abelian groups, so the homology of
the above complex computes Tor;(Z, X), where Tor;(-, X) are the left derived functors of
(1) ®z X from abelian groups to abelian groups. But Z is projective as an abelian group, so
Tor;(Z,X) =0 for i > 1. O

Remark 1.6.3. The proof of Fact 1.6.1 is similar and easier. The functors sending X to the
cohomology groups of Hom(P,, X) form a cohomological §-functor. The zero-th cohomology
is ker(Hom(Py, X) — Hom(Py, X)) = Hom(Py/P;, X) = Hom(A4, X). To show that this d-
functor is effaceable, for every X € A we take a monomorphism X — X’ with X’ injective,
and we only need to show that Hom(P,, X’) is exact. But this follows directly from the
injectivity of X’ (so Hom(-, X’) turns arbitrary, not just short, exact sequences into exact
sequences).

Proposition 1.6.4 (Shapiro’s Lemma). Let H be a subgroup of G. For each H-module X,
there are natural isomorphisms

H'(G, colnd$, X) =~ H(H, X)
and
H,(G,Ind% X) > H;(H, X)
fori>0.

Proof. Fix a free resolution P, — Z — 0 in the category of G-modules. Then H'(G, colnd$; X)
is the i-th cohomology of Homyq)(Pe, colnd® X)), which is the same as Homgg)(P,, X) by
Frobenius reciprocity. Note that P, — Z — 0 is also a free resolution in the category of
Z[H]-modules. (Everything free over Z[G] is also free over Z[H].) Hence the cohomology of
Homg g (P, X) is H(H, X).

The statement about homology is proved similarly. O

Definition 1.6.5. A G-module is called induced (resp. coinduced), if it is of the form
Ind§' A (resp. colnd{’ A) for an abelian group A. A G-module is called relatively injective
(resp. relatively projective), if it is a direct summand of a coinduced (resp. induced) G-
module.

Corollary 1.6.6. Let X be a relatively injective G-module. Then H* (G, X) =0 fori > 1.
Let Y be a relatively projective G-module, then H;(G,Y) =0 fori > 1.

Proof. This follows from Shapiro’s Lemma and Example 1.5.3. |
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1.7. The standard free resolution of Z. We now describe an explicit choice of a free
resolution Py — Z — 0 in the category of G-modules. Let P; = Z[G**!], with G-action
given by

990,91, .9 = 990, -, 99:], V9 € G, (g0,...,9:) € G
Note that P; is indeed a free Z[G]-module, with a Z[G]-basis

g, 9]l g1, 9: € G}
Define the differential d; : P, — P;_1 by

di[gOa e 791] = Z (_1)J[907 e 7.§\j7 R agiL V(907 e agi) S Gi+1-
0<j<i
Here hat means ommision. Define ¢ : Py — Z by €[go] = 1,Vgo € G. (This is called the
augmentation map.)

Proposition 1.7.1. The following is an exact complex in the category of G-modules:
PPN PSSz 0.
In particular, it is a free resolution of Z. We call it the standard free resolution.

Proof. Tt is routine to check that this is a complex (i.e., the composition of any two con-
secutive maps is zero). The exactness at Py is also easy. We check exactness at P; for
i > 1. For every g > 0 define hy : P, — Pyi1 by [g90,.--,9¢] — [1,90,...,94]. Then for
T = [QOa"'agi] €P7;,

i+1

(dz‘+1 o hz)m =+ Z(—l)j [17907 ey Aj,h e ,gi] =T — (hi,1 o dz).’L‘

j=1
Thus by linearity we have

(di+1 o hl)LE =T — (hi—l o dl)i)']
for all z € P;. If z lies in the kernel of d;, then the above shows that z = d;1(h;(z)). O

Remark 1.7.2. The same proof shows that for any finite set .S, we have an analogous exact
complex of abelian groups Py — Z — 0 where P; = Z[S**!]. This complex is nothing but
the augmented ordered chain complex (see below) of the |S| — 1 dimensional simplex A%
with vertex set S. Thus the homology of this complex computes the reduced homology of
A%, and this is indeed zero since A® is contractible.

1.8. Digression into algebraic topology. (See [Bro94, §§1.4, I11.4, II1.1] for details.) Let
G be a group. As Remark 1.7.2 suggests, there is a close relation between free resolutions
of Z in the category of G-modules and algebraic topology. We consider the following two
settings:

CW setting. Let X be a CW complex with a G-action such that G freely permutes
the cells. Let P, — Z — 0 be the usual augmented cellular chain complex for X, where P;
is the free abelian group generated by the i-dimensional cells. Since G freely permutes the
i-dimensional cells, P; is a free Z|G]-module. Moreover, P, — Z — 0 is a complex in the
category of G-modules. The homology of this complex computes the reduced homology of
X. Hence we obtain a free resolution of Z if X is contractible.

Simplicial setting. Let X be a simplicial complex with a G-action such that G freely
permutes the vertices. Let P, — Z — 0 be the augmented ordered chain complex, where
P; is the free abelian group generated by ordered (i + 1)-tuples of vertices, and d : Pi11 —
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Pi, [voy ..., V1] — Zj(—l)j [v0,...,0j,...,vi41]. Since G freely permutes the vertices, P;
is a free Z[G]-module. Moreover, P, — Z — 0 is a complex in the category of G-modules.
The homology of this complex computes the reduced homology of X. Hence we obtain a
free resolution of Z if X is contractible.

How do we construct such a contractible X systematically? Let Y be either a connected
CW complex or a connected simplicial complex such that 71 (Y,y) = G for some base
point y € Y. Assume the universal cover X of Y is contractible. A space Y satisfying these
conditions is called K (G, 1) or an Eilenberg-MacLane space. For such Y, the universal cover
X with the natural G-action satisfies our conditions before, in either of the two settings.
Thus we obtain a free resolution of Z in the category of G-modules.

From this discussion we also obtain a topological interpretation of H (G, Z) and H; (G, Z).
Recall that H;(G,Z) is the i-th homology of the complex (P ®ziq) Z) = (Ps)g. If P, is
constructed from the universal cover X — Y as above, then it is easy to see that the complex
(P )¢ is nothing but the cellular chain complex (resp. ordered chain complex) for Y in the
CW setting (resp. simplicial setting). Therefore

H;(G,Z) = Hy(Y, Z).

Similarly,
H!(G,Z) = H(Y,Z).

1.9. Computing cohomology. Let X is a G-module. Recall that H (G, X) is the i-
th cohomology of Homgg(Ps, X). Now Homgq (P, X) is identified with abelian group

C‘i(G,X) consisting of functions f : G'*! — X satisfying the homogeneous condition
f(990s---,99:) =g f(g0,---.9i)-

Such functions are called homogeneous i-cochains. The differential d : C*(G, X) — C**1(G, X)
induced by d : P41 — P; is given by

(df)(go,---gi1) = > (=1 f(go,-- -+ G-+ 9)

J=0

We would like to dehomogenize C*(G, X). Let C*(G, X) be the abelian group of all maps
G' — X. We have an isomorphism

CNVL(G7X) % Cl(GvX)7 f = ((917 B agi) = f(17glvglg27 -ee5 g1 gz))
The induced differential d : C*(G, X) — C*T}(G, X) is given by

(Af)(g1s -2 9i01) = 915 (920> gix 1)+ D_(=1 F(g1,- -2 9395115 9 )+H(=1) " flgr, -, g0)-
j=1

The kernel and image of d : C*(G, X) — C**1(G, X) are denoted by Z*(G, X) and B*+1(G, X),
and their elements are called i-cocycles and i + 1-coboundaries (for ¢ > 0). We have
H'(G, X) = Z°(G, X) and

H (G, X)=Z7(G,X)/B'(G,X), i>1.

Example 1.9.1. The differential d° : C°(G,X) = X — C(G,X) sends z € X to the
function G — X, g+ gr — x. Its kernel is indeed H%(G, X) = X©.
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Example 1.9.2. The differential d' : C1(G, X) — C?(G, X) sends f to the function

G* = X, (91,92) = 91~ f(92) = f9192) + f(9n)-
Its kernel Z'(G, X) consists of functions f : G — X satisfying

f(9192) = f(g1) + 91 - f(92),

called crossed homomorphisms. Thus H!(G, X) is the quotient of the group of crossed
homomorphisms by the group of functions of the form g — gz — x for some x € X (which
are called principal crossed homomorphisms). Note that if G acts trivially on X, then
H!(G, X) = Hom(G, X).

Example 1.9.3. Let G be a group and X be an abelian group. By an extension of G
by X, we mean a triple (F,4,p), where E is a group, ¢ : X — F is an injective group
homomorphism, p : E — G is a surjective homomorphism, such that ker p = imi. Given such
an extension, we choose a set-theoretic section s : G — E of the map p: E — G. For each
g € G, let g act on X by z +— s(g)xs(g)~!. This defines a G-module structure on X, which is
independent of the choice of s. Consider the function f : G — E, (g, h) — s(g)s(h)s(gh)~*.
Since p(f(g,h)) = gh(gh)™! = 1, we know that f is a function G> — X. Moreover, one
directly checks that f € Z?(G, X), and its image in H?(G, X) is independent of the choice
of s. Note that the group structure on F is uniquely determined by the G-module X and
f. Indeed, every element of E can be written as xzs(g) for unique z € X and g € G. The
multiplication is expressed as

r15(g1)725(92) = 3515(91)3025(91)715(91)5(92) = (551(91 'xz)f(ghgz))s(glgz)-
The expression on the right is again of the form xs(g).

We define an isomorphism between two extensions (E,i,p) and (E’,#,p") to be a group
isomorphism ¢ : £ -~ E’ such that ¢ oi =i’ and p’ o ¢ = p. Then for any given G-module
structure on X, the set H?(G, X) classifies the isomorphism classes of extensions of G by
X such that the induced G-module structure on X is the given one.

Suppose that X — Y is a map of G-modules. Then since H*(G,-) is a functor we have
a homomorphism H*(G, X) — H!(G,Y). This can be described in terms of cochains as
follows. We have an obvious map C*(G,X) — C¥(G,Y) for each i, induced by the map
X — Y. These maps commute with the differentials, and hence induce maps H* (G, X) —
H'(G,Y). These agree with the functorial maps.

Given a short exact sequence 0 - X — Y — Z — 0 of G-modules, the connecting
map § : H(G,Z) — H"1(G, X) can be described in terms of cochains as follows. Given
a € HY(G, Z), first find an i-cocycle f : Gt — Z representing .. Since Y — Z is surjective,
we can lift f to an i-cochain f : G* — Y. Now df may no longer be 0, but we at least have
df € C(G, X) since for any g € G the image of (df)(g) € Y in Z is (df)(g) = 0. Since
d(df) = 0, we have df € Z!(G, X). The class in H (G, X) represented by df is 6(c).

Similarly, we can use the free resolution Py — Z — 0 to compute H;(G, X)) and obtain
the following explicit description. For ¢ > 0 let C;(G, X) be the group of finitely supported
functions G* — X. For i > 1 define the differential d : C;(G, X) — C;_1(G, X) by

(@) (g1, r9i-1) = Y g (9,01, gi1)+
e
i—1
+ Z(_l)J Z f(917 oo ugjflvgjgvg_lvgj?l»lv e 792’71) + (_]-)’L Zf(glv cee 79727179)'

Jj=1 geG g
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Then H;(G, X) is the i-th homology of the complex Co(G, X).

1.10. Computing H,(G,Z). Let Z be the Z[G]-module with trivial G-action. We compute
H;(G,Z). Consider the augmentation map

7 Z[G] — Z, Zag[g] — Zag.

(This is the same as the map e : Py — Z before.) Let Is be the kernel of w. Note that I
is a free Z-module with basis {[1] — [g] | ¢ € G — {1}}. For any G-module X, we have

Xe =2 X/IgX.
From the short exact sequence 0 — I — Z[G] — Z — 0, we obtain the long exact sequence
Hl(G,Z[G]) — Hl(G,Z) — Ho(G,I(;) — Ho(G,Z[G])

The first term is zero since Z[G] is induced (Corollary 1.6.6), and the last map is zero since
it is the map Ig/I% — Z|G]/Ig induced by the inclusion I — Z[G]. Thus we have a
canonical isomorphism
H,(G,7) = 1g/I3.
Now it is elementary to check that
G— Ie/Ig, g+ 1-]g]

induces an isomorphism G* = I/I%. (Here G®" is the abelianization of G as an abstract
group.) Thus we have a canonical isomorphsm between H; (G, Z) and G?P.

1.11. Change of group. Suppose we have homomorphism of groups « : G’ — G. For any
G-module X, we obtain a G’-module o*X whose underlying abelian group is X and the
G’-action is given by ¢’z := a(g')x. Clearly X — a*X defines an exact functor from the
category of G-modules to the category of G’-modules. Thus the family (H* (G, a*(+)))i>0 is
a (cohomological) §-functor from G-modules to abelian groups. For i = 0, we have a natural
transformation
HO(G7 ) — HO(le a*())

since for any G-module X, X is just a subgroup of (a*(X))¢" = X&) and we have the
inclusion map X < (a*X)E. Thus by the universal property of derived functors this
natural transformation extends uniquely to a morphism of §-functors

Resq : (H'(G, ")), — (H'(G', 0" (1)),

We call it restriction along a.
This construction can also be explicitly described as follows. For each i and each G-
module X, pull-back via « defines a homomorphism

C'(G,X) — CY(G a*X), fr—((dh,---. ) — flalgl),...,alg)).

These homomorphisms commute with the differentials C*(G, X) — C**1(G, X) and C(G’,a* X)) —
CYG',a*X), i.e., we have a morphism of complexes C*(G,X) — C*(G’,a*X). So we
get induced homomorphisms

H (G, X) — H(G, " X).

These homomorphisms agree Res,, defined above.
The following two special cases are particularly important.
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(1) Subgroup. Let a : H — G be the inclusion of a subgroup. In this case the
homomorphism H*(G, X) — H'(H, X) is called restriction, denoted by Res. At the cochain
level, the map C*(G, X) — C*(H, X) is just restriction of a function f : G* — X to H’.

(2) Quotient group. Let N be a normal subgroup of G, and let @ : G — G/N be
the quotient map. Then for every G/N-module X we have HY(G/N,X) — H{(G, X).
Now for every G-module Y, note that YV is stable under the G-action since N is normal,
and moreover the G-action factors through G/N. Thus Y is naturally a G/N-module.
Consider the composite map

H'(G/N, YY) - H(G, YY) - H(G,Y),

where the second map is induced by the G-module map YV < Y. This composite map is
called inflation, denoted by Inf. At the cochain level, inflation sends f : (G/N)" = Y to
the composite map G* — (G/N) - YN - V.

For homology, there is a similar construction. Again let o : G’ — G be a homomorphism.
Then we have a natural transformation

Hy(G',a"(-)) — Ho(G,")

(between functors from G-modules to abelian groups) since for every G-module X, X¢ is a
quotient group of (a*X)g: = Xy (). Again by the universal property of derived functors
we obtain a unique extension to a morphism of é-functors

Cor,, : (Hi(G’,a*(-)))i — (Hi(G, ))z
We call it corestriction along o.

1.12. The inflation-restriction sequence. Let X be a G-module, and let N be a normal
subgroup of G.

Proposition 1.12.1. The sequence

0 — HY(G/N, xN) 5 7Y (G, X) 2= HY(N, X)

s exact.

Proof. We first show the injectivity of Inf. Let f € ZY(G/N,X™). If Inf([f]) = 0, then
there exists € X such that f(g) =  — gz for all g € G. (Here g denotes the image of g
in G/N.) But this equation already implies that z € XV since the left hand side depends
only on g. Thus f is a coboundary in Z'(G/N, X ™).

We now show ResolInf = 0. Let f € Z'(G/N,X"). Then ResoInf([f]) is represented
by the cocycle f/: N — X, n+— f(n). But f(7) = f(1) =0 since f(1-1) = f(1)+1- f(1).
Hence ResoInf([f]) = 0.

Finally, we show that ker(Res) C im(Inf). Let f € Z'(G, X) represent a class in ker(Res).
Then there exists x € X such that f(n) = nx —x foralln € N. Let [/ : G —» X, g —
f(g) — gz + 2. Then f' € Z1(G,X) and its class in H(G, X) is the same as that of
f. Tt suffices to show that f’ factors through G/N and lands in X%, as then f’ can
be viewed as a cocycle in Z'(G/N, X") and its image under Inf is the original [f]. For
this, note that f'(n) = 0 for all n € N. Hence f'(gn) = f'(g9) + gf'(n) = f'(g) for all
g € G,n € N. This shows that f’ factors through G/N. For all n € N and g € G, we have
f'(ng) = f'(n) + nf'(g) = nf'(g), and also f'(ng) = f'(g) as we have already shown. This
shows that f’(g) is fixed by N, i.e., f' lands in X*. O

We have the following generalization.
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Proposition 1.12.2. Let q be a positive integer. Suppose that H (N, X) = 0 for 1 <i <
qg—1. (If g =1, there is no hypothesis.) Then the sequence

0 — HY(G/N, xV) 25 1e(G, x) B HI(WV, X)

s exact.
For the proof we need the following two lemmas.

Lemma 1.12.3. Let Y be a G-module, and let H be a subgroup of G. IfY is coinduced,
then it is also coinduced when viewed as an H-module. Similarly for induced.
Proof. Since Z[G] is a free Z[H]-module, we have an H-isomorphism Z[G] = @, ; Z[H] for
some index set I, where H acts on the two sides via right multiplication. (Take I to be a
set of representatives of G/H.) If Y = coInd? A for some abelian group A, then
Y = Homg(Z[G], A) = | [ Homz(Z[H], A) = Homg (Z[H], [ [ A) = colnd] (] ] 4),
icl il iel

where the isomorphisms are H-equivariant. Thus Y is coinduced as an H-module.

To prove the statement about induced, we have an H-isomorphism Z[G] = P, ; Z[H]
for some index set J, where H acts on the two sides via left multiplication. (Take J to be
a set of representatives of H\G.) If Y = Ind¥ A, then

Y = Z[G) @7 A= P (Z[H] @7 A) = Z[H] @z (B A) = Ind{" (] 4),
icl icl icl
where the isomorphisms are H-equivariant. Thus Y is induced as an H-module. O

Lemma 1.12.4. Let Y be a coinduced G-module. Let N be a normal subgroup of G. Then
YN is a coinduced G /N -module.

Proof. Suppose Y = colndS A = Homy(Z[G], A). Thus Y is identified with the group of all
set theoretic maps G — A, and the G-action is given by right multiplication on G. Then
YN consists of right N-invariant set theoretic maps G — A, which are the same as maps
G/N — A. Hence YV is isomorphic to coInd?/N A as a G/N-module. O

Proof of Proposition 1.12.2. We induct on q. For ¢ = 1 this is Proposition 1.12.1. Assume
q > 2. Recall that we have an injective G-homommorphism X — Y := coInd? Xo, where
X is the underlying abelian group of X. Let Z = Cok(X — Y'). Since Y is coinduced,
we have H'(G,Y) = 0 for all i > 1 (see Corollary 1.6.6). Thus by the long exact sequence
associated with 0 - X — Y — Z — 0 we know that the connecting morphism induces an
isomorphism
§:HY(G,Z) = HTY (G, X)
for ¢ > 1.
Now since H*(IV, X) = 0 by hypothesis (as ¢ > 2), the sequence

0= XY vV 5 27ZN 50
is exact. By Lemma 1.12.4, YV is a coinduced G/N-module. Thus again we have
§:H(G/N,zZN) = HY(G/N, XN)
for ¢ > 1.

Now if we view the G-module Y as an N-module, then it is also coinduced by Lemma
1.12.3. Then from the short exact sequence 0 - X — Y — Z — 0 of N-modules we obtain

§:HY(N,Z) = HTY(N, X)
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for¢>1.
We have a commutative diagram

0——HY(G/N, zV) 2L s Hi-1(q, 7) -BS He- (N, 2)

l‘; J/a l‘;
0— HI(G/N, xV) 2L+ He(G, X) —B=- HI(N, X).

We have already seen that the vertical maps are isomorphisms. To finish the proof, it suffices
to check that the first row is exact. Note that Z satisfies the condition that H(N, Z) = 0
for 1 <i < q— 2, since H(N, Z) 2 H*"}(N, X). Thus the first row of the above diagram
is exact by the induction hypothesis. O

1.13. Finite index subgroups. Let H < G be a finite index subgroup. In the following
we define corestriction H'(H, X) — H!(G, X) and restriction H;(G, X) — H;(H, X) for
any G-module X.

For i = 0, we define corestriction Cor : H(H,X) = X# — H°(G,X) = X% as v —
deG/H gz. The sum is finite and gz is well defined for g € G/H since x is fixed by H.

Now note that (H!(H,-)); is a cohomological §-functor from G-modules to abelian groups.
We claim that these are actually the right derived functors of H°(H,-). (This does not
directly follow from the definition since we are considering functors from G-modules, not
H-modules, to abelian groups.) By Fact 1.4.5, it suffices to check that for any G-module
X, there is a monomorphism X — I such that H(H,I) = 0 for all i > 1. We have a
monomorphism X — I = colnd{ X. By Lemma 1.12.3, T is still coinduced as an H-module.
Therefore H (H,I) = 0 for all i > 1 as desired.

By the claim and the universal property for derived functors, Cor : H(H,-) — H°(G,-)
extends uniquely to a morphism between o-functors (from G-modules to abelian groups)

Cor: (H'(H,")), — (H'(G,"))..

We follow a similar procedure to define restriction for homology. Let {g;} be a set of
representatives for H\G. Define Res : Hyo(G, X) — Ho(H, X) as follows. Define f : X —
Xu,x — Y ,g;xz. Clearly f is independent of the choice of {g;} since hg;x = hgix —
gix + gix = g;x in Xy, for any h € H. Moreover, for any ¢ € G and = € X we have
f(gx) =3, gigx, and by we have already seen this is equal to f(x) since {gig}; is another
set of representatives of H\G. Thus f factors through Xg. We define Res to the map
induced by f.

We now claim that the homological d-functor (H;(H,-)); from G-modules to abelian
groups are actually the left derived functors of Ho(H,-). By Fact 1.4.9, it suffices to check
that for any G-module X, there is an epimorphism P — X such that H;(H, P) = 0 for all
i > 1. We have an epimorphism P = Ind? X — X. By Lemma 1.12.3, P is still induced as
an H-module. Therefore H;(H,I) =0 for all i > 1 as desired.

By the claim and the universal property for left derived functors, Res : Ho(G, ) —
Hy(H,-) extends uniquely to a morphism between d-functors (from G-modules to abelian
groups)

Res: (HZ(G, ))’L — (HZ(H, ))z

Let G be a group, and let H be a finite index subgroup of G.

Proposition 1.13.1. Let X be a G-module. Then the compositions

H (G, X) 2% Hi(H, X) <% HI(G, X)



ALGEBRAIC NUMBER THEORY (II) 17

and
H,(G, X) =% H,(H, X) <2 Hi(G, X)
are both equal to multiplication by [G : H|.

Proof. We only prove the statement about cohomology, as the other one is proved similarly.
When ¢ = 0 this follows immediately from the definition of Res and Cor. For general i, we
prove the statement in two ways.

The first way uses dimension shifting as in the proof of Proposition 1.12.2. Thus we take
a short exact sequence 0 — X — Y — Z with Y coinduced (e.g. ¥ = coIndf X). Then
we have ¢ : HY(G, Z) — H"Y(G,X) and 6 : H(H,Z) — H*1(G, X) as in that proof.
These isomorphisms commute with Res and Cor. Thus the statement for (X, ) follows from
the induction hypothesis for (Z,i — 1).

Alternatively, we observe that Cor o Res and multiplication by [G : H| are two morphisms
from the d-functor (H'(G,-)) to itself. They agree on H?, so they must agree for all i by
the universal property (the uniqueness of extending a natural transformation defined on
H°). O

Corollary 1.13.2. If G is finite, then H (G, X) and H;(G, X) are killed by |G| for i > 1.

Proof. The composition H (G, X) Res, Hi({1}, X) Lor, HY(G, X) is equal to |G|, and it is
zero since the middle group is zero. Similarly for homology. (Il

Corollary 1.13.3. If G is finite and X is a G-module which is finitely generated as an
abelian group, then H' (G, X) and H;(G, X) are finite abelian groups killed by |G| fori > 1.

Proof. For all i, C*(G, X) and C;(G, X) are isomorphic to the direct sum of |G|* copies of X
as an abelian group, and in particular finitely generated. Therefore H*(G, X) and H;(G, X)
are finitely generated abelian groups. For ¢ > 1, they are killed by |G|, so they must be
finite. (|

An important special case of restriction for homology is the homomorphism
Res: H1(G,Z) — Hy(H,Z)

when H < G is of finite index. Recall that the two sides are canonically identified with
G® and H?®P. The resulting homomorphism G® — H?P is called transfer, and it can be
described by an explicit formula as follows.

Proposition 1.13.4. Fiz a section 6 : H\G — G of the projection G — H\G. For each
s€ G andt e H\G, define z; s € H by

0(t)s =z 40(ts).
Then the transfer map G* — H?" is induced by

G—H, s+ H Tt s
teH\G

Exercise 1.13.5. Prove Proposition 1.13.4.
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1.14. Tate cohomology. From now on, let G be a fintie group. For any G-module X, we
have the norm map
Ng: X — X, z+— Zg-aﬁ.
geG
We write X [N¢g] for ker(Ng : X — X). Recall that H(G, X) = X% and Hy(G, X) = Xg =
X/IgX. It is easy to see that

Ne(X) c X, IgX c X|[Ng].

Define
H'(G, X) := X% /Ng(X)
and
H (G, X) := X[Ng|/IcX.
Thus fIO(G, X) is a quotient group of H°(G, X), and I/-\I*I(G, X) is a subgroup of Hy(G, X).
Also define

H(G, X), i>1,
i< —

H—i—l(G7X)7 2.

H (G, X):= {

The family PAIi(G, X) for ¢ € Z are called the Tate cohomology groups.
Let 0 - X — Y — Z — 0 be a short exact sequence of G-modules. We shall construct
a long exact sequence

(1.2) S HI(G,X) 5 HI(G,Y) » H(G,2) 5 BHNG, X) = -

where 7 runs over all integers. For i > 1, define §° to be the usual connecting homomorphism
for cohomology HY(G, Z) — H**1(G, X). For i < —3, define §’ to be the usual connecting
homomorphism for homology H_; (G, Z) - H_,_»(G, X).

For i = 0, we check that the usual connecting homomorphism ¢ : H(G, Z) — H(G, X)
factors through the quotient H°(G, Z) — HO (G, Z), and then define 6° to be the induced
map H(G, Z) — HY(G, X) = HY(G, X). Indeed, the image of Ng : Z — Z€ lies in the
image of Y¢ — Z¢ since for any z € Z, we can find a preimage y € Y and then we have
Ng(z) € Z9 is the image of Ng(y) € Y. Thus the desired factoring of § : H(G, Z) —
H!(G, X) follows from the fact that the composition H(G,Y) — H%(G, Z) — HY(G, X)
is zero.

Similarly, for ¢ = —2 one checks that the usual connecting homomorphism H; (G, Z) —
H, (G, X) has image in the subgroup H™1(G, X) C Hy(G, X) (which we omit). We then
define §=2 to be the induced map ﬁ_Q(G, Z)=H,(G,Z) — ﬁ_l(G, X).

To define §~1 : H-Y(G, Z) — H(G, X), we apply snake lemma to the following commu-
tative diagram with exact rows:

X¢o Yo Za 0
ifl ifz \LfS
0 X6& Y& yASS

where the vertical maps f; are induced by the norm maps Ng : X — X% (which factors
through the quotient X — X¢), Ng : YV — Y% and Ng : Z — Z%. Then we obtain an
exact sequence

ker f1 — ker fg — ker f3 i) COkf1 — COka — COkfg.
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(Recall that 0 is defined as follows: For any z € ker fs, find a lift y € Yz. Then fo(y)
comes from a unique element * € X%. Define §(z) to be the image of z.) Note that
ker f; = H™1(G, X),Cokf; = H°(G, X), and similarly for X replaced by Y and Z. Thus
we obtain an exact sequence

H (G X)>HYGY)»H NG, 2) S HY(G, X) - H(G,Y) - H(G, 2).

We define 6! to be d in the above.
It is clear from the definition that (1.2) is a long exact sequence. Moreover, this long
exact sequence depends functorially on the short exact sequence 0 - X - Y — Z — 0.
Recall that since G is finite, coinduced G-modules are the same as induced G-modules.
Thus relatively injective G-modules are the same as relatively projective G-modules, i.e.,
they are direct summands of (co)induced G-modules.

Lemma 1.14.1. Let X be a relatively injective G-module. Then ﬁi(G, X) =0 forallic Z.

Proof. 1f i # 0, —1, then this is just Corollary 1.6.6. For i = 0 or —1, we may assume that
X = Imdfv A. Then X = GageG A, and G acts on X by permuting the coordinates. We have

X9 = {(ag)gEG | g = an,Vg,h € G}.
Any element (ay),eq of it can be written as Ng((ag,0,---,0)). Hence X¢ = Ng(X). Also

X[N¢] = {(ag)gec | Zag = 0}.

Any element (ag)geq of it is equal to

Z (_agaov"'707aga07"'a0)7
geG—{1}
where —a, appears at the coordinate corresponding to 1 € G, and a, appears at the coordi-
nate corresponding to g € G. Now each summand clearly lies in I X, so X[Ng] = IcX. O

Given any G-module X, we know that there is monomorphism of G-modules X — [
and an epimorphism of G-modules P — X, where I and P are induced G-modules. In
view of Lemma 1.14.1, the connecting homomorphisms are isomorphisms Hi-1 (G, I/X) =
I:\Ii(G,X) and I:\Ii(G,X) - ITIi“(G,ker(P — X)). Using this one can often make a
dimension shifting argument, reducing the study of H'(G, X) to that of H (G, I/X) or
H+ (@, ker(P — X)). For instance, a statement about arbitrary i € Z may be reduced to
the case ¢ = 0.

We now discuss an alternative and equivalent way to define Tate cohomology. Since G
is finite, there is a free resolution P, < Z — 0 in the category of G-modules such that
each P; is a finite rank free abelian group. For instance, the standard free resolution in
Proposition 1.7.1 satisfies this property. For any finite rank free abelian group P, we write
PV for Homy(P,Z). Then PV is also finite rank free and we have (PY)V = P. If P is in
addition a free Z[GJ]-module, then PV is also a free Z[G]-module.

Consider the sequence

P p M p Sy L py U py Bopy
We set P_q := Py, P_s := P}/, etc. Then we obtain a complex (P, )ecz, where the differential
Py — P_4 is the composition €” oe. This is called a complete resolution of Z. (More precisely,
(Ps)ecz together with the maps € : Py — Z and € : Z — P_; is called a complete resolution
of Z.)
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Fact 1.14.2. For any G-module X, ﬁi(G, X) is the i-th cohomology of the complex

(Homz[g] (P.7 X))OEZ'

From this point of view it is easy to understand the long exact sequence attached to a
short exact sequence. Namely, for each i € Z, the functor Homgq (P, ) is exact. Hence
if0 = X - Y — Z — 0is a short exact sequence of G-modules, we obtain a short exact
sequence of complexes

0— (HOHIZ[G] (P"X))OGZ — (HomZ[G] <P°’Y>)OGZ — (HOHIZ[G] (P., Z))OGZ —0

giving rise to a long exact sequence of the cohomology.
Proposition 1.14.3 (Shapiro’s Lemma for Tate cohomology). Let H be a subgroup of G.
For each H-module X, there are natural isomorphisms
HY(G,Ind$ X) ~ H(H, X)
for alli € Z.

Proof. The proof is similar to the proof of Proposition 1.6.4, using complete resolution to
compute Tate cohomology. (I

1.15. Restriction and corestriction for Tate cohomology. Let G be a finite group,
and H < G a subgroup. We have defined Res : H*(G,-) — H*(H, ) and Res : H;(G,-) —
H;(H,-) for all i > 0. One checks that the composite map H°(G,-) Res, H°(H,.) —
H'(H, ) factors through a map Res : H(G,-) — HY(H,-), and that Res : Ho(G,-) —
Hy(H, ) restrict to a map Res : H™1(G, ) — H™1(H,-). Thus we have

Res : H(G,-) — H'(H, ")
for all ¢ € Z. Moreover, we have the following characterization.

Proposition 1.15.1. We have a family of natural transformations Res : ITIi(G,-) —
Hi(H,"), for alli € Z, and this family is uniquely characterized by the following properties:

(1) For each G-module X, the map Res : HY(G, X) — HC(H, X) is induced by the usual
corestriction map X — X,
(2) These natural transformations are compatible with the connecting homomorphisms.

Proof. The uniqueness follows from dimension shifting. To prove that Res indeed satisfies
condition (ii), we need to check that for a short exact sequence 0 - A - B — C — 0, we
have a commutative diagram

Hi(G,C) — = H*(G, A)

l Res l Res

Hi(H,C) —2~  Hi+(H, A)
Only the case i = —1 is essentially new. But in this case the compatibility can be checked
using the explicit description of 4. |
Similarly, we have corestriction
Cor: H(H,-) — H'(G,")
for all ¢ € Z. For i # 0, —1, this is the usual corestriction for cohomology or homology. For
i = —1, one checks that Cor : Ho(H,-) — Hg(G,-) restricts to a map Cor : H™!(H,-) —
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ﬁ_l(G, -). For ¢ = 0, one checks that the composite map Hy(H, ) Cor, H°(G,) — ﬁO(G, 3

factors through a map Cor : ﬁO(H,-) — ﬁO(G, -). Similarly as before, corestriction is
characterized as follows.

Proposition 1.15.2. We have a family of natural transformations Cor : ﬁi(G,-) —
Hi(H,-), for alli € Z, and this family is uniquely characterized by the following properties:

(1) For each G-module X, the map Cor : ﬁO(H, X)— H° (G, X) is induced by the norm
map Ng/m : XH 5 XG,
(2) These natural transformations are compatible with the connecting homomorphisms.

Corollary 1.15.3. For each i € Z, the composition

Hi(G,) 2= 7l ) <5  H(G, )

is equal to multiplication by [G : HJ.

Proof. Check this for i = 0 explicitly, and prove the general case by dimension shifting. O

Exercise 1.15.4. For any abelian group A viewed as a G-module for the trivial group
G = {1}, we have H' ({1}, A) = 0 for all i € Z.

Corollary 1.15.5. For each i € Z, the abelian group ItIi(G7X) is killed by |G|. It is finite
if X is finitely generated as an abelian group.

Proof. Take H to be trivial in Corollary 1.15.3, and use Exercise 1.15.4. O

1.16. Cup product. We continue letting G be a finite group. For G-modules A and B, we
define a G-module structure on A® B=A®yz B by g-(a®b) = ga® gb.

Proposition 1.16.1. There is a unique family of Z-bilinear pairings:
U: HP(G,A) @ HY(G,B) — HP*Y(G,A® B), p,q€Z

satisfying the following conditions:

(1) Functoriality in A and B. For instance, functoriality in A means the following: For
any morphism f : A — A’ of G-modules, we have a commutative diagram

H?(G, A) @ H(G, B) = HP(G, A ® B)
J{ﬁf’(c:f)(f)@id J{ﬁ””(G,‘)(f@id)
H?(G, A" ® HY(G, B) ~— HP+1(G, A' ® B)
(2) Forp=q=0, this is induced by the natural map AY @ B¢ — (A® B)Y by passing
to quotients.
(3) Suppose 0 - A — A" — A" — 0 is a short exact sequence of G-modules, and B is

a G-module such that0 > AQ B —+ A'®@ B — A” @ B — 0 is still exact. Then for
each B € H(G, B) the following diagram commutes:

Hr (G, A”) i Hr (G, A)

i_ug l.uﬁ

Hr+9(G, A" ® B) —2= HP+1+1(G, A® B)
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(4) Suppose 0 - B - B - B" -0and0 - A®B - A® B — A® B”" — 0 are
exact. Then for each o € HP(G, A) the following diagram commutes

)

HY(G, B") H7 (G, B)

i(—l)f’au lau-

HP(G, A® B") _ o HP9+1(G, A @ B)

Proof. The uniqueness follows from dimension shifting. See [CFT67, §IV.7] or [Bro94, §VI.5]
for the proof of existence. O

Proposition 1.16.2. The cup product satisfies the following properties. Let A, B,C be
G-modules. Let a € HP(G, A),b € HY(G, B),c € H"(G, C).
(1) We have
(aUb)Uc=aU (bUc)
under the identification (A®@ B)@ C 2 A® (B C).
(2) We have aUb = (—1)P?b U a under the identification A® B =~ B® A.
(3) Let H < G. Then Res(aUb) = Res(a) URes(b), and Cor(a’ URes(b)) = Cor(a’)Ub
for all o’ € HP(H, A).

Proof. All the properties can be checked directly for the cup product between H°. The
general case is then proved by dimension shifting. For instance, let us check Cor(a’ U
Res(b)) = Cor(a’) Ub for o/ € HO(H, A) and b € H(G, B). We lift o’ to an element
a’ € A and lift b to an element b € BY. Then Cor(a’ U Res(b)) is represented by

Z ga' ® gb = Z ga' @b = ( Z ga') @ b.

geG/H geG/H geG/H

But 3, 9a’ € AC represents Cor(a’). The desired identify follows. O

1.17. Cohomology of a finite cyclic group. Let G be a finite cyclic group of order n.
The main result about cohomology of G is Theorem 1.17.2 below. Our approach follows
[CFT67, §IV.8]. See [Ser79, §VIIIL.4] for a different point of view.

By definition, we have H(G, Z) = Z% /Ng(Z) = Z/nZ.

Lemma 1.17.1. Let x € ﬁO(G, Z) =Z/n be a generator. Then x U - defines an automor-

phism of ﬁi(G,A) for each i € Z and each G-module A. (Here we identify Z @ A with
A.)

Proof. By dimension shifting, we reduce to the case ¢ = 0. (To give more details, suppose
¢ > 0. Find a short exact sequence 0 -+ A — P — A’ — 0 with P induced. Then the
connecting homomorphism ﬁi_l(G, A — ﬁi(G, A) is an isomorphism. This isomorphism
is compatible with the endomorphisms on the two groups provided by zU-. Thus we can lower
1 and reduce to the case i = 0. If 7 < 0, we find a short exact sequence 0 -+ A" - P —- A — 0
with P induced and argue similarly.)

When i = 0, the map in question is scalar multiplication by x € Z/n on the Z/n-module
H° (G, A). Since x € (Z/n)*, this map is an automorphism. O

Theorem 1.17.2. The group HQ(G Z) is cyclzc of order n. Let x € HZ(G Z) be a gener-
ator. Then z U - defines an isomorphism H'(G, A) — Hi*2(G, A) for each i € Z and each
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G-module A. In particular, the isomorphism class of ITIi(G,A) is periodic in i with period
2.

Proof. We have a short exact sequence
0—Ig—=Z|G] > Z—0,

where the last map is the augmentation map °_ a,4[g] — >°  ag. Let s be a generator of G.
We then have a short exact sequence

0—2Z—ZG]— Is —0,

where the two maps are multiplication by geG[g] and by 1 — [s] respectively. (To see that
the map Z[G] — Ig is surjective, use that 1 — [s*] = (1 — [s])(1 + [s] + - -+ + [s¥71]).) From
these two short exact sequences, we obtain connecting homomorphisms

& : H(G,2) =5 HY(G, I¢)
and

5o : HY(G, 1) = H*(G, Z)
both of which are isomorphisms since Z[G] is induced. It follows that H2(G, Z) H'(G,7Z)
is cyclic of order n.

Note that the two short exact sequences above remain exact after tensoring with A, since
the abelian groups I and Z are free. Also, Z[G] ® A is an induced G-module. Indeed, we
have an isomorphism of G-modules Ind{’ 4y = Z[G] ® Ay — Z[G] @ A, [g] ® a — [¢] ® ga,
where A is the underlying abelian group of A equipped with the trivial G-action. Hence
we obtain connecting homomorphisms

S1.4: HY(G,A) = HYG, Ig ® A)
and
So.a HTYHG, Ig) = H'T(G, A)
which are isomorphisms. For any y € ﬁi(G, A), we have a commutative diagram

ﬁO(Gv Z) —6~1> ﬁl (Gv IG) 6%' ﬁz(Gv Z)

01,4

~ . ~ . 1 ~
H(G, A) —> H* (G, Ig ® A) =2 H*2(G, A)
Thus if z is a generator of H2 (G,Z) and we set 29 = 0; * (65 ' (x)), then
w Uy = d2,4(01,4(z0 Uy))

for all y € ITIZ'(G7 A). Hence in order to show that z U - is an isomorphism ﬁi(G, A) =
H*2(G, A) it suffices to show that xo U - is an automorphism of H*(G, A). Since g is a
generator of H(G, Z), this is Lemma 1.17.1. O

Remark 1.17.3. In the proof we have an isomorphism ds 4007 4 : I/-\Ii(G, A) = I/-\IHQ(G, A).
Note that this is not canonical as 2 4 depends on the choice of generator s € G. Of course
the choice of s gives rise to a choice of generator = € ﬁQ(G, Z), namely the image under
Ja06, of 1 € ﬁO(G,Z) = Z/n, and the isomorphism 02 4 0 1 4 is the same as z U - as the
proof shows. Thus one can think that by either choosing a generator s € G or choosing a
generator € H2(G, Z) one obtains an isomorphism H(G, A) — Hi*2(G, A). The latter
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point of view has the advantage that the isomorphism xzU- is defined without using any extra
knowledge about the group G, and hence can be analyzed more formally in applications.

Definition 1.17.4. For every G-module A, we write h?(A) for the cardinality of HY(G, A)
whenever it is finite. Define the Herbrand quotient to be h(A) = h°(A)/h'(A) when h°(A)
and h!(A) are both defined.

Example 1.17.5. We have H(G, Z) = Z/|G|Z and H™}(G,Z) = 0. Hence h(Z) = |G|.

Proposition 1.17.6. Let 0 - A — B — C — 0 be a short exact sequence of G-modules.
If two of h(A),h(B),h(C) are defined, then so is the third, and we have h(B) = h(A)h(C).

Proof. Fix a generator x € H?2 (G,Z). The following compositions are equal:
H'(G,0) ) L m5-1G,0) % BYG, A),
H'(G,0) % B2(@, A4) 2 BYG, A).

Call the composed map ¢. Then the following diagram is exact (i.e., the kernel of each
arrow is the image of the previous one):

H°(G, A) — H(G, B)

H(G,B) <— H(G, A)
The statement easily follows. O
Proposition 1.17.7. If a G-module A has finite cardinality, then h(A) = 1.

Proof. First note that h(A) is defined since all ﬁi(G, A) are finite. Let s € G be a generator.
We have exact sequences

049 5 A 44 ap >0

and
0— H NG, A) > Ag 2 A% - HY(G, A) = 0.
The first shows that |A%| = |Ag|, and the second shows that h?(A) = hl(A). O

1.18. Tate’s theorem. Let G be a finite group. Our approach to Tate’s theorem (Theorem
1.18.5 below) follows [Neul3, §1.7]. See [Mil20, §11.3] for a different approach using splitting
modules (which is Tate’s original idea in his 1952 paper [Tat52]). See [CFT67, Chap.IV,
§§9-10] or [Ser79, §IX] for more refined versions of the theorem, whose proofs are more
complicated.

Definition 1.18.1. A G-module A is called cohomologically trivial, if H(H, A) = 0 for all
subgroups H < G and all i € Z.

Example 1.18.2. Recall that an induced G-module is also induced as an H-module, for any
H < G. Hence induced G-modules, and more generally their direct summands (i.e. relatively
projective G-modules), are cohomologically trivial.
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Theorem 1.18.3. A G-module AAis cohomologically trivial if there exists q € Z such that
for all subgroups H < G we have H1(H, A) = H?1(H, A) = 0.

Proof. Firstly, observe that we only need to show that
H (G, A) = H2(G, A) = 0,

since we can recursively apply this result to conclude that ﬁi(G, A) =0 for all ¢, and then
we can also replace G by its subgroups, to conclude the proof.

By dimension shifting we may assume that ¢ = 1. (Since an induced G-module is cohomo-
logically trivial, by dimension shifting we can find a G-module A1 such that ﬁ’(H JAL) =
H*1(H, A) for all subgroups H < G and all i € Z.)

First assume that G is solvable. Then G admits a proper normal subgroup N such that
G/N is cyclic. By induction we may assume that the theorem holds for N. Since A satisfies
the same assumptions with G replaced by IV, we know that A is cohomologically trivial as
an N-module. It follows that for all 7 > 1, we have the inflation-restriction exact sequence

0— H(G/N, AN) 25 1i(@, 4) B HI(N, A) = 0.
Since HY (G, A) = 0 for i € {1,2}, we have H(G/N,AY) = 0 for i € {1,2}. But G/N is
cyclic, so by periodicity-2 we know that H*(G /N, AN) = 0 for all i € Z. By the above exact
sequence for i = 3, we conclude that H3(G, A) = 0.
Since HY(G/N, AN) = H°(N, A) = 0, we have

A9 = (AN)9N = Ng/n(AY) = Ng/n(NyA) = Ng(A).

Hence ﬁO(G, A) = 0. The proof of the theorem is complete for G solvable.

For general G, let p be a prime dividing |G| and let G}, be a Sylow p-subgroup. Since G,
is solvable, we have PAIi(Gp,A) = 0 for all i € Z by the above. Since Corg/q, o Resg/a, =
[G : Gy, it follows that H'(G, A) is killed by [G : Gp). Hence it is killed by the greatest
common divisor of [G : G)] for all p, which is 1. O

Lemma 1.18.4. Let A, B be G-modules, and let a € ﬁO(G, A). Let a € A% be a lift of o
Then for each i € Z, the map aU- : ITIi(G, B) — H(G, A® B) is the same as the functorial
map induced by the G-homomorphism B — A® B,b+— a®b. (Note that the last map is
indeed a G-homomorphism since a is G-invariant.)

Proof. By dimension shifting (cf. the proof of Lemma 1.17.1) we easily reduce to the case
i = 0, when the lemma is clear. O

Theorem 1.18.5 (Tate). Let A be a G-module. Let q € 7 be such that for each subgroup
H < G, we have HI71(H, A) = 0 and H(H,A) = Z/|H|. Then any generator a of
H(G, A) 2 Z/|G| has the property that the map

Res(a) U-: H'(H,Z) — HTI(H, A)
is an isomorphism for each H < G and each i € 7Z. Here Res denotes the restriction

H?(G, A) — H(H, A).

Remark 1.18.6. The assumptions in the theorem are clearly necessary for the conclusion,
since we always have HY(H,Z) = Z/|H| and H™'(H,Z) = 0.
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Proof. We first observe that for any subgroup H < G, the element Res(a) € ﬁq(H JA) =
Z/|H]| is a generator. Indeed, if its order is less than |H|, then CoroRes(a) = [G : H]a has
order less than |H|, contradicting with the assumption that o generates HP(G, A) 2 Z/|G.
Thus the pair (H,Res ) satisfies the same hypothesis as (G, «), and so we only need to
prove that
aU-:H(G,Z) — H1YG, A)

is an isomorphism for each i € Z.

Now to prove this statement, by dimension shifting we reduce to the case ¢ = 0. Let
a € A% be a lift of o. By Lemma 1.18.4, we only need to show that the G-homomorphism

fiZ—A nr——na
induces isomorphisms H(G, Z) — H(G, A) for all i € Z. Up to replacing A by A & Z[G]
and replacing a by a ® geG[g], which does not change Tate cohomology at all since Z[G]
is induced, we may assume that f is injective. (This is the key trick, taken from the
proof of [Neul3, §I, Thm. 7.2].) Let A’ = Cok(f). Then we only need to show that A’ is
cohomologically trivial as a G-module. Let H < G. Since ﬁ‘l(H ,A) = 0 by assumption
and H'(H, Z) = Hom,,(H,Z) = 0, we have an exact sequence

0 HY(H,A) - B (H,2) "5 H(H, 4) — H(H, A') - 0,

where (x) is the functorial map induced by f. If we can show that (*) is an isomorphism,
then H-1(H, A') = ﬁO(H, A’) =0, and so A’ is cohomologically trivial by Theorem 1.18.3
since H is arbitrary. But (*) is an isomorphism since it sends 1 € ﬁO(H, Z)=17/|H| to the
image of a in HO(H, A) = A /Ny (A), which is a generator of HO(H, A) = Z/|H| by our
first observation. O

We shall apply Theorem 1.18.5 to the following situation. Let L/K be a finite Galois
extension of local fields. Let G = Gal(L/K). Consider the G-module A = L* and the
integer ¢ = 2. By Galois theory, the hypotheses of the theorem are translated to the
following:

Theorem 1.18.7. For every subextension K'/K inside L, we have H (Gal(L/K'),L*) =0
and H?(Gal(L/K"), L*) is cyclic of order [L : K'].
We now study H' and H? in the above theorem. We may assume K’ = K since the

desired statements depend only on the extension L/K’.

1.19. Hilbert’s Theorem 90 and consequences. Let L/K be a finite Galois extension
of fields, and let G = Gal(L/K). The groups (L, +) and (L*, x) are G-modules.

Proposition 1.19.1. We have H (G, L) = 0 for all i € Z.
Proof. By the normal basis theorem, L = Ind? K is an induced G-module. O
Theorem 1.19.2 (Hilbert’s Theorem 90). We have H (G, L*) = 0.

Proof. Let ¢ be a l-cocycle in C*(G, L*). Recall that this means ¢ is a function G —
L* s — ¢4 satisfying ¢g = ¢s - s(¢r). We need to show that ¢ is a coboundary, i.e.,
¢s = b/s(b) for some fixed b € L*.
Let a € L™, and let
b:=Y ¢ -t(a) € L.

teG
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By the linear independence of the characters t : L™ — L* (where ¢ runs through G), we
can find a such that b # 0. For s € G, we compute

s(b) = 3 s(o =32 (sta) = o,

teG teG
Thus ¢s = b/s(b) as desired. O

Corollary 1.19.3 (Original Hilbert’s Theorem 90). Assume that L/ K is a cyclic extension.
Let s € G be a generator. Then any element of L whose norm to K is 1 can be written as
s(a)/a for some a € L*.

Proof. Since G is cyclic, we have H-1(G, L*) = HY(G,L*) = 0. But H-1(G, L) is the
quotient of ker(Ny /g : L* — K*) by Ig - L* = {s(a)/a|a € L*}. O

{s
Corollary 1.19.4. If K is a finite field , then H? (G,L*) =0 for alli € Z. In particular,
Ny x : L™ — K* is surjective.

Proof. In this case G is cyclic, and the Herbrand quotient h(L*) = 1 since L™ is finite. Thus
the vanishing of H (G, L*) implies the vanishing of all H (G, L*). The “in particular” part
follows from the vanishing of HY(G, L*). O

Exercise 1.19.5. Let L/K be a finite extension of finite fields. Use elementary methods
to show that Ny /i : L* — K is surjective.

1.20. Brauer groups. Let K be a field. Let L/K and E/K be finite Galois extensions,
with £ C L. Write G,k for Gal(L/K), etc. We have Gg/x = Gr/kx/Gr/E, and EX =
(L*)%r/2. Thus for ¢ > 1 we have the inflation-restriction sequence

0 = HY(Gp/x, BX) 5 H(Gp/x, L) " HY(Gpyp, L¥).

Recall that this sequence is exact if Hl(GL/E, L*)y=0forall 1 <i<gq—1 (see Proposition
1.12.2). Since HI(GL/E,LX) = 0, the above sequence is exact for ¢ = 2.

Definition 1.20.1. The Brauer group for the finite Galois extension L/K is Br(L/K) :=
H*(Gr/x, L™).

Thus we have an exact sequence

0 — Br(E/K) 25 Br(L/K) 2 Br(L/E).

We shall regard Inf : Br(E/K) — Br(L/K) as inclusion.

Definition 1.20.2. The absolute Brauer group of K is Br(K) := |J, Br(L/K) where L
runs thourgh all finite Galois extensions of K inside K*. In other words, Br(K) is the direct
limit of Br(L/K), where the transition maps are the injections Inf : Br(L/K) — Br(L'/K)
when L C L'.

Note that for three finite Galois extensions E, L, L' of K with E C L C L', the following
diagram commutes:

0 — Br(E/K) —2> Br(L/K) —2=> Br(L/E)

\Llnf \Llnf

0— Br(E/K) —2 Br(L//K) === Br(L'/E)
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(The commutativity follows easily from the cochain descriptions of Inf and Res.) Thus by
fixing F and taking the direct limit over L we have an exact sequence

0 — Br(E/K) 25 Br(K) £ Br(E).
The first map is of course nothing but the “inclusion” in the sense that Br(E/K) is a
member of the direct limit/union defining Br(K). Slightly more generally, if E/K is any
finite extension, then we still have the right square in the above commutative diagram, and
so we have a well-define map Res : Br(K) — Br(FE).

Example 1.20.3. If K is a finite field, then Br(KX) = 0 by Corollary 1.19.4.

Remark 1.20.4. It turns out that Br(XK) can be identified with the classical Brauer group
of K. This is the set of equivalence classes of central simple algebras over K. Two central
simple algebras A and B over K are equivalent if and only if A 2 M,,(D) and B = M,,(D)
for some integers n, m and a central division algebra D over K. (Here n and D are uniquely
determined by A.) The group operation is given by ®. The subgroup Br(E/K) C Br(K)
is identified with the subgroup of the equivalence classes of central simple algebras over K
which split over F (i.e., those A such that A ®x F = M,,(E)). The map Res : Br(K) —
Br(E) is given by base changing the central simple algebras from K to E. The identification
is given by an explicit construction, namely, starting with a 2-cocycle in Z%(Gg /K, EX) one
can explicitly write down a central simple algebra over K which splits over E. For details
see [Ser79, §X.5] and [Mil20, §IV]. We will not need this relationship in our course.

Remark 1.20.5. By Wedderburn’s Little Theorem, every finite division ring is a field.
This shows that the classical Brauer group of a finite field vanishes. Compare with Example
1.20.3.

In order to finish the proof of Theorem 1.18.7, we need to show that when L/K is a finite
Galois extension of local fields we have Br(L/K) = Z/[L : K].

1.21. The Brauer group of an unramified extension. Let L/K be an unramified
extension of local fields of degree n. We shall compute Br(E/K). Let G = Gal(L/K),
and let U = OF. We have a short exact sequence of G-modules

1-U—=>L* 570,

where v is the valuation.
Proposition 1.21.1. For all q € Z, the valuation v : L* — 7Z induces an isomorphism
HY(G,L*) = HY(G,Z), and HY(G,U) = 0.

The proof uses the following lemma.
Lemma 1.21.2. Let G be a finite group and U a G-module. Assume that there is a de-
creasing sequence of G-submodules U = U® D U D U? O --- such that the natural map
U— @l U/U; is an isomorphism. If ¢ € Z is such that HI(G,U"/U**Y) =0 for all i > 0,
then we have HY(G,U) = 0.
Proof. Let (Ps)ecz be a complete resolution of Z, and we use it to compute Tate cohomology.
Thus for any G-module X, HY(G, X) is the g-th cohomology of (Homgzg)(P., X)). Write
C%(X) for Homgg)(Py, X). This is identified with the group of all maps G™ — X for some
ng > 0. (For instance, if P, arises from the standard free resolution in Proposition 1.7.1,
then P, = Z[G]?™! for ¢ > 0 and P, = Z[G]™4 for ¢ < —1. Thus n, = ¢ for ¢ > 0 and
ng=—q—1for ¢ <-1.)
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Write d for all the differential maps in C*(-). Let f € C9(U) be such that df = 0. We
need to find h € C?~1(U) such that dh = f. Write f for the image of f in C?(U/U"'). Then
df = 0. Since HY(G,U/U') = 0, there exists ho € C71(U/U") such that f = dho. Let
ho € C1~Y(U) be a lift of hg. Then f — dhy € C9(U) is a map G — U whose image lies
in U, ie., f—dhg € CI(U"Y). Similarly, we find h; € C9=1(U?) for all i > 0 such that

f—dho—dhy —---—dh; € CL{U™). Let h=ho+h1+--- € U%I’&niU/U", i.e., it is the
element whose projection in U/U? is hg + hy + -+ + h;_1. Then f —dh € C?(U) is a map
G™a — U whose image lies in U? for all i, which implies that f = dh. O

Proof of Proposition 1.21.1. Tt suffices to prove the second statement. Let U° = U and
U’ =1+m} for i > 1. Since U is profinite and {U'} is a neighborhood basis of 1, the
natural map U — 1&1z U/U" is an isomorphism. Thus by Lemma 1.21.2, it suffices to show
H(G, U /U™ for all i > 0.

For i = 0, we have UY/U' = k[ (where ki denotes the residue field of L), and the
isomorphism is G-equivariant. We have HY(G, kj) = ﬁq(Gal(kL/kK),kf) (here G =
Gal(kr/kk)), and we have seen the vanishing of this in Corollary 1.19.4.

For i > 1, we have a G-equivariant isomorphism (kz,+) — U?/U**! induced by
O — Ui,z + 1+ 7wz where 7 is a uniformizer in K. We have seen the vanishing of
H?(Gal(ky, /kx), kr) in Proposition 1.19.1. 0

~

Theorem 1.21.3. We have a canonical isomorphism inv : Br(L/K) —~ 17/Z.

Proof. By Proposition 1.21.1, we have a canonical isomorphism Br(L/K) = H?(G,Z). Now
G acts trivially on Z, and we have a short exact sequence 0 - Z — Q — Q/Z — 0. We
have H(G, Q) = 0 since on the one hand this is killed by |G| and on the other hand mul-
tiplication by |G| must be an automorphism since it is an automorphism on Q.? Therefore
the connecting homomorphism gives an isomorphism

§:HYG,Q/7) = H*(G, 7).

The left hand side is just Hom(G,Q/Z), and this is canonically isomorphic to 17Z/Z by
looking at where the Frobenius generator o € G = Z/nZ goes to. In other words, we have
Hom(G,Q/Z) =5 LZ/Z, f — [f(0). O
Remark 1.21.4. Using that HO(Gal(L/K), OF) = 0 and that (OF)CIEL/E) = 0% we get
the useful result that the norm map Ny x : O — O is surjective (for unramified L/K).

1.22. Functoriality of inv. Let K be a local field. For each n > 1, let K,, be the unique
degree n unramified extension of K inside a fixed separable closure K°. We have constructed
a canonical isomorphism

~ 1
inv: Br(K,/K) — —Z/7Z.
n

If nlm, then K,, C K,,. In this case we have a diagram

Br(K,/K) X~ 17/7

\Llnf iid

Br(K,/K) 2> 17,/7,

2We are using the following simple fact: For a G-module A and an integer n, the functorial endomorphism
of H*(G, A) induced by A — A, a + na is multiplicaiton by n. This can be seen using dimension shifting.
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Chasing the constructions (especially using the compatibility of inflation with connecting
homomorphisms), we see that the above diagram commutes.
We define Br(K" /K) :=J,, Br(K,/K). (This is a subgroup of Br(K), and we will later
see that it is in fact equal to Br(K).) Then we have a canonical isomorphism
inv: Br(K"/K) — Q/Z.

We now let L/K be a possibly ramified finite separable extension inside K*. For each
n > 1, we form the compositum LK, inside K®. Then the extension LK, /L is finite
unramified (but its degree may be less than n). Thus we have

inv : Br(LK, /L) — Q/Z.

We view Gal(LK,, /L) as a subgroup of Gal(K,/K) via Gal(LK, /L) — Gal(K,/K),T —
7|k, . We denote the composite map

Br(K,/K) = H2(Gal(K, /K), K}) 2% H?(Gal(LK, /L), K)X)

— H*(Gal(LK,/L),(LK,)*) = Br(LK, /L)
still by Res.
Lemma 1.22.1. The diagram

Br(K,/K) —* Br(LK, /L)

iinv \Linv

o/z—=5 L gz

commutes.

Proof. Let e = e(L/K) and f = f(L/K). We have a commutative diagram

Br(K,/K) % H*(Gk, /k,2) <—= H'(Gk,/k, QL) Q/Z

\LRes \LaRes le-Res lef

Br(LK,/L) % H?*(Grk,/1,2) % H'(Grk,/1,Q/2)— Q/Z

and the two rows define inv in the two cases. The first square commutes becasue v =
e-vr|gx. The second square commutes because Res is compatible with the connecting ho-
momorphisms attached to 0 — Z — Q — Q/Z — 0. The third diagram commutes because
the Frobenius generator in Gal(K,/K) is the f-th power of the image of the Frobenius in
Gal(LK, /L) under the map Gal(LK,, /L) — Gal(K, /K). (To see this, note that the images
of the two Frobenius elements in Aut(kg, ) are the automorphisms z — 2/*<| and z s z/Fz|
respectively, and |kr| = |kk|’.) O

Taking direct limit over n, we obtain:

Proposition 1.22.2. We have a commutative diagram
Br(KY/K) =5 Br(L™/L)

’;’J(inv ’;’\Linv

Q/Z Q/z

[L:K)
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Thus the kernel ® of the first row is cyclic of order [L : K|. Note that if L/K is
finite Galois, then ® is a subgroup of Br(L/K), since Br(L/K) C Br(K) is the kernel of
Res : Br(K) — Br(L). Thus we have proved:

Lemma 1.22.3. Let L/K be a degree n finite Galois extension. Let ® = inv_l(%Z/Z) C
Br(K"/K). Then ® is contained in Br(L/K) (where both are viewed as subgroups of
Br(K)). O

Our next goal is to show that the containment in the above lemma is in fact an equality.
For this, it suffices to show the following result.

Theorem 1.22.4 (Upper bound for the Brauer group). The order of Br(L/K) divides
[L: K].

Corollary 1.22.5. For every degree n Galois extension L/ K, Br(L/K) is equal to Br(K,,/K)
as a subgroup of Br(K). In particular, there is a canonical isomorphism inv : Br(L/K) —
L17Z/Z. We also have Br(K) = Br(K"/K), and there is a canonical isomorphism inv :

Br(K) = Q/Z. O

Remark 1.22.6. In the classical language, the above result says that every central simple
algebra over K splits over a finite unramified extension of K. Moreover, the equivalence
classes of central simple algebras are classified by an invariant in Q/Z.

At this point, we have proved Theorem 1.18.7, modulo proving Theorem 1.22.4.

1.23. Proof of the upper bound. We now prove Theorem 1.22.4. Our approach follows
[CFT67, §VI.1.4-V1.1.6] with slight simplifications.

Let L/K be a degree n Galois extension of local fields. Let G = Gal(L/K) and U = O .
Let 7 be a uniformizer in K.

Lemma 1.23.1. There exists a G-stable open subgroup V' of U such that ﬁq(G, V) =0 for
all g € Z.

Proof. Let {e1,--- ,e,} be a normal basis for L/K, that is, it is a K-basis of L, and G
permutes the e;’s simply transitively. Let A = Oge; & - ® Oke, C L. Up to replacing
e; by m"e; for a large integer r (common for all i), we may assume that each e; lies in Oy,
and in particular A C Op. Note that A is open, since the topology on L = K™ is just the
product topology of the topology on K. Therefore there exists N > 1 such that A > 7V Oy

Let M = 7¥*T1A. We claim that M - M C M. Indeed,

M-M=mNt24. A c 72N 20, = 72V 27xN0O, c 7V 24 = 7M.

Let V=14 M. We claim that V is an open, G-stable subgroup of U. To see that V is
closed under multiplication, use that M + M C M and M -M C wM C M. To see that V is
closed under inversion, use that (1—m)~' =1+, m"* for all m € my, (and in particular
for all m € M). For m € M, the sum of the converging series Y, , m* lies in M since M
is an open and hence closed subgroup of Oy. Thus V is a subgroup of U. Since A is open
in L, so is M, and hence V is open in L. Thus V is an open subgroup of U. Finally, V is
stable under G since G fixes m and stabilizes A.

It remains to show that H4(G,V) = 0 for all ¢ € Z. We have a decreasing filtration

V=vV'oVviovis...

where Vi =1+ 7'M C V. Since V is profinite (being an open subgroup of U) and {V*}
is clearly a neighborhood basis of 1, the natural map V — l'gli V/V% is an isomorphism.
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Moreover each V7 is G-stable. Thus by Lemma 1.21.2, the vanishing of ﬁq(G, V) follows
from the vanishing of ﬁq(G,Vi JVi1) for all i > 0. We have a G-module isomorphism
M/aM = Vi/Vi*l m s 1+ 7'm. Indeed, this map is clearly a G-module isomorphism
once we know it is a group homomorphism. To check that it is a group homomorphism, we
have

7r2im1m2

1+ 7wi(my +mg)”

(1+7rim1)(1+7rim2) = 1+7ri(m1—|—m2)+7r2im1m2 = (1+7r’(m1—|—m2))(1—|—

We need to check that ‘
m2myime

1+ 7 (my + mo)

1+ e Vitl,
We have
72 myms

1+ ,
1+ 7wt (mq + ma)

(o]

=1+ 7 mimy Z(—l)jﬂ'ij(ml + mo).
j=0

The infinite sum lies in 1 + M, so the above lies in

1+72M-MA+M) C1+7* T MA+M) C 1+72 M+ 7% 2 M c 1+72 T M c Vit

as desired.
Now M/mM =2 A/mA 2 kxe1 @ - -Dkre, = Z|G|®z ki is induced as a G-module (since
{ei} is a normal basis). Hence HY(G,V?/VT1) = 0 as desired. O

Proof of Theorem 1.22.4. Let G = Gal(L/K), n=[L: K].

First assume that L/K is cyclic. Let U = Of, and let V C U be as in Lemma 1.23.1.
Then the Herbrand quotient (V) = 1, and h(U/V) = 1 because U/V is finite (since V'
is an open subgroup of the compact U). Thus we have h(U) = h(V)h(U/V) = 1. Since
L* /U = 7, we have h(L*) = h(U)h(Z) = h(Z). We compute that H%(G,Z) = Z/n and
H~'(G,Z) = 0. Hence h(Z) = n. This shows that h(L*) = n. But H'(G,L*) = 0 by
Hilbert 90. Hence Br(L/K) has order n.

For a general L/K, since Br(L/K) = H2(G,L*/V) is an abelian group killed by n, it
suffices to show that for each prime p dividing n, the cardinality of the p-primary part®

of Br(L/K) is finite and divides the p-part of n. Let G, be a Sylow p-subgroup of G,

and let K’ = L%. Since the composition ﬁ2(G,LX) Res, ﬁQ(Gp,LX) Lor, ﬁQ(G,LX) is

multiplication by [G : G,] which is coprime to p, the map Res : Br(L/K) — Br(L/K’)
is injective on the p-primary part. Thus it suffices to prove the theorem for the extension
L/K' instead of L/K.

Hence we may assume that G is a p-group, and in particular solvable.® Let H < G be a
proper normal subgroup such that G/H is cyclic. Let E = L*. By induction on the degree
we may assume that the theorem holds for L/E. Also the theorem holds for E/K as we
already proved the cyclic case. Now we have the exact sequence

0 — Br(E/K) 25 Br(L/K) 2% Br(L/E).

Thus | Br(L/K)| divides | Br(E/K)|-|Br(L/FE)|, which divides [F : K|[L : E] = [L: K]. O

3By the Chinese Remainder Theorem, if n = p‘il -+ pi” then each Z/n-module M has a canonical primary
decomposition M = @; M; where M; is a Z/p;*-module.

4Every finite extension of a local field is automatically solvable, so this reduction step is actually redun-
dant. However, in the proof we do not need to use this fact, and also the similar reduction argument will
be used again in the global case, cf. the discussion below Theorem 2.4.1.
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1.24. The local Artin map. At this point, we have verified the axioms in Tate’s theorem
in the setting of a finite Galois extension of local fields, i.e., we have proved Theorem 1.18.7.
We summarize the results as follows:

Theorem 1.24.1. Let L/K be a degree n Galois extension of local fields. Then Br(L/K) =
Br(K,,/K) as subgroups of Br(K), and we have a canonical isomorphism

inv: Br(L/K) = Br(K,/K) — %Z/Z.
Define
UL/ K = inv_l(%) € Br(L/K),
called the fundamental class. By Tate’s theorem, the map
up i U-: HY(Gal(L/K),Z) — H*?(Gal(L/K), L*)
is an isomorphism for each q € 7Z. |
Taking ¢ = —2 we have the isomorphism
Gal(L/K)™ = H™2(Gal(L/K),Z) —» B(Gal(L/K),L*) = K* /Ny /i (L*).

We denote the inverse isomorphism by 9,/ k, and call it the local Artin map. Sometimes
we also think of ¢k as a surjective homomorphism K* — Gal(L/K)* whose kernel is

Np/r(L).

Lemma 1.24.2. Let G be a finite group, and let B be a G-module. Let g € G and B €
ZY(G,B) (a 1-cocycle B : G — B). Let g be the image of g in G*® = H™2(G,7Z), and let
B be the image of B in HY(G, B). Then the element gU 3 € H (G, B) = B[Ng]/IgB is
represented by 3(g) € B.”

Proof. See [Ser79, App. to Chap. XI, Lem. 3] or [Neul3, 1.5.7]. a

Lemma 1.24.3. Let L/K be a finite Galois extension of local fields with Galois group G.
Let f € Hom(G,Q/Z) = HY(G,Q/Z), and let a € K*. Note that f factors through G**, so
f(Wr/k(a)) € Q/Z is well defined. We have

f(@Wr/k(a)) =inv(aUdf),

where 0 f is the image of f in ﬁz(G, Z) under the connecting homomorphism associated with
0—7Z—Q—Q/Z—0, anda € HY(G, L*) = K*/N(L*) is the image of a.

Exercise 1.24.4. For any finite abelian group G, define the Pontryagin dual group GV :=
Hom(G,Q/Z), where the group operation is point-wise addition. Show that
GV = Hom(G,C*) = Hom(G, S*)

(where S* = {z € C* | |2|] = 1}), and that (GV)V is canonically isomorphic to G. In
particular, two elements g1, g2 € G are equal if and only if for all f € GV we have f(g1) =

f(g2)-

Remark 1.24.5. Since G* is a finite abelian group, the element ¥,k (a) € G* is char-
acterized by the values f(1r/x(a)) for all f by the above exercise. Hence the above lemma
gives a characterization of the map ¥,/ k-

5Note that N (8(9)) = Ypee h(B(9)) = Xy, B(hg) — B(h) = 0, so indeed B(g) € BING].
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Proof of Lemma 1.24.3. Write g for v,k (a) € ﬁ_2(G,Z). Write u for the fundamental
class up, k. By the definition of 91k, we have

a=uUgeH(G,LX).

Thus

aUdf=(uUg)Udf=uU(gUdf)=uUd(gU f).
Here g U f lies in H™1(G, Q/Z), and § of it lies in HO(G, Z). Note that H=*(G, Q/Z) is the
n-torsion of Q/Z, namely %Z/Z. By Lemma 1.24.2, the element g U f € %Z/Z is equal to
f(g). Write f(g) =r/n mod Z. Then §(gU f) = 6(r/n) € H(G, Z) = Z/nZ is represented
by Ng(r/n) =mn-r/n=r € Z. Thus from the above computation we have

aUdf=uUr=r-u.

The inv of this element is r - inv(u) = r/n mod Z (since inv(u) = 1/n mod Z), which is
equal to f(g) as desired. a

For every finite abelian extension L/K, we have the local Artin map ¢p/x : K* —
Gal(L/K). In order for them to define a continuous homomorphism K> — G4 = Gal(K ab/K),
we need to check the following compatibility:

Lemma 1.24.6. Let L' D L be two finite Galois extensions of K. The following diagram
commutes:

L Gal(L! /K

)

K% P Gal(L) K

Here 7 is induced by the canonical projection Gal(L'/K) — Gal(L/K).

Proof. Write G and G’ for Gal(L/K) and Gal(L'/K) respectively. Let a € K*. Let
g=1v1/k(a) € G, and let ¢’ = ¥/ i (a) € G'*™. We need to show that m(¢g') = g.

Let f € H'(G,Q/Z) be an arbitrary element, and let f' = Inf(f) € H(G',Q/Z). If we
think of f and f’ as characters G® — Q/Z and G'#® — Q/Z, then f' = f o 7. By duality,
in order to show that m(g’) = g, we only need to show that f'(¢’) = f(g).

By Lemma 1.24.3 we have

f'(¢g")=inv(@audf)
Since the operations 6(-),a U -, and inv(-) are all compatible with inflation, the right hand
side is equal to inv(a U ¢ f), which is equal to f(g). O
By Lemma 1.24.6, we can define the local Artin map
Y KX — Gal(K**/K)

by taking the inverse limit of 1), /x over all finite abelian extensions L/K. Comparing with
the statement of Theorem 1.1.1, we see that condition (ii) in that theorem is satisfied by
construction. We still need to check condition (i):

Lemma 1.24.7. Let 7 € K be a uniformizer. Then ¥ (m) acts as the Frobenius o on K" .



ALGEBRAIC NUMBER THEORY (II) 35

Proof. Let n be an arbitrary positive integer. Write G for Gal(K,,/K), where K,,/K is the
degree n unramified extension. Let o/ = ¢x / (7). Tt suffices to show that ¢’ is equal to

the Frobenius o € G. Let f € HY(G,Q/Z). We have
f(o') =inv(TUSf).

~

Recall that inv : Br(K,,/K) — 17Z/Z is the composition

Br(K,/K) % H(G, )~ HY(G,Q/z) &= Q/Z,

where ev,, is the evaluation of elements of Hom(G, Q/Z) at 0. We have v(7Ud f) = v(m)-0f =
0 f. Hence

flo') = evy 0671 (5(f)) = evo(f) = f(0).

Since f is arbitrary, this shows that o = o”. O

We have finished the proof of Theorem 1.1.1.

Exercise 1.24.8. Show that Br(C/R) = Z/2Z. Let u be a generator. Show that u U -
defines an isomorphism HY(Gal(C/R),Z) — HIT?(Gal(C/R),C*) for all ¢. Compute
these groups for all q.

1.25. Functorial properties of the local Artin map. As a bonus of the cohomological
method, we can easily prove the norm and transfer functoriality of the local Artin map.

Proof of Theorem 1.1.53. Let L be a common finite Galois extension of K’ and K. Let
G =Gpx and H = G i < G. It suffices to prove the commutativity of the following
diagrams:

uL/K/U-

HO(H, L) H2(H,7)
] o
(G, L) —257 fJ-%(G,7)
HO(H, 1)~ f-2(H,7)

! ]
HO(G, L)~ H-2(G,7)

For the second diagram, we use Res(ur/x) = ur g, which follows from Lemma 1.22.1,
and we use the formula Res(a Ub) = Res(a) U Res(b). For the first diagram, we must show
ur kU Cor(f) = Cor(ur g U B). Now the right hand side is

Cor(Res(ur,x) U B) = ur x U Cor(f).
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2. GLOBAL CLASS FIELD THEORY VIA COHOMOLOGY

2.1. Statements of global class field theory. We start by briefly reviewing adeles and
ideles. Let K be a global field. Let Vi denote the set of places of K, and Vi o (resp. Vi s)
the set of archimedean (resp. non-archimedean) places. The ring of adeles for K is the
restricted product

/
=1l %
vEVEK

with respect to Ok, for v € Vi . Its group of units is the group of ideles, which is the
restricted product

!/
X X
A =[] K
vEVK

with respect to O for v € Vi . Both Ag and A} are equipped with the restricted
product topology. For every finite subset S C Vi such that S D Vi o, consider the ring

AK’SZ HK“ X H OKU-

veS veEVK =S
Its group of units is
X X X
Aps=118 > ] ok
vES vEVK—S

We have

Ak =|JAks, Ak =JAks
S S

Each Ak s (resp. AIX(,S) is open in Ak (resp. A)), and the subspace topology on Ak g
(resp. AIXQ ) inherited from Ag (resp. Aj) agrees with the product topology.
We have diagonal embeddings K < Ag and K* < Aj. Define the idele class group

Ck :=Ax/K*.

Let L/K be a finite extension. Then there is a natural injective homomorphism i : Ag —
A whose restriction to the diagonally embedded K is just the inclusion K — L. The
injection i extends to an L-algebra isomorphism L ® g Ax — Aj. Moreover, i restricts to
an injective homomorphism Ay — AY, which further induces an injective homomorphism
Ckx — Cp. Furthermore, we have a norm map Ny /x : AT — A} whose restriction to
the diagonally embedded L* is the usual norm L* — K*. This induces a norm map
NL/K : CL — CK

Theorem 2.1.1 (Reciprocity Law). There is a continuous homomorphism ¢ : Cx — G232
satisfying the following properties for all finite abelian extensions L/K. We write ¢ i for

the composite map Cr SN G%® — Gal(L/K).

(1) For each v € Vi, consider the composite map f, : K = Cx —— L Gal(L/K). I

v is non-archimedean, then f, kills O K, U and only v is unramified in L. When
this holds, f, sends any uniformizer to Frob, € Gal(L/K). If v is archimedean and
unramified in L (i.e., either v is complex or every place of L above v is real), then
fo = 1. If v is archimedean and ramifies in L (i.e., v is real and every place of L
above v is complex) then f, factors through the sign map K = R* — {£1} and
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sends —1 to the complex conjugation in Gal(L/K) arising from a complex embedding
L — C corresponding to a complex place above v.
(2) The map v,/ is surjective, and its kernel is Ny /g (Cp).

Remark 2.1.2. Last semester, we already saw that condition (1) for almost all places
v € Vi already uniquely characterizes 91, /. Hence ¢k is unique.

Theorem 2.1.3 (Existence Theorem). A subgroup of Ck is open and of finite index if and
only if it is of the form Nk (CL) for a finite abelian extension L/K.

Remark 2.1.4. Theorem 2.1.1 implies the “if” direction in Theorem 2.1.3.

Theorems 2.1.1 and 2.1.3 are the two main theorems of global class field theory. In
addition to these, we have norm and transfer functoriality, and local-global compatibility.

Theorem 2.1.5 (Norm and transfer functoriality). Let L/K be a finite separable extension.
Then we have a commutative diagram

CL *> Gab

|

CK H_ Gab

where i is induced by the inclusion Gy — Gg. We have a commutative diagram

CL H_ Gab

Tv
I Gab

where V' is the transfer map.

To state local-global compatibility, let v be a (finite) place of K and choose a K-algebra
embedding i : K° — (K,)®. This determines a place of K*® above v, as well as a closed
embedding G, — G whose image is the decomposition group of that place. The induced
map G%’U — G2 is independent of the choice of i.

Theorem 2.1.6 (Local-global compatibility). We have a commutative diagram

Vi Gab

.

CK _h Gab

KX

v

The idea of proof of Theorem 2.1.1 is again to apply Tate’s theorem to H2(Gal(L/K),Cy)
for a finite Galois extension L/K. We shall prove:
e H'(Gal(L/K),CyL) = 0.
o H2(Cal(L/K),CL) = Z/[L : K]Z.
Thus by Tate’s theorem, there is a fundamental class u, x € H2(Gal(L/K),CL) such
that for all ¢ € Z the map uy x U- : HY(Gal(L/K),Z) — H?(Gal(L/K),Cy) is an
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isomorphism. Tt also turns out that (Cp)%*(2/K) = Cp. Thus for ¢ = —2 we obtain an
isomorphism

Gal(L/K)*™ 5 Cx /N k(CL).
We then define ¢, /i to be the inverse.

2.2. Cohomology of ideles. Let L/K be a finite Galois extension of global fields, and
write G for Gal(L/K). We study HY(G,A%).

Consider finite subsets S C Vi containing Vi », and all the finite places of Vi which
ramify in L. Write A ¢ for

II IT =i 1T II oL
veES weVy,wlv vEVK —SweVy,w|v
In other words, if 7" is the set of places of L above S, then A} ¢ := A] . Note that Af ¢
is a G-submodule of A}, and we have A} = liéns AZ,S.
Recall that for any G-module X, HY(G, X) is the ¢g-th cohomology of Homgzg)(P., X),
where (P, )ecz is a complete resolution of Z. Since each P; is a finite rank free Z[G]-module,
the functor Homgzg)(F;, -) commutes with direct limits. Also taking the g-th cohomology of

a complex commutes with direct limits of complexes. Hence H¢ (G, ) commutes with direct
limits. In particular,

HY(G,A}) = lim HY(G, A ).
S

Exercise 2.2.1. Let G be a finite group, and let I be a set with a transitive G-action.
Suppose X is a G-module and it can be written as @, .; X; such that for each i € I and
g € G, the action of g on X induces an isomorphism X; — X,;). Then, for any ig € I, we

have an isomorphism of G-modules X = Indgio Xi,. Here G, denotes the stabilizer of 7
in G and it acts on X, .

By the exercise, we have
~ G G
Af o= [[mdG Ll < [] ™dG.,. OF,
vES vEVK—S
where for each v we choose a place w|v and denote by D(w/v) the decomposition group as
usual. By Shapiro’s Lemma for Tate cohomology (Proposition 1.14.3), we obtain
HY(G,A} ) = [[ HYGal(L,/K,), L) x  [[ HUGal(L,/K.),0F).
veS veEVK—S

For v € Vi — S, the extension L,,/K, is unramified, and so ITI‘I(Gal(Lw/KU)7 Or.) =0 (see
Proposition 1.21.1). We obtain the following conclusion:

Proposition 2.2.2. We have
HY(G. A} 5) = [[ BY(Gal(Lu/K.). L)
veS

and
HY(G,A}) = lim HY(G, A} o) = P H(Gal(Ly/K.,), L}).
S

veEVK
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Il

Corollary 2.2.3. We have Ifll(G,Az) = 0, and IA{2(G7AZ) = @,cv, Br(Lw/Ky)
Doevy Z/Lw : Ky]. For each q € Z, we have
HY(G,A}) = (P H**(Gal(Ly,/K,), Z).
veEVEK

Example 2.2.4. We have H3(G, AT) = Osince H'(Gal(L,/K,),Z) = Hom(Gal(L,/K,),Z) =
0.

By a similar argument, we have

(AE)G _ hﬂ H(L;)Gal(Lw/K”) > H (Ozw)Gal(Lw/Kv) _ hﬂA?(,S = Ag.
S veSs veVKg—S S

Proposition 2.2.5. We have (C1)¢ = Cf.

Proof. We have an exact sequence 0 — (LX) — (AF)¢ — (C1)¢ — HY(G, L*). The last
term is zero by Hilbert 90. ]

2.3. Herbrand quotient for the idele class group (the First Inequality). For a
finite Galois extension L/K, one of our ultimate goals is to establish an isomorphism
Ck /N kCr, — Gal(L/K), so we expect

[CK : NL/KCL] = [L : K}

Also, in order to apply Tate’s theorem we need to show that H2(Gal(L/K),C) = Z/[L : K]
and H!(Gal(L/K),CL) = 0. Hence in the case of a cyclic extension L/K we expect that
the Herbrand quotient of the Gal(L/K)-module C7, is

hCr) =[L: K].

Theorem 2.3.1. Let L/K be a finite cyclic extension. Then the Herbrand quotient of the
Gal(L/K)-module Cy, is defined, and it is equal to [L : K].

Corollary 2.3.2 (The First Inequality). For a finite cyclic extension L/K, we have

Proof. The left hand side is h°(CL) (by Proposition 2.2.5), and the right hand side is
h(CL) = h(CL)/h*(CL). O

In order to prove Theorem 2.3.1 we need the following lemma.

Lemma 2.3.3. Let My, My be two G-modules. Assume that for some field F' O Q there
exists an F[G]-module isomorphism My @z F — My®z F. Then there exists a Q[G]-module
isomorphism M, @z Q — My ®z Q.

Proof. For any field F D Q, let Hp be the set of all F-linear maps M; ® F' — M, ® F, and
let HG C Hp be the subset of F[G]-linear maps. Clearly Hr = Hg ®q F, and HE C Hp
is defined by a system of Q-coefficient homogeneous linear equations which are independent
of F. In other words, H(g is a Q-subspace of Hg and we have Hg ~ H(S ®gq F. By our
assumption, there exists a field F' D Q, elements t1,...,tg € F and ¢1,...,¢4 € Hg such
that t1¢1 + - - - +tg¢q is an isomorphism. In particular M; and Ms have the same rank, and
if we fix a basis of each and view all elements of Hr as square matrices, we have

det(t1p1 + - -+ + tada) # 0.
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Since the above is a Q-coefficient polynomial in the variables ¢y, . .., tq4, there exists s1,...,s8q4 €
@ such that

det(s1¢1 + -+ + sqdq) # 0.

Then s1¢1 + - -+ + sq¢4 is an element of Hg which is an isomorphism. O

We also need to recall some facts established in the last semester.

Fact 2.3.4. Let T be a non-empty finite subset of Vi, containing Vi, oo. Then AE/(LXAZT)
18 finite.

Let Opr = LNAL . Its group of units is Of Lo =1L~ NAY - The group AY /(LAY T)
is identified with the class group of Or, 1, and we proved the finiteness last semester based
on the compactness of (AF)!/L*.

As a consequence, since Az =UrAS 1, we can take 7' large enough so that AZT contains
a set of representatives of the finitely many elements of A} /(L*AF 5, ) for some fixed Tp.
For such T' we then have Aj = L*AJ r.

Last semester we also proved Dirichlet’s unit theorem for OET, which states that it is
a finitely generated abelian group with rank || — 1. During the proof we established the
following result:

Fact 2.3.5. Letl: Of p — R,z (log ||z||lw)wer. Then I has finite kernel, and its image

is a full rank lattice in the hyperplane H := {(r,,) € RT | 3 7w = 0}

Proof of Theorem 2.3.1. Write G for Gal(L/K). Take a finite subset S C Vi containing
Vi o0 and all finite places which ramify in L, and large enough such that the set 1" of places
of L above S satisfy A} = LXAE,T. We then have a short exact sequence of G-modules

1= O = AL = CrL— 1.

It suffices to show that the Herbrand quotients of OZ,T and AZT are defined and compute
them.
For Aj 1, by Proposition 2.2.2 we have

HY(G, A} ;) = [[ HY(Gal(Lw/K,), LY.
vES

Hence the Herbrand quotient of AET is defined and is equal to the product of local Herbrand
quotients (note that each Gal(L,,/K,) is a subgroup of Gal(L/K) and hence cyclic):

y #H?(Gal(L, /K,),LY)
h(A = — = L, : K,].
(Ar.r) 133 #HL(Gal(Ly,/K,), L) ES[ |

Now consider OZ,T' Let G act on R” by its permutation of T. Since [ : OZ,T — RT has
finite kernel and is clearly a G-map, the Herbrand quotient of OF . is defined if and only if
the Herbrand quotient of A :=1 (OZT) is defined, and when this is the case they are equal.

Let e = (1,...,1) € RT, which is fixed by Gal(L/K). Let M; = A ® Ze C RT. We know
h(Z) = [L : K] (see Example 1.17.5), so it remains to show that the Herbrand quotient of
M; is defined and compute it. Then we would get 2(Of ) = h(A) = h(M1)/[L : K]
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Let My = ZT c RT. Tt is a G-submodule, and isomorphic to [loes Indgal(Lw/Kv) Z by
Exercise 2.2.1. Therefore

#HO Gal(Ly/K,),Z) |
J;L#Hil Gal(L,/K,),Z) —UI;IS[Lw D K.

Finally, since M; and M, are two full rank G-stable lattices in R”', applying Lemma 2.3.3 we
get an injective G-map My — M, with finite cokernel. Hence h(M;) = h(Ms). Combining
the results we have
h(OZ’T) =h(A) = h(M)/]L : K] = h(M)/|L: K] = [L : K]™* H[Lw : K,
veES
HUES[L’W : KU]
(L K] [ Lesllw Ko

WCr) = WAL ) /MO 1) = = [L: K],

]

Corollary 2.3.6. Let L/K be a non-trivial finite Galois extension with solvable Galois
group. The following statements hold.

(1) There are infinitely many places of K which do not split in L.
(2) For any finite subset T C Vi, Gal(L/K) is generated by {Frob(w/K) | w € Vi —
T, w is unramified over K}.

Proof. For (1), there is a non-trivial cyclic extension L'/K inside L and it suffices to show
that there are infinitely many places of K which do not split in L’. Hence we may assume
that L/K is cyclic. Suppose there are only finitely many places of K which do not split in
L. Let S be the set of these places. Let B = {(x,) € Ag | x, = 1,Vv € S}. Then clearly
B C NL/KAE. Last semester we showed that the image of B in Ck is dense. Hence N/ C,
is dense in C'x. On the other hand, NL/K(AZ) is open in Aj; since Ng. /K, L. is open in
K¢ for every w|v by local class field theory and N, /x,Of = O for every unramified
wlv (see Remark 1.21.4). Therefore N,/ Cy, is an open, and hence closed, subgroup of Cf.
Thus Cx = N /xCp. This contradicts with the First Inequality [C : NL/KCL] [L: K].

For (2), let G’ be the subgroup of Gal(L/K) generated by the set in question. Let
K’ = LS. Then every v € Vi which is unramified in L and which does not lie below T is
split in K, since for every u € Vi above v we have Frob(u/v) = 1. There are infinitely
many such v, so by part (1) we know that K’ = K. It follows that G’ = G. O

Remark 2.3.7. In the proof we saw that (2) is a formal consequence of (1). Statement (1)
itself is a weak consequence of the Chebotarev density theorem, which asserts that the set
of places of K which do not split in L has Dirichlet density 1 — [L : K]~*

2.4. Upper bound for the cohomology of the idele class group (the Second In-
equality). Let L/K be a finite Galois extension of global fields, and write G for Gal(L/K).
Recall that we expect that H2(G,Cr) = Z/[L : K|Z and HY(G,C) = 0. Also we expect
to have an isomorphism G*® — H(G, C1.) by cupping with the fundamental class, so at
least [HO(G, CL)| should divide [L : K].

Our current goal is to prove the following upper bounds.

Theorem 2.4.1. The following statements hold:

(1) HY(G,Cy) = 0.
(2) |HY(G, Cy)| divides [L : K].
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(3) |H2(G, Cy)| divides [L : K].

We first reduce the theorem to the case of a cyclic extension L/K of prime degree. The

argument is essentially the same as in the proof of Theorem 1.22.4. For each prime p

dividing [L : K] and a Sylow p-subgroup G, of G, since the composition ﬁi(G,CL) Res,

Hi(G,,Cp) Lor, H(G,Cy) is [G : Gy, the map Res : H (G, CL) — Hi(G,, Cy) is injective
on the p-primary part. Hence we have reduced all three statements to the case of a solvable
extension. Then part (1) reduces to the prime degree case by the inflation-restriction exact
sequence for H!. Once we have established the triviality of ﬁl(G, CL), we also know this
for all subgroups of G, and as a result we have inflation-restriction exact sequence for H2.
Then (3) in the solvable case reduces to the prime degree case by induction. For (2), if N
is a normal subgroup of G and L' = L", then we have an exact sequence

N/
CL//NL/L/OL L—/K> OK/NL/KCL — CK/NL'/KOL/ —1

Hence (2) in the solvable case follows from the prime degree case and induction.
Once we are in the cyclic case, the three statements in the theorem are actually all
equivalent to the inequality

IH(G,Cp)| =[Ok : NpykCr] < [L: K],

which is called the Second Inequality. This is because we have periodicity 2 for the coho-
mology and we already know that the Herbrand quotient h(Cp) = [L : K].
Thus we have reduced Theorem 2.4.1 to the following theorem:

Theorem 2.4.2. Let L/K be a cyclic extension of prime degree p. Then we have the Second
Inequality:

We first prove the theorem assuming that p is not the characteristic of K (e.g., K is a
number field). Let u, denote the group of all p-th roots of unity in K*.

Lemma 2.4.3. In order to prove Theorem 2.4.2 when charK # p, we may assume that K
contains fip.

Proof. Assume that K does not contain p,. Let K/ = K(u,) and L' = L(p,,). Since [K’ : K]
divides p — 1 and is coprime to p, K’ and L are linearly disjoint over K. It follows that we
have a commutative diagram

Nr/x
CL 4>CK

iL\L \Lik
NL//K/

CL/ _— OK/

NL’/L\L \LNK’/K
Nr/x

CL4>CK

where i;, and ix are induced by the inclusions L « L’ and K < K’ respectively. In
particular, the two arrows in the second column induce homomorphisms ¢ : Cx /Ny, xCr, —
Cr/ /Ny g Cprand ¢ : Cgr /Ny g Cpr — Cx /[N gCr. But v o ¢ is multiplication by
[K': K], and this is an automorphism since Cx /N, /xCp = HO(Gal(L/K), Cy) is p-torsion.
Hence ¢ is injective. The desired inequality for the extension L/K thus follows from that
for L’ /K', which is also a cyclic extension of degree p. O
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When K D p,, degree p cyclic extensions of K are controlled by Kummer theory. Let us
recall it. Let K be a field, and n be a positive integer not divisible by char K. Assume that
K contains the full group p, of n-th roots of unity. We call an algebraic extension L/K a
Kummer extension with respect to n, if it is abelian and Gal(L/K) is killed by n.

Fact 2.4.4 (Kummer theory). An algebraic extension L/K is a Kummer extension with
respect to n if and only if L is of the form K({{/a | a € A}) for a subset A of K*. We
have a bijection

{Kummer extensions of K in K® with respect to n} — {subgroups of K*/(K*)"}
sending L/ K to (K*N(L*)™))/K*, and the inverse map sends A to L = K({{/a | a € A}).
Assume that L/K corresponds to A under the bijection. Then we have a bi-multiplicative
pairing

Gal(L/K) x A — up,

gi/a
Ve

Here, for each a € A, we choose an n-th root {/a € L* of (a representative in K* of) a,
and the pairing is independent of this choice since a different choice differs by an element of
iy, which is fized by Gal(L/K). This pairing induces an isomorphism of topological groups

Gal(L/K) —s AY := Hom(A, ),

where the topology on Hom(A, p,) is the profinite topology induced by the identification
Hom(A, p, Hom(A', 1y,), and an isomorphism of abstract groups

(9,a) —

) = @ﬁ'm’te subgroups A’<A
A "5 Gal(L/K)Y == Hom ot (Gal(L/K), jty,).
In particular, [L : K] is finite if and only if A is finite, and in this case we have [L : K] = | A|.

Remark 2.4.5. Since Gal(L/K) and A are abelian groups killed by n, Gal(L/K)" and
AV here are just the usual Pontryagin duals of the respective groups, namely the groups
of continuous homomorphisms to S*. (Here Gal(L/K) has the usual Krull topology and
A has discrete topology.) In general, for any locally compact Hausdorff abelian group, its
Pontryagin dual equipped with the “compact-open topology” is also a topological group of
the same type, and the double dual is canonically isomorphic to the original group. It is
a fact that the Pontryagin dual of a compact group is discrete and vice versa. Thus the
pairing Gal(L/K) x A — p, identifies the two groups with the Pontryagin dual groups of
each other.

We only explain why the map A — Gal(L/K)" induced by the pairing is an isomorphism
in the case when both A and Gal(L/K) are finite. We have a short exact sequence of
Gal(L/K)-modules:

N

1= poy = L ——= (L))" = 1.
We obtain the long exact sequence:

=z

1= py — K 225 XA (D)™ S HY(Gal(L/K), 1) — HY(Gal(L/K), LX) — - --
By Hilbert 90, H!(Gal(L/K), L*) is trivial. Since Gal(L/K) acts trivially on f,, we have
H!(Gal(L/K), j1,) = Hom(Gal(L/K), yt,). The cokernel of the map before § is exactly A.
Thus § induces an isomorphism A — Gal(L/K)V. Tracing the definitions we see that this
isomorphism agrees with the map induced by the pairing Gal(L/K) x A — p,.

The following lemma will also enter the proof of Theorem 2.4.2.
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Lemma 2.4.6 (Computation of local power index). Let F' be a local field (archimedean or
non-archimedean). Let n be a positive integer not divisible by the characteristic of F, and
assume that F D p,. Then [F* : (F*)"] = n?/||n||F, and in the non-archimedean case we
have [OF : (Of)"] = n/|n||p. Here |- ||r denotes the normalized absolute value.

Proof. In the archimedean case, if F' = C then we always have [F'* : (F*)"] =1 = n?/||n||F.
If F =R, then since F contains all n-th roots of unity we have n € {1,2}. One then directly
verifies the statement.

Assume that F is non-archimedean. Since F* 2 Z x OF, it suffices to prove the formula
for [0 : (OF)"]. Let G = Z/n. For any abelian group M, if we view M as a G-module
with trivial action, then the Herbrand quotient is

0o .
o (M) = #PAI (G, M) _ [M : nM]
#HY(G, M)  #M]n]
where M[n] = ker(n : M — M). Since O [n] = py,, we have [Of : (O5)"] = nh,(OF). It
remains to show that

ha(OF) = |l 7"
If F has characteristic zero, then for sufficiently large ¢ we have an isomorphism of abelian
groups (1 + m%, x) = (Op,+) via the logarithm map. Since the left hand side is a finite
index subgroup of O3, we get

ha(OF) = ha(OF) = [OF : nOF] = ||nllz",

done.

If F has positive characteristic, then n is a non-zero element of the constant field of F,
so ||n||F = 1. Tt suffices to prove that h,(14+mpg) = 1. For this, by Lemma 1.21.2, it suffices
to prove that HI(G,1 + m% /1 + m?‘l) =0 for ¢ = 1,2 and all ¢ > 1. On the one hand,
this group is killed by n, and on the other hand, 1 + m% /1 + mifl & kp is killed by |kp|,
which is a power of the characteristic of F' and is hence coprime to n. The desired vanishing
follows. O

Proof of Theorem 2.4.2 for characteristic not p. In view of Lemma 2.4.3, we assume that
K D pp. We shall show the stronger statement: For every finite Kummer extension L/K
with respect to p, we have [Cx : Np,/xCr] < [L : K. We follow [CFT67, §VIL9].

Write G for Gal(L/K). By Kummer theory L is of the form K(¢/ai,..., ¢/ay) for some
ai,...,a € K*. Let S be a finite subset of Vi satisfying the following conditions:

(1) S contains all archimedean places of K and all non-archimedean places of K which
ramify in L.
(2) For every v € Vg — S, we have {p,ay,...,a;} C Of .0
(3) We have Ay = K*A¥ ¢ (see the discussion below Fact 2.3.4).
Note that for any finite subset T' C Vi — S such that all elements of T are split in L, the

group
Esr= &< [][&:x ][] Ok,
vES veT vEVK —(SUT)
is contained in the image of Np.x : A} — Aj. Indeed, for every v € Vi and w € V7, above
v, we have (K )P C N /i, L, since by local class field theory we have K /Ny, /i, L =
Gal(L,/K,) and this group is killed by p. If v is split in L, then L,, = K, and trivially

6This actually implies that v is unramified in L. Hence the requirement in (1) that S contains all ramified
non-archimedean places is redundant. For the current proof we do not need to know this.
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we have K = Ny /g, Lj. If v is non-archimedean and unramified in L, we have (’)IX{U -
N,/ x,Of. (see Remark 1.21.4).
Therefore, if ES)T denotes the image of Eg 1 in Ck, then

[CK : NL/KCL] < [CK : ES,T]'

In the following we shall construct T such that [Cy : Es 7] < [L: K].
Let M = K({/z,z € Ok g). Thus

Gal(M/K)¥ = 0F oK* /(K*)P € K*/(K*)P.

Note that Ok ¢ N (KX)? = (Of ¢)P. Hence O sK*/(K*)? = O ¢/(Ok )P, and this
is isomorphic to (Z/p)!®! by Dirichlet’s unit theorem and the fact that OIX(’ g D pin. In
particular [M : K] = plSl.

Since L = K(g/ai,..., ¢/ax) and each a; € O g, we have L C M. Let [M : L] =
p'. Thus Gal(M/L) = (Z/p)'. Since this is an F,-vector space, by Corollary 2.3.6 we
can find wy,...,w; € Vi not lying above S such that every w; is unramified in M and
{Frob(M/w1), ... ,Frob(M/w;)} is an Fp-basis of Gal(M/L). Let v; be the place of K
below w;. Then the v;’s are distinct and none of them lie in S. We have Frob(M/w;) =
Frob(M /v;)?(wi/v) But every non-trivial element of Gal(M/K) has order p and f(w;/v;)
is a power of p (since it divides [L : K]), so we must have f(w;/v;) = 1, i.e., v; splits in L.
Let T = {vy,...,v¢:}. We have seen that T is a set disjoint from S and consists of places
which split in L. It remains to show that

[Ck :Esr) <|[L:K].
In general, if A, B, C' are subgroups of an abelian group and A D B, then
[AC : BCJ[ANC:BNC]=[A: B].
Hence

[A?(,S’UT : Es 7]
Ok sur : KN Es ]

[CK : ES,T] = [A;( : KXES’T] = [KXA;(,SUT : KXES’T] =

where for the second equality we use condition (3) satisfied by S. By Lemma 2.4.6, the
numerator is

A% sor Bsrl = [TIKS (67 =[]

vES vES

p2
=p?¥l =M : K2,
[1pll

where for the last equality we use condition (2) satisfied by S and the product formula.
It remains to show that K* N Egr = (O g 7)?. For then by Dirichlet’s unit theorem
as before we can calculate the denominator:

(0% sur : KX N Esr] = [0F sur : (0% sur)?) =T = [M : K][M : L],
and it follows that
[M: K)?

G Bsl = 5 K

—[L:K],

as desired.

Clearly we have K* N Esr D (O g r)P. The reverse containment follows from the
following claim and Proposition 2.4.7 below.

Claim: the map Of g — [[,cp Ok, /(Ok, )P is surjective.
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Proof of the claim. Let ® denote the kernel of the map. We first check that & =
Ok.sN(L¥)P. Let a € O 4N (L*)P. For each v € T, since v splits in L, for any place w
of L above v we have a € (L*)P C (LX)P = (K,))P. Hence a € ®. Conversely, let a € ®.
By the construction of M, there exists ¥/a € M. It suffices to show that ¢/a is fixed by
Gal(M/L), and for this its suffices that Frob(M /w;) fixes #/a for all 1 < i < ¢, since these
Frobenius elements generate Gal(M/L). But a € (O, )P = (Of )P since v; splits in L, so
¢/a € L, and it is fixed by Frob(M/w;). l l

Since ® = Ok ¢ N (L*)?, we have

Ok @] =0k L : (L*)"] = | Gal(M/L)"| = p'.
Also [T,er Ok, /(Of )P has cardinality [], e p/[pllo = p* by Lemma 2.4.6 and the assump-
tion that p € O for all v ¢ S. The claim is proved. O

Proposition 2.4.7. Let n be a positive integer not divisible by charK. Assume that K D py,.
Let S be a finite subset of Vi containing all archimedean places and satisfying:

(1) For everyv € Vi — S, we have n € O .
(2) We have A = K*Ag g.

Let T be a finite subset of Vi disjoint from S. Assume that the map Ozxgs =11
is surjective. Then

KXnN (H(K,f)" <[5 > ]I (’)?ﬂ) C (KX)™.

veS veT veVik —-SUT

Ok, /(Og,)"

veT

Proof. Let bbe an element of the left hand side, and let L = K (/b). It suffices to show that
L = K. The extension L/K is Kummer and corresponds to the subgroup of K*/(K*)™
generated by b, so it is cyclic. Thus we have the First Inequality [Cx : Np/xCr] > [L : K.
It suffices to show that Ny, xC, = Ck.
Let D = [[,es K X [oer (O, )™ X [yev,—sur Ok, For each v € Vi and w € Vg,
above v, we know the following:
e Ifve S, then L, = K, since Vb e K.
o Ifv € T, then (OIX(U)” C N, /K, Ly since by local class field theory the latter group
has index n in K*.
e Ifv ¢ SUT, then since n,b € (’)IXQ, the extension L,, /K, is unramified. In particular,
le(v - NLw/Kv O;w .
In conclusion, we have D C NL/KAE. It remains to show that D maps onto Ck, i.e.,
A = K*D. For this,

AR/K*D = K*Aj o/ K*D = (A 5/D)/im(Ak s N K*) = (] Ok,)/im(0% ) = 1.
veT
([l

Remark 2.4.8. We can take T' = (). Then the proposition asserts that for any finite S
containing the archimedean places and satisfying (1) (2), we have

KXm(H(Kg)”x 11 O,X(v)C(KX)".

veS vEVK —S
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2.5. The Second Inequality for bad characteristic. We now treat the case of Theorem
2.4.2 when the degree p of L/K is equal to the characteristic of K, following [AT09, §IV .4].

We first need a replacement of Kummer theory, which is Artin—Schreier theory. Let K be
an arbitrary field of characteristic p > 0. We call an algebraic extension L/K Artin-Schreier
if it is abelian and Gal(L/K) is killed by p. Define the endomorphism of the additive group

p: K-> K, x—a2P—z.

Its kernel is clearly F, C K. This map plays the analogous role as the n-th power map in
Kummer theory, and F,, plays the analogous role as fi,.

Fact 2.5.1 (Artin—Schreier theory). An algebraic extension L/K is an Artin—-Schreier ex-
tension if and only if L is of the form K(p~1(A)) for a subset A of K, where p~' denotes
taking inverse image in K°. We have a bijection

{Artin-Schreier extensions of K in K*®} — {subgroups of K/p(K)}

sending L/K to (K Np(L))/K, and the inverse map sends A to L = K(p~t(A)). Assume
that L/ K corresponds to A under the bijection. Then we have a bi-additive pairing

Gal(L/K) x A — T,
(g9,a) — gz — .

Here, for each a € A, we choose x € L such that p(x) = a and @ € K maps to a. The
pairing is independent of choices, and identifies Gal(L/K) (with the Krull topology) and A
(with the discrete topology) with the Pontryagin dual of each other (cf. Remark 2.4.5). In
particular, [L : K] is finite if and only if A is finite, and in this case we have [L : K| = |A].

We explain why an extension of the form L = K (p~!(A)) is Artin—Schreier. Clearly it is
normal. To see it is separable, note that for any a € K, the polynomial f(X) = X? - X —a
satisfies f/(X) = —1, and clearly it has a root in K if and only if it splits in K (as all roots
differ from each other by F,). Hence it suffices to see that f(X) is irreducible over K when
it has no root over K. Suppose it has a proper factor (X — z1)--- (X — z,.) over K, with
2 <r < p. Then the subleading coefficient of this factor is —(z1 + - + z,) € —rzy + Fp,
a contradiction since r € K> and x; ¢ K. Thus we have seen that L/K is Galois. To see
Gal(L/K) is abelian and killed by p, it suffices to note that the pairing Gal(L/K) x A — F,
has no kernel in Gal(L/K) and so Gal(L/K) is a subgroup of Hom(A,F,).

We now explain why the map A — Gal(L/K)" = Hom(Gal(L/K),F,) induced by the
pairing is an isomorphism in the case when both A and Gal(L/K) are finite. We have a
short exact sequence of Gal(L/K)-modules:

15F, = L% L) —1.
We obtain the long exact sequence:
15F, > K% Knp(L) S H (CGal(L/K),F,) — H (Gal(L/K),L) — - --
By Proposition 1.19.1, H(Gal(L/K), L) is trivial. Since Gal(L/K) acts trivially on F, we
have H'(Gal(L/K),F,) = Hom(Gal(L/K),F,). The cokernel of the map before § is exactly
A. Thus ¢ induces an isomorphism A — Gal(L/K)Y. Tracing the definitions we see that
this isomorphism agrees with the map induced by the pairing Gal(L/K) x A — F,,.
We now discuss differentials and residues, with the ultimate goal of stating a duality

theorem (Fact 2.5.12) for the global function field K, which is a deep result entering the
proof of the Second Inequality as a black box. The main reference being cited in [AT09]
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for this material is Artin’s book [Art06]. A more modern reference is [Ser88]; see especially
Chapter II, which also contains a bibliographic note at the end.

Let F' be a local function field of characteristic p, with residue field £ = IF;. Recall that
for each choice of uniformizer ¢ € F, we have a canonical isomorphism k((t)) — F sending a
Laurent series to its convergent value in F'. For such ¢, consider the 1-dimensional F-vector
space Fdt, where dt is a formal symbol and is a basis of the vector space. If s is another
uniformizer, we define an F-vector space isomorphism

~ dt
it Fdt — Fds, dt — d—ds.
s

Here, t is a Laurent series t(s) € F = k((s)) (in fact a power series without constant term),

dt . . . .. . . _ n dt n—1
and - denotes term-wise differentiation, ie., if t =37 o, ans™ then 50 =37 o na,s" .
If ¢, s,r are three uniformizers, then we have a commutative diagram

Fdt

Fds tor Fdr

Thus we can compatibly identify the F-vector spaces F'dt for all choices of uniformizers ¢,
and we denote the resulting space by Qr/,. We have a canonical k-linear map
A d
d:F—)QF/k, ledt,
dt
where ¢ is any uniformizer, and % again denotes term-wise differentiation of the Laurent
series f = f(t) € F = k((¢)). This map is independent of the choice of ¢.

Exercise 2.5.2. In this exercise we show how to abstractly characterize the pair
(QF/kH d: F — QF/k)

Show that the O p-submodule O pdt of Qp /k is independent of the choice of a uniformizer ¢.
Denote it by QOF/]C' Show that d restricts to a map Op — QOF/k, and the pair

(Qop ks d: O = Qo k)
is characterized by the following universal property:
e The Op-module QOF/]C is mp-adically complete, (i.e., the natural map QOF/k? —

@n>l QOF/k/m’I}QOF/k is an isomorphism), and d is a k-linear map satisfying

d(fg) = fdg + gdf;

e For any pair (B,dp) consisting of an mp-adically complete Op-module M and a
k-linear map dp : Op — M satistying dg(fg) = fdpg + gdgf, there is a unique
k-linear map ¢ : Qop/k — B such that dg = ¢ o d.

Then show that we have a canonical identification {2 F/k = F Qo Q@F /k, and moreover

d: F — Qg is given by d(f/g) = g2 ® (gdf — fdyg) for f,g € Op, g #0.

Definition 2.5.3. For any element w € Qp/k7 choose a uniformizer ¢ and write w =
(Xis, ait))dt, with a; € k. Define the residue of w to be a_; € k. We denote it by
Resw.

Lemma 2.5.4. The definition of the residue is independent of the choice of uniformizer.
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Proof. Let s be another uniformizer. Then

w= (Z a;it’)dt = (Z ait(s)i)%ds.

i>n i>n
Clearly the coefficient of s~ in (37,5 a;t(s)") 2 is 0 (since ¢(s) is a power series). Hence

we may assume w = t~"dt for some n > 1. We need to show that the coefficient of s~! in
t(s)’”% is 1 for n =1 and 0 for n > 2.
Write ¢t = su™!, with u € O. Then
_ gdu

dt uU— S
t(S)indf:Sin n 2ds.
S u
Let 4
u— st
f(S) —u” - ds .

Thus we need to show that the coefficient of s" ! is f is 1 for n = 1 and 0 for n > 2. For
n =1, we have f(s) = 1—su~'% and so f(0) = 1, as desired. For n > 2, in anticipation of
a difficulty cased by positive characteristic, we lift the problem to characteristic zero in the
following way: Consider U(s) = by + b1s + bes? + - - € R[s], where R = Z[bg, by, - - -] with
the b;’s being formal variables. Define

du
ds
Clearly U and F specialize to v and f, i.e., if we map R to k sending b; to the coefficients
of u, then the induced map R[s] — k[s] sends U to u and F and f. It suffices to prove that
the coefficient A € R of s"~! in F(s) is 0. We have

F(s)=U""'-U""?s— € R[s].

dnfl dnfl dn72 dU
~DA= ——| F(s)= —— U —m—-1) —s UnTi—_).
(n ) dsn_l 50 (S) dsn_l N ( ) (n ) dsn_2 s ( dS )
This is zero since aU J
-1 Un*27 — Unfl .
(-2 = &gy
Hence A = 0 since multiplication by (n — 1)! is injective on R. (The last argument does not
work for k in place of R.) |

Exercise 2.5.5. Show that the pairing QF/k x F = k,(w, f) = Res(fw) induces an iso-

morphism from F/k to the space of continuous k-linear maps F' — k (where I’ has the
usual non-archimedean topology and k has the discrete topology).

If t, s are uniformizers of F, clearly dt/ds € O. Hence for any w = fdt € Qp/k = Fdt,
the integer ord(f) depends only on w, not on the choice of t. We define it to be the order
of w, denoted by ord(w).

Now let K be a global function field of characteristic p, with field of constants k (i.e., k is
the algebraic closure of F, in K). Recall that K is of transcendence degree 1 over k, so one
can choose (non-canonically) an element ¢t € K which is transcendental over k, and realize
K as a finite extension of the field of rational functions k(t). This point of view is important
for the proofs of some of the facts discussed below, but we will not make too much use of it.

Let (Qg/k,d) be the usual module of differentials, which is characterized as the initial
object among pairs (B, dg) where B is a K-vector space and dp is a k-linear map K — B
satisfying dg(fg) = fdpg + gdpf.

Fact 2.5.6. The following statements hold.
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(1) The K-vector space Qg . is one-dimensional.

(2) Let v € Vi, and write k, for the residue field of K,. By the universal property of
(1, d), there is a unique map i : Qg — QKU/kv making the following diagram
commaute:

K—s K,

ld id
Qi — Qe ke,

The map i is injective. In particular, if t € K is a local uniformizer at v (such t
clearly exists), then dt € Qg y, is a K-basis of Qg y,.

(3) Let w € Qg . Then for almost all v € Vi, we have ord,(w) = 0, i.e., the image of
w in QKv/kv is of the form f,dt, for f, € OIXQ and t, a local uniformizer.

(4) (Theorem of Residue.) Let w € Q. For v € Vi, denote by Res,(w) € k, the
residue of the image of w in QKv/ku~ By (8), this vanishes for almost all v. We
have

Z Try,, /k Res, (w) = 0.
veVi

Remark 2.5.7. The above notions have the following geometric interpretations. Let X be
the smooth projective geometrically connected curve over k such that K = k(X). Then
Qp k. is the space of global meromorphic differentials on X. The set Vi of all places of
K is identified with the set of closed points of X. For v € Vg, QKU/;% is the space of
meromorphic differentials defined on the formal disk centered at v which are holomorphic
away from v. The map i : Qg — Qf, /i, has the interpretation of restricting a global
meromorphic differential to a local formal disk. Fact (3) above corresponds to the fact that
any global differential has only finitely many zeros and poles.

Let t € K be a uniformizer at some v € V. By (1) and (2) in Fact 2.5.6, for any
f € K there is g € K such that df = gdt, and moreover g can be computed as g = df /dt in
K, 2 k,((t). As a consequence, taking derivative in k, ((t)) preserves the subfield K C k, ((t)).
In the following exercise we directly prove this.

Exercise 2.5.8. Let k be a finite (or more generally, perfect) field.

(1) Show that the extension k((t))/k(t) is separable. Hint: Suppose f € k((t)) is algebraic
and non-separable over k(t). Let F(X) € k(t)[X] be the minimal polynomial of f.
Let f1(t) = f(t?) € k((t)). Construct a polynomial Fy(X) € k(t)[X] of smaller degree
than F' such that Fy(f;) = 0. Then show the following fact: If ag(t),. .., an(t) € klt]

are such that
> ai)fi(t) =0,
then the same equation still holds if we modify each a;(t) by discarding all terms ¢/
for j coprime to p.
(2) Let f € k((t) be algebraic over k(t). Then df/dt is also algebraic over k(t), and
more precisely df /dt € k(t)(f). (Hint: you should use the conclusion of (1).)

Exercise 2.5.9. Let s € K be transcendental over k, so K is a finite extension of k(s).
Show that the extension K/k(s) is separable if and only if ds # 0 in Q. (Hint: for the
“only if” direction, use Fact 2.5.6 (2) and the previous exercise.)
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Example 2.5.10. Let k be a finite field of characteristic p # 2. Let P(X) € k[X] and
assume that P(X) is not a square in k[X]. Let K = k(X)[Y]/(Y? — P(X)). Then K is a
global function field (but the field of constants may be larger than k). Suppose there is an
element a € k such that P(a) # 0. Let t = X — a. Then

Y2=P(t+a)=co+crt+--+cpt",
with ¢; € k,co # 0. Let

o0
S =Y (142) i € k().
i=0

Then S(u)? = 1+ u, and in particular by differentiating both sides we have S’(u) =
(2S(u))~t. Let k' = k(y/co), which is either k or a quadratic extension of k. We have a
k-algebra embedding K < k’((t)) sending X to t+a and sending Y to \/coS(Et+-- -+ 2t"),
which is indeed a well-defined element of k’((t)). Pulling back the valuation on k'((t)) to K,
we obtain a place v of K, and the element t = X — a € K is a local uniformizer at v.

For any f € K, df € Qg is a K-multiple of dt, and the multiplier in K can be computed
as df /dt inside k((t)). For instance,

dY n

yi \/COS’(Z—ltJr . ~+z—t”)co_1(cl+202t+~ cne,t" T = (2Y) T (e 420t 4 - Aneat™ ),
0 n

which is indeed an element of K.

Example 2.5.11. Let k be a finite field and K = k(t), the function field of P! over
k. Recall that the places of K correspond to non-zero prime ideals of k[t] and oco. If v
corresponds to a non-zero prime ideal of k[t], or equivalently a monic irreducible polynomial
m(t) € k[t], then ord,(f(¢)/g(t)) is the exponent of m(t) in the irreducible factorization
of f(t) minus the similar number for g¢(t), for all f(¢),g(t) # 0 € k[t]. If v = oo, then
ordy(f(#)/9(t)) = degg — deg f.
Consider w = dt € Q. If v corresponds to an irreducible m(t) € k[t], then s, :=
m(t) € K is a uniformizer at v, and in K, = k,((s,)) we have
di dsy\ 4 1y —1 x
o= (B = o) e K
(Note that m/(t) # 0 since m(t) is irreducible over k and k is perfect.) Moreover, m’(t) is
coprime to m(t) in k[t], so m/(t)~' € Oj . Hence Res, dt = 0.
For v = oo, a uniformizer is s = t~!. We have

at

% - 9
so Res,dt = 0. We have seen that w = dt has zero residue everywhere. Note that
>, ord, w = —2. This property is independent of the choice of w, since a different non-zero

element of Qg /. differs by multiplication by some f € K*, and by the product formula we
have ) ord,(f) =0.

We can now state the duality theorem for the global function field K. Define the pairing
() Qe x A — &, (w,(ay)y) —> Y Trg, s Resy (a,w).

veVi
By Fact 2.5.6 (3), this is a finite sum. By Fact 2.5.6 (4), this pairing kills K C Ag. It is
easy to see that the pairing induces a map

Qg /i — {continuous k-linear maps Ax — k}.
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Fact 2.5.12 (The duality theorem). The above map is an isomorphism.
Exercise 2.5.13. Prove injectivity. (Surjectivity is the deep part.)

Corollary 2.5.14. Let a = (a,), € Ag be such that (w,a) = 0 for all w € Qg /. Then
ac K.

Proof. Fix a non-zero wy € Qg /. The map A — k, b (wo, ab) is clearly continuous and
k-linear. It kills K, since for b € K we have {(wq, ab) = (bwo,a) = 0 by the hypothesis on a.
Thus there exists w; € Qg such that (wo,ab) = (w1,b) for all b € Ax. Write w; = Awp.
Then we have
(wo,(/\—a)b> =0, VbeAg.

For any v € Vi and b, € K,,, we can choose b € Ak such that the component of b at v is b,
and such that ord,, (A — ay)bwwo) > 0 for all w € Vx — {v}, because ord,, (A — ay)wo) < 0
only for finitely many w (by Fact 2.5.6 (3)). Thus we conclude that for arbitrary b, € K,
we have Try, s, Res, (A — ay)bywo = 0. If a,, # A, then we have Try., /x Resy, cwo = 0 for all
¢ € K,, which is clearly a contradiction since we can arrange Res, cwy to be an arbitrary
element of k,. Hence a, = A. Since this holds for all v, we have a = X € K. O

In the proof of the Second Inequality, we need to consider a different pairing closely related
to (-,+). Let v € V. Note that the formation of “log differential” K} — Q.. f — f~df
is a group homomorphism. We define the local pairing;:

bv: Ky x K — Fp,  (2,y) — Try, /5, Res(zy~'dy).
This is a bi-additive map.

Lemma 2.5.15. The following statements hold.
(1) If x € Ok, is such that ¢,(z,t) = 0 for a uniformizer t, then x € p(K,).
(2) For any x € p(K,), we have ¢,(x,y) =0 for all y € KF.

Proof. (1) By assumption, the constant term of z = z(t) € Ok, = k,[t] is in the kernel
of Trkv/Fp. By Exercise 2.5.16 below, we have x = b” — b+ a1t + ast? + --- for b,a; € k,.

Write x4 for ait + ast? + -+ -. Since x| € mg,, the infinite series —(z4 + 2% + x’f +--4)
converges to an element z € K,. Clearly 2P — z = zy. Hence x = p(b + 2).
(2) Exercise. O

Exercise 2.5.16. For any finite field F; O F),, we have ker(Trg /r ) = 0(F,). (Prove this
either by counting or using cohomology.)

Exercise 2.5.17. Prove part (2) of Lemma 2.5.15 in the following steps.

X

X, or a uniformizer, or in

(1) By bi-additivity, we may assume that y is either in k
1+ mg, . Prove in the first two cases.

(2) Let t be a uniformizer. Show that every element of 1 + mg, can be written as an
infinite product [[;°, (1 + ¢;t*), with ¢; € k,. Show that ¢, is continuous in the
second variable, and hence reduce to the case where y = 1 + ctt for some i > 1.

(3) Show that ¢, is continuous in the first variable, and hence reduce to the case where
x = p(at™) = a?tP™ — at™ for some a € ky,n € Z.

(4) For x and y as above, show that ¢, (z,y) = 0. (Expand (1 + ct*)~! in a geometric
series.)
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Now define the global pairing
¢ K x A — Ty, (z,(an)y) — Y du(z, ay).

Note that ¢,(z,a,) = 01if 2 € Ok, and a, € OIX(U, so the sum is finite. Clearly ¢ is
bi-additive.

Theorem 2.5.18. The kernel in K of the pairing ¢ is p(K). The kernel in Ay of the
pairing ¢ is K*(Ax)P. The pairing ¢ identifies the discrete group K/p(K) and the compact
group Ay /(K*(Ag)P) = Ci /CY. with the Pontryagin dual of each other.

Remark 2.5.19. Recall that the kernel C of the idele norm Cx — |k|Z is compact. It
easily follows that Cx /C%. is compact.

Proof. We only show the first two statements, and leave the last statement as exercise.

Suppose x € K lies in the kernel of the pairing ¢. For every v € Vi such that x € Ok,
we can choose an idele a = (a4 ). such that a,, = 1 for w # v and a, is a uniformizer in K,.
Then ¢(z,a) = ¢y(z,a,) = 0. By Lemma 2.5.15 (1), we have z € p(K,). In particular, v
splits in the Artin—Schreier extension K (p~1(x))/K. Since this holds for infinitely many v,
by Corollary 2.3.6 we have K(p~!(z)) = K, i.e., v € p(K).

Conversely, p(K) C K lies in the kernel of ¢ by Lemma 2.5.15 (2).

Suppose a € A lies in the kernel of ¢. Fix vy € Vi and t € K to be a uniformizer at vy.
Then dt is a K-basis of {2 /;, and a K,-basis of QKv/kv for every v € V. Define b, € K,
by

b,dt = a;ldav.
For almost all v, we have ord, (dt) = 0 (by Fact 2.5.6 (3)) and ord, (a; 'da,) > 0, from which
it follows that b, € Ok,. Hence b = (b,), is an element of Ag.

For all z € K, we have

0=d¢(x,a) = Try/p, (Z Try, /i Res(xagldav)) = Try/p, (xdt, b).

Replacing z by 'z with 2’ € k arbitrary, we have
0 = Tryp, (z'xdt, b) = Tryp, (2" (xdt, b)).

Hence (zdt,b) = 0. Since x is arbitrary, we have (w,b) = 0 for all w € Q. Thus by
Corollary 2.5.14, we have b € K. Now in K, = ky,((t)), we have b = a; 'da,, /dt.

We use the following general fact proved in [AT09, §VI.4.a]: Let E be a field and D :
E — FE be an additive map satisfying D(fg) = fD(g) + gD(f) and such that for every
f € E there exists n > 1 such that D"(f) = 0. Let F' be a subfield of E stable under D.
Then an element of F' can be written as y~*D(y) for some y € E* if and only if it can be
written as y~1D(y) for some y € F*.

Applying this fact to E = K,, = ky,(t)), F = K C E, and D = d/dt (which stabilizes K,
see Exercise 2.5.8, and clearly DP = 0), we conclude that b = 2~*dz/dt for some 2z € K*.
It then follows that for every v € Vi, a;'da, = 27 1dz. Let ¢ = 27ta € A% . It remains to
prove that ¢ € (A )P. For every v € Vi, we have

de, _ da, dz _o.

Cy Ay z

Hence if t, is a uniformizer in K, then dc, /dt, = 0, i.e., the Laurent series in t, representing
¢y is of the form ). e;t?", e; € k,. Since k, is a perfect field, this Laurent series is a p-th

v

power, i.e., ¢, € (K)?. Hence ¢ € (Aj)? as desired.
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Finally, we show that K *(Aj)P lies in the kernel of ¢. By the theorem of residue, K*
lies in the kernel. Since the target F, of ¢ is killed by p, (A )? lies in the kernel. |

Exercise 2.5.20. Prove the last statement in Theorem 2.5.18.

By Artin-Schreier theory, the Pontryagin dual of K /p(K) is also identified with Gal(M/K),
where M /K is the maximal Artin-Schreier extension, namely M = K(p~!(K)). Thus we
obtain a canonical isomorphism of topological groups

O : Ok /CV 5 Gal(M/K).

Unraveling the definitions, we have the following concrete characterization of ®. Let a € Ay
and y = p~!(x) € M with z € K. Then

P(a)y =y + ¢(z,a).
We need a last preparation before proving the Second Inequality.

Lemma 2.5.21. Let K be a global field of any characteristic. Let L/K, L'/ K be two distinct
cyclic extensions of prime degree p inside K°. Then there exist infinitely many v € Vi ¢
which are split in L and non-split in L'.

Proof. Clearly L and L’ are linearly disjoint over K. Let M be the compositum LL’. Since
M/L is non-trivial, there are infinitely many places w of L which are non-split in M. We
can also require that w is over a place v which is unramified in M. Then since e(M/w) =1
and g(M/w) < p, we have f(M/w) = p and g(M/w) = 1. Thus there is a unique place u
of M over w. Since M, /K, is unramified, Gal(M,/K,) is cyclic. But it is a subgroup of
Gal(M/K) 2 Z/p x Z/p, so we must have [M,, : K,] = p. Since f(u/w) = p, it follows that
L, = K,, i.e., v splits in L. Such v must be non-split in L', as otherwise it would be split
in M contradicting with f(u/w) = p. O

Remark 2.5.22. Let L/K be a finite Galois extension of global fields. Are there always
infinitely many places of K which are split in L? Last semester we showed this for number
fields, by showing that the set S of such places of K (excluding the archimedean places) has
Dirichlet density

2ves kol

1
s—1

That argument involved three key ingredients:

lim =[L: K]

s—1+  log

(1) The Dedekind zeta function of any number field has meromorphic continuation to
Rs > oq for some oy < 1, and it has a simple pole at s = 1.

(2) For s >1/2, we have 3-, oy, 30,5, m ™ [ky| 7™ < 0, and similarly for L in place
of K.

(3) For s >1/2, we have 3, cv, s i)>1 lw| ™* < 00, where I, is the residue field of
w.

All the above ingredients actually generalize to function fields L/K. For (1), the Dedekind
zeta function of K is still defined as Cx (s) = [[,cy, (1 — [ko|7*) 7", and it converges abso-
lutely for Rs > 1 and has a meromorphic continuation to C with the only poles being simple
poles at 0 and 1. In fact, (x(s) is the zeta function considered by Weil attached to the
smooth projective geometrically connected curve X/k for which K = k(X). Weil showed
e P(Jk)

O = TR )




ALGEBRAIC NUMBER THEORY (II) 55

where P is an integer coefficient polynomial of even degree. (Moreover, all complex roots of
P have absolute value |k|~'/2, so all zeros of (x(s) satisfy Rs = 1/2. The generalization of
this to the zeta functions of higher dimensional algebraic varieties over a finite field is the
famous “Riemann Hypothesis” among the Weil Conjectures, which was proved by Deligne.)
To show (2), we use the following bound as in the number field case: For any ¢ > 2,

2s —2s

§ 1 —ms E —m q_ q -2
_ < s — < < (. S,
m>2mq 7m>2q =g = 1=277 !

where the constant C' depends only on s, not on q. Then we use that K is a finite separable
extension of k(t), which implies that the number of v € Vi satisfying [k, : k] = n is less
than a constant plus a positive constant times the number of monic irreducible polynomials
over k of degree < n. The last number is < |k|™ since every such polynomial is the minimal
polynomial of an element of the degree n extension of k. Hence for s > 1/2 we have

Z Z %“ﬂv‘—ms <C Z |k|” Z %‘]ﬂ—nms <Oy Z(|k_|1—25)n < too.
v m>2 n>1 m>2 "1

To show (3), again using the above estimate for the number of v € Vi with [k, : k,] = n,
we have

> Lol < C1 Y k|72 < Co D[RR = Co > (K[ < 4o
weVy,f(w/K)>1 veEVEK n>1 n>1

With all the three ingredients available, the rest of the argument is the same as in the
number field case, yielding that the set S of places of K which are split in L has Dirichlet
density limg 1+ (Y, cq ko ™) /log 25 = [L: K]71

We now prove the remaining case of the Second Inequality.

Proof of Theorem 2..2 for characteristic p. Let H be the image of Ny ,xCr under & :
Ck/Ch =5 Gal(M/K). It suffices to prove [Gal(M/K) : H| = [M" : K] < p, and
for this it suffices to prove that M# C L. Now M# is an Artin-Schreier extension of K,
so it is the compositum of some degree p cyclic extensions of K (of the form K(y) with
p(y) € K). Tt suffices to show that for any degree p cyclic extension L’ of K in M which is
different from L, we have L' ¢ M*. Write L' = K (y), with z = p(y) € K. We need to find
a € NpygAf C Aj such that ®(a)y # y, or equivalently ¢(x,a) # 0. By Lemma 2.5.21,
there exists a finite place v of K which is split in L, non-split in L', and such that x € Ok, .
Let a € A} be the element whose coordinate at every w # v is 1 and whose coordinate at
v is a uniformizer m, € K. Since v splits in L, we have a € Nz, AT It remains to check
that ¢(z,a) # 0. If not, then by Lemma 2.5.15 (1) we have x € p(K,), which contradicts
with the condition that v is non-split in L’. O

2.6. Analytic proof of the Second Inequality. There is a short analytic proof of the
Second Inequality (Theorem 2.4.2), at least for number fields, based on the elementary
properties of Weber L-functions established last semester. We explain the proof for number
fields below, and leave the reader to consider whether the proof can be generalized to function
fields. In this proof, the assumption that L/K has prime degree is irrelevant; it can be an
arbitrary finite Galois extension.

Recall that a modulus of K is a formal product m =[], eV, U7, where e, are non-negative
integers almost all of which are zero, and for v real (resp. complex) e, is only allowed to be
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0 or 1 (resp. only allowed to be 0). We have the open subgroup

Un = H K x H Ky >0 % H le(vx H (1+m§§v)

v|oo,vim v|oo,v|m vtoo,vtm vtoo,v|m

of A%, and moreover every open subgroup of A% contains a Uy, for some m. The ray class
group of modulus m is defined as

Cln(K) = A?{/(KXUm) = CK/Umv

where U,, denotes the image of Uy, in Ck. This has the ideal theoretic interpretation as the
quotient group of the group of fractional ideals coprime to m modulo the principal fractional
ideals generated by = € K* satisfying:

T € Kv,>07 V’U|OO,”U|m;
rel+my, Vuioo,vm

where e, is the exponent of v in m. Recall that Cl,(K) is finite since it is both discrete
(because Uy, is open) and compact (because C} is compact, and the idele norm restricted
to Uy, is still surjective onto Rsq).

For every character y : Cl,,(K) — C*, the Weber L-function is defined as

L(s,x) = [[(1 = x()N(p)~*) 7",

pfm

where p runs over prime ideals of O coprime to m, and N(p) is the size of the residue field.
Last semester we showed that L(s,x) has meromorphic continuation to s > o for some
o9 < 1, and it is holomorphic at s = 1 for non-trivial x and has a simple pole at s = 1
for the trivial x. (Assuming class field theory, we furthermore showed that L(1,x) # 0 for
non-trivial x, which is the key ingredient in the proof of the Chebotarev density theorem.
In the following we will not use this, so the proof is not circular.)

Analytic proof of Theorem 2.4.2 for number fields. By local class field theory we know that
Ny, kAj is an open subgroup of A%, so we can find a modulus m of K such that Uy C
Np/kAf. Let H be the subgroup of Cly(K) generated by the prime ideals coprime to
m which are split in L. Every such prime ideal is an ideal norm from L, from which it
easily follows that the image of N ,xCp in Cly(K) = Ck /Uy contains H, and hence
[Ck : Np/gCL] < [Cln(K) : H]. Write n for [Cly(K) : H]. In the following we show that
n<I[L:K].

For two real functions f(s), g(s) defined on (1,1+ ¢€) for some € > 0, we write f(s) ~ g(s)
if [f(s) — g(s)| is bounded as s — 17. For every character x : Cl,(K) — C*, recall from
last semester that

log L(s,x) ~ > _ x(p)N(p) .
pfm
Taking the sum over all characters y which are trivial on H, we obtain

> logL(s,x)~n Y N(p)~*.

x:Cly (K)/H—CX ptm,peH

For any non-trivial x, we have either log L(s, x) ~ 0 if L(1,x) # 0, or log L(s, x) = —o0 as
s — 17 if L(1,x) = 0. For the trivial x, we have log L(s, x) ~ log - since L(s, x) has a

s—1
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simple pole at s = 1. Hence

Z log L(s, x) = log +9(s)

x:Cl (K)/H—CX

s—1

where g(s) is a function which is bounded from the above as s — 17. We conclude that

N(p)~*°
lim sup Zﬂm’peHl (»)
s—1t log 5—1

<

S|

On the other hand, the summation index set in the numerator contains the set S of primes
which are coprime to m and split in L. Last semester we showed that (cf. Remark 2.5.22)

lim Zpes N(p)_s
1

=[L: K]
s—1t  log -5

Hence [L : K]7' <n~1, as desired. O

2.7. Consequences for the Brauer group. We have completed the proof of Theorem
2.4.1. Let L/K be a finite Galois extension of global fields, and write G for Gal(L/K). The
vanishing of H!(G, Cr) immediately implies the following result.

Theorem 2.7.1 (Brauer—Hasse-Noether Theorem). The natural map

H?(G,L*) = Br(L/K) — H*(G,A}) = @ Br(Lw/K,)

is injective. (I

Here for each place v of K we choose a place w of L above v, which will be tacitly done
in the following. The above statement is classically known as the Brauer—Hasse—Noether
theorem. In terms of central simple algebras, it states that a central simple algebra B over
K is isomorphic to M,,(K) if and only if the K,-algebra K, ® ¢ B is isomorphic to M,,(K,)
for all places v of K.

We use inv, to denote the canonical injection inv : Br(L,/K,) < Q/Z as well as the
composite map Br(L/K) — Br(L,/K,) — Q/Z. (For L,/K, = C/R, we define the
invariant Br(L,,/K,) < Q/Z to be the unique isomorphism onto $Z/Z, cf. Exercise 1.24.8.)
Thus by the Brauer-Hasse-Noether theorem we have an injection

@, inv, : Br(L/K) = P Q/Z.

Since each inv, is compatible with inflation of local fields, it is easy to see that the above
map is compatible with inflation Br(L/K) — Br(L//K) for L'/K finite Galois containing
L. Thus we obtain an injection

@, inv, : Br(K) — EB(@/Z

Later we will see that the image consists precisely of (t,), satisfying > ¢, = 0.
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Corollary 2.7.2. Let E/K be a finite separable extension. We denote places of E by w.
We have a commutative diagram

Br(K) — 2™ . @y Q/z

lm i

D NV
Br(F) ———— &, Q/Z

where the vertical map on the right sends (ty)y 10 (Uw)w With wy, = [Ey @ Kylt, for wjv. In
particular, an element x € Br(K) lies in the kernel of Res : Br(K) — Br(E) if and only if
for every v € Vi and w € Vi, above v we have [E,, : K,]inv,(z) =0 € Q/Z.

Remark 2.7.3. If E/K is finite Galois, then the condition [E,, : K,]inv,(z) = 0 depends
only on v, not on w. In this case the kernel of Res : Br(K) — Br(FE) is Br(E/K) C Br(K).

Proof. In view of the functoriality of the local invariant with respect to restriction (Propo-
sition 1.22.2), it suffices to check that for each finite Galois extension L/K containing E the
following diagram commutes:

H2(Gal(L/K),AY) ——> @, Br(L,/K,)
\LRES l(ﬂ?1;)’—>(yzkr)7yu,—Res z, for wlv
H2(Gal(L/E),A}) ——= @, Br(Ly/Ey)

Here, for w|v, the chosen place u of L above v as in Br(L,/K,) may be different from the
chosen place v’ of L above w as in Br(L, /K,,) (as each place u of L can be only over one
place w of E, to be sure), but we have a canonical isomorphism’ Br(L, /K,) = Br(L, /K,)
and we use this to define the restriction map Res : Br(L,/K,) — Br(L,/ /Ey).

We claim that the projection H2(Gal(L/K),AY) = @, Br(L./K,) — Br(L,/K,) is
equal to the composition

H(Gal(L/K), A7) == H2(D(u/v), A}) 2 HA(D(u/v), LY) = Br(Lu/K,),

u

where the second map is induced by the projection pr, : AY — LY. Indeed, the claim
follows easily from a fact about the Shapiro isomorphism in Exercise 2.7.4 below.

Note also that the composite map in the claim is independent of the choice of u (with
respect to the canonical isomorphism Br(L, /K,,) = Br(L,//K,)), which again follows from
applying the fundamental fact mentioned in the footnote to the Gal(L/K)-module A} . Thus
by the claim (applied to both L/K and L/E) and by the transitivity property of restriction
maps, the desired commutative diagram follows from the following obvious commutative
diagram for u|w|v:
pr,

H2(D(u/v),A}) —>H*(D(u/v), L)

\LReS iRes

pry,

H2(D(u/w), A} ) —> H*(D(u/w), LY)

u

"This results from the choice of any Ky-isomorphism L, —— L,s; the canonicity follows from the
following fundamental fact which can be checked easily by dimension shifting: Let G be a finite group and X
a G-module. For any g € G, we have compatible isomorphisms G — G, h +— ghg~! and X — X,z — gz,
and so by transport of structure we obtain an automorphism of ﬁq(G, X). The fundamental fact is that
this automorphism is the identity.
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O

Exercise 2.7.4. Let G be a finite group and D a subgroup. Let X be a D-module. We
identify X with the subgroup [1]® X of Ind$ X = Z[G] ®zp] X. Then as an abelian group
we have a direct sum decomposition Indg X = @geG/D g-X. Let pr: Indg X — X be the
projection to the direct factor indexed by 1. Show that pr is D-linear. Then show that the
Shapiro isomorphism ﬁq(G, Indg X) = H¢ (D, X) is equal to the composition
HY(G,IndG X) 2 HY(D, Ind$ X) 25 HI(D, X).

Exercise 2.7.5. Let G be a finite group, H and D subgroups. For each i € H\G/D, let
D; = iDi~' N H, which is a subgroup of H well-defined up to conjugation by H. Let X
be a D-module. For each i, let X; be the D;-module whose underlying group is X and the
D;-action is induced by D; < D, g+ i~ tgi. Let M = Indg X. Show that as H-module we
have M = [[;c g/ Indgi X; (“Mackey’s formula”), and we have a commutative diagram

1R

Res -~

HY(G, M) HY(H, M) ey p HI(H, Indf X;)
ﬂlShapiro ﬂinl Shapiro

~ HiEH\G/D Res; ~

HY(D, X) [Lieme/p HI(Di, X3)

where Res; denotes restriction along D; < D, g + i~ !gi.
The following is another consequence of the vanishing of ﬁl(G ,CL).

Theorem 2.7.6 (Hasse Norm Theorem). Let L/K be a finite cyclic extension of global
fields. Then x € K* lies in N, i L™ if and only if v € Ny /i, Ly for all places v of K.

Proof. Let G = Gal(L/K). Since G is cyclic, we have ﬁ_l(G, Cr) = ﬁl(G, Cr) = 0. Hence
the natural map

HO(G,L*) = K* /Ny L* — HO(G,A}) = A% /Ny kA

is injective. To deduce the theorem, it remains to note that any x € K* automatically
satisfies © € Ny /i, OF ~ for almost all v, due to the surjectivity of Ny /x, : OF — O
for unramified w|v. O

Example 2.7.7. Let L be a quadratic extension of K of the form L = K(v/b) with b €
K* — (K*)% Then an element a € K* is a norm from L if and only if there are z,y € K
such that 22 — by? = a. Since b is not a square, this happens if and only if the equation
22 —by? —az? = 0 has a non-trivial solution x,y, 2 € K (non-trivial in the sense that at least
one of z,y, z is non-zero). Similarly, a is a norm from L,, if and only if the above equation has
a non-trivial solution in K,. Since every non-degenerate quadratic form in three variables
Q(z,y, z) over K can be diagonalized, we conclude that for any such @, it has a non-trivial
zero over K if and only if it has a non-trivial zero over K, for all v € Vk. Later we will
generalize this statement to quadratic forms in an arbitrary number of variables, which is
called the Hasse principle.



60 YIHANG ZHU

2.8. Proof of the Reciprocity Law. We had set out to verify the assumptions in Tate’s
theorem, namely that for any finite Galois extension L/ K of global fields with G = Gal(L/K),
we have H(G,C) = 0 and H2(G,CL) = Z/[L : K]. We have already achieved the first
but not yet the second. Once we know this, we can apply Tate’s theorem and obtain an
isomorphism ﬁq(G, 7) Hoa+2 (G,Cp) for all ¢ € Z, and in particular for ¢ = —2 obtain
the global Artin map Cx /Ny, kCL 5 G*. However, these goals are in fact stronger
than just proving the global Reciprocity Law (Theorem 2.1.1). In the following we take the
slightly different point of view, namely that the global Artin map is already determined by
the local Artin maps via local-global compatibility, and prove the reciprocity law directly,
without establishing the structure of H? (G,CL). In the meantime, we prove several state-
ments about the Brauer group, which we will later use to obtain a canonical isomorphism
ﬁ2(G, Cr) = Z/|L : K] and thereby finishing the program of checking the assumptions
in Tate’s theorem. We will then also show that the global Artin map provided by Tate’s
theorem agrees with the one provided by local-global compatibility, completing the logical
circle.

Observe that if the global Artin map exists as in the global reciprocity law and if the
local-global compatibility holds, then for every finite abelian extension L/K the composite
map

A% — Cx 255 Gal(L/K)

must be given by the formula

(a0) — [ [ ¥ro/x. (@)

Here ¢r,, s, is the local Artin map KX — Gal(L,,/K,), and as usual we embed Gal(L.,/K,)
canonically into Gal(L/K). Note that the product is finite, since ¢1, /, kills OIXQ whenever
L.,/ K, is unramified.

Since we already have the local Artin maps, we can actually use the above formula to
define the global Artin map ¢ = ¥k : A — Gal(L/K). This is clearly a continuous
homomorphism. However, the condition that v factors through the quotient C'x is non-
trivial to prove. We shall refer to this condition as the Artin reciprocity law, and prove it
in the sequel.

Before proving the Artin reciprocity law, we first note that it essentially implies the entire
Reciprocity Law (Theorem 2.1.1).

Lemma 2.8.1. Suppose ¢, /i factors through Ck . Then the induced map Cr — Gal(L/K)
is surjective with kernel Ny i Cy,.

Proof. Surjectivity immediately follows from Corollary 2.3.6 (2) and the fact that for L,, /K,
unramified ¥, /x, sends a uniformizer to the Frobenius. Since ¢y /k, haskernel Ny, ,x L,
the kernel of ¥/ : Cx — Gal(L/K) clearly contains Nz /xCr. Hence ¢,k induces a
surjection Cx /Ny, xCr — Gal(L/K). By the Second Inequality (Theorem 2.4.1 (2)), the
size of the left hand side is not greater than the right hand side. Hence the kernel of

Yr/k : Cx — Gal(L/K) must be N/, Cr. O

We shall prove the Artin reciprocity law together with another statement about the
Brauer group. We label the two statements:

(A) (Artin reciprocity law.) For every finite abelian extension L/K, the map ¢y /k :
A% — Gal(L/K) defined by taking the product of the local Artin maps factors through
Ck.



ALGEBRAIC NUMBER THEORY (II) 61

(B) Every element z € Br(K) satisfies ), inv,(z) =0 € Q/Z.

Lemma 2.8.2. For every finite abelian extension L/K, statement (B) for all elements
x € Br(L/K) C Br(L) implies statement (A) for L/K. If L/K is cyclic, then the converse
holds.

Proof. Let L/K be a finite abelian extension. Write G for Gal(L/K) and G,, for Gal(L,,/K,) C
G. Write ¢ for ¢¥x : A — G, and write 9, for ¥,k : KX — G,. Recall from

Lemma 1.24.3 that v, has the following characterization: For every x € ﬁl(GU,Q/Z) =
Hom(G,,Q/Z) and every a, € K5, we have

Xy (ay)) = inv,(a, Udx) € Q/Z.

Here a, denotes the image of a, in K /N /x L} = fIO(GU, LX), and ¢ : fIl(Gv, Q/Z) —
H? (Gy,7Z) is attached to the short exact sequence 0 - Z — Q — Q/Z — 0.

As we claimed in the proof of Corollary 2.7.2, the projection to the v-th component
H*(G,A}) =@, Br(L,/K,) — Br(L,/K,) is equal to the composite map

H2(G,A]) 22 B2(G,,AY) — H2(G,, LY).

Also, the restriction map H*(G,Q/Z) — H!(G,,Q/Z) as in group cohomology is just the
usual restriction map Hom(G,Q/Z) — Hom(G,,Q/Z). Hence using the compatibility of
cup product with restriction we compute: for a = (a,), € A% and x € H(G,Q/Z),

x(¥(a)) = ZXlGU (o (av)) = Zinvv(dv Udxla,) = Zinvy(d U dx),

where a € I?IO(G,AZ),(FX € ﬁQ(G,Q/Z), and so a Udx € PAIQ(G,AZ) and we write inv,
for the composition of the projection of ITIQ(G,AZ) to Br(L,/K,) followed by the local
invariant map Br(L,,/K,) < Q/Z. This formula for x(t(a)) gives a characterization of .

If (B) holds for all elements of Br(L/K), then for a € K* C Aj; we obtain x(¢(a)) =0
for all x. It follows that ¢ (a) = 1, so (A) holds.

Conversely, assume that L/K is finite cyclic and that (A) holds for L/K. In order to show
(B) for all elements of Br(L/K), it suffices to show that all such elements can be written
as @ U &y for some a € K* and xy € HY(G,Q/Z) (since by (A) we have x(¢(a)) = 0).
Since H2(G, Q) is killed by |G| and |G| is invertible in Q, we have H2(G, Q) = 0. Hence
H'(G, Q/Z) surjects onto H2(G, 7). Recall that the latter is a cyclic group of order |G| in
the current case of a cylic group G. Fix x € ﬁl(G,Q/Z) such that dx is a generator of
H? (G,Z). Recall that for every g € Z and every G-module M, - U §x is an isomorphism
H?(G, M) = H9+2(G, M). This shows that every element of Br(L/K) can be written in
the desired form. O

Lemma 2.8.3. We call an extension L/K good if it is a finite cyclic extension contained
in a cyclotomic extension of K in the number field case, or if it is of the form k, @i K in
the function field case, where k denotes the constant field of K and k,, denotes the degree n
extension of k. (In the latter case the extension is also cyclic.) We have

Br(K)= |J Br(L/K).
L/K good

Proof. By Corollary 2.7.2, it suffices to show that for every finite subset S of Vi s and
m € Zx>1, there exists a good extension L/K such that it is totally complex (i.e., every
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archimedean place of L is complex) and such that local degrees [L,, : K,] of L over v € S
are all divisible by m.

In the function field case, for any v € Vi such that k, C k,, there is a unique place of
kn, ®x K above v and the local extension is unramified of degree [k, : k,]. Hence it suffices
to take n = m[[,cqlko : K|

In the number field case, if we can already do this for K = Q, then for general (K, S, m),
we find a good extension M/Q which is totally complex and whose local degree over every
prime p of Q below S is divisible by m - [K : Q]!. Let L = MK. This is a totally
complex good extension of K. For every w € Vi dividing v € S and u € V), we have
[Ly : K] = [Ly : Qp]/[K, : Qp], and this is divisible by m since the numerator is divisible
by [M, : Q] and the denominator is a divisor of [K : Q]!.

Thus we have reduced to the case K = Q. We claim that for every prime number ¢ and
integer f > 1, there exists a good extension L(q)’/Q whose degree is a power of ¢ and whose
local degree at every p € S is ¢/(®) for some f(p) > f. Moreover, if ¢ = 2, then L(q)’ can
be taken to be totally complex.

One we know the claim, we may assume that 2/m and write m = HE:I qu ‘ where the
qi’s are distinct primes. Then for each ¢ we find a good extension L(g;)'/Q as above whose

degree is a power of g; and whose local degree at every p € S is qu ®) for some flp) > fi.
Let L =L(q1) --- L(q)’. Then L/Q satisfies the desired conditions.

It remains to prove the claim. First assume ¢ is an odd prime. Let r > 2 be a large
integer. Let L(q) = Q(¢4~). Then Gal(L(q)/Q) = (Z/q"Z)*. This is a cyclic group of order
(¢—1)¢" ', and so it decomposes into the direct product of two cyclic groups Cy—1 x Cyr-1.
Let L(q)' = L(g)%a—'. This is a good extension of Q of degree ¢"~!. For every prime p, the
local degree of L(q)" at p is the local degree of L(q) at p divided by a number which is a
divisor of [L(q) : L(q)'] = ¢ — 1. Note that the local degree of L(q) at p tends to infinity as
r — +o0. (To see this, either use the fact that this number is (¢ — 1)¢"~! when ¢ = p (in
which case p is totally ramified) and is the order of p in (Z/¢"Z)* when g # p (in which
case p is unramified), or use the fact that every finite extension of QQ, contains only finitely
many roots of unity, say by using the exponential map.) It follows that the local degree of
L(q)" at p tends to infinity as r — +o00. The claim is proved in this case.

Now consider ¢ = 2. Again let r be large and let L(2) = Q({ar). Then Gal(L(2)/Q) =
(Z/27Z)*, and this has a direct product decomposition {1} x H, where H = {x €
(Z)2"Z)* | * = 1 mod 4} and H is cyclic of order 2"~2. (To see that H is cyclic, one
can for instance use the isomorphism exp : 4Zo — 1 + 4Zs, and consider 7 = exp(4).
We have exp(28Zsy) = 1 + 2FZy for all k > 2, so (y mod 27) is a generator of H.) Let
L(2) = Q(Cor — (5h). By the exercise below, Gal(L(2)'/Q) = H, so this is a good extension
of Q of degree 2772, and by the same argument as in the odd case, for each prime p the
local degree of L(2)" over p tends to infinity as » — +o00. Note that L(2)’ is totally complex.
The claim is proved. |

Exercise 2.8.4. The natural map Gal(L(2)/Q) — Gal(L(2)'/Q) induces an isomorphism
H = Gal(L(2)'/Q).
Theorem 2.8.5. Both statements (A) and (B) hold.

Proof. By Lemmas 2.8.2 and 2.8.3, we only need to prove statement (A) for a good extension
L/K. In the function field case, if L = k, ®; K, then Gal(L/K) is cyclic of order n
generated by Froby, the Frobenius generator of Gal(k,,/k). The extension L/K is unramified
everywhere, and moreover for every v € Vi the Frobenius Frob, € Gal(L/K) is equal to
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FrobLk“:k]. Hence for a € K*, we have

¢L/K (a) — H Frobgrdu (a) _ Frobkz’” ord, (a)[kv:k]’

and this is 1 since
1= T lall, = T k- estomtete),
v v
Consider the number field case. For any finite Galois extension L'/K containing L/K,
we have a commutative diagram

Gal(L'/K)

]
% VLK
AT Gal(L/K)

which follows from the similar functoriality property of each local Artin map. Hence we
may replace L/K by a cyclotomic extension K((,)/K. Now we also have a commutative
diagram

YK () /K

Ak Gal(K(¢n)/K)
Nk/e
A% Yacn)/0 Gal(Q(¢n)/Q)

which follows from the norm functoriality of local Artin maps. Since Ny /g maps K* C Aj
into Q* C A@, we reduce to the case where K = Q. It remains to prove that 1g(c, )/ kills
Q* c A@.

We have the canonical isomorphism Gal(Q((,)/Q) = (Z/nZ)*, where p € (Z/nZ)*
corresponds to the automorphism (, — (¥. Since the local Artin map agrees with the
explicit map given by Lubin—Tate theory, we know that for every prime p the local Artin map
Yy Q) — Gal(Q,(¢n)/Qp) C (Z/nZ)* has the following description: Write n = p®b with
ptb, and we have (Z/nZ)* = (Z/p*Z)* x (Z/VZ)*. For an arbitrary element z = p'u € QJ
with ¢ € Z and u € Z;, we have

Yp(r) = (u=' mod p®, p' modb) € (Z/p"Z)* x (Z/VL)*.

Also ¢ is the sign map R* — {£1} C (Z/nZ)*. Using this, it is straightforward to check
that for every prime number [ we have

II %) =]]v(t) =1 € @z/nz)*,

veVp

finishing the proof. O

At this point we have obtained the global Artin map ¢,k : Cx — Gal(L/K) for
every finite abelian extension L/K, which we know satisfies local-global compatibility (by
design), and induces an isomorphism Cx /N, xC, — Gal(L/K) (by Lemma 2.8.1). It is
compatible when we enlarge L since the local Artin map satisfies the similar property (which
we already used in the proof of Theorem 2.8.5 above), and so we obtain the desired global
Artin map ¢ : Cx — G52, completing the proof of the global Reciprocity Law (Theorem
2.1.1) as well as local-global compatibility (Theorem 2.1.6).
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2.9. The second cohomology of the idele class group. Our goal is to show that there
is a canonical isomorphism

~ ~ 1
inv: H?(Gal(L/K),Cr) mZ/Z

for every finite Galois extension L/K, thus finishing checking the assumptions in Tate’s

theorem. R

To simplify notation, we write Bra(L/K) for H?*(Gal(L/K), A}), and write Bro(L/K)
for H2(Gal(L/K),CyL). We already saw that Br4(L/K) is the direct sum of the local Brauer
groups. The main object of study is Bro(L/K).

Since ﬁl(Gal(L/K), AT)=@p, ﬁl(Gal(Lw/Kv), L) =0, the inflation map Bra(L/K) —
Bra(L'/K) is injective for every pair of finite Galois extensions L/K,L'/K with L C L'.
Similarly, since ﬁl(Gal(L/K),CL) = 0, the inflation map Br¢(L/K) — Bre(L'/K) is
injective. We thus define the “absolute versions”

Bra(K) = lim Bra(L/K) = | J Bra(L/K),

L/K L/K
Bro(K) = lim Bro(L/K) = | Bro(L/K).
L/K L/K

By the exact sequence 1 — L* — A} — C, — 1 and the vanishing of ITII(Gal(L/K)7 Cr),
we have exact sequences

0 — Br(L/K) — Bra(L/K) — Bre(L/K),

0 — Br(K) — Bra(K) — Bre(K).

The map Bry(L/K) — Bro(L/K) is not always surjective, but we will show that Br4(K) —
Breo(K) is surjective.
We set

1
R= P 5L/Z® P oz
VEVEK real veVk,
On Bra(L/K) = @y, Br(Lw/K,) we have the local invariants, and altogether they give
an injective map

Pinv, : Bra(L/K) = R,

whose image is @, ﬁZ/ Z. This is compatible with inflation, so we obtain an injective
map
@invv :Bra(K) < R.
v
We claim that it is also surjective. Indeed, for any finite subset S C Vi ; and any m > 1, we
showed in the proof of Lemma 2.8.3 that there exists a totally complex finite Galois extension

L/K whose local degrees over S are all divisible by m. For such L, the image @, mZ /7

of Bra(L/K) C Bra(K) under P, inv, contains Rs; := @D,cv, . 3Z]7® P yes =7/ .

But R is generated by Rg,, for all choices of S and m. The desired surjectivity follows.
Let inv denote the composition

@, inv,

-

o

Bra(K) R =% Q/Z.
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By statement (B) in Theorem 2.8.5, we have inv = 0 on the image of Br(K) — Bru(K).
Therefore, denoting by Bre (K )eg the image of Bra(K) — Bre(K), we have a canonical
map inv : Bro(K)reg — Q/Z.

By Lemma 2.8.3, we have Br(K) = Uy /x gooq Br(L/K). Since the proof is by arguing
that there exists a good extension L/K killing all local invariants of an element, the same
proof also yields that Bra(K) = Uy, x gooa Bra(L/K).

Proposition 2.9.1. The map inv : Bro(K)weg = Q/Z is an isomorphism.

Proof. Surjectivity follows from the surjectivity of @, inv,, : Bra(K) — R and the obvious
surjectivity of > : R — Q/Z.

For injectivity, let © € Bro(K)reg be such that inv(z) = 0. There is a good extension
L/K and an element y € Bra(L/K) mapping to x, and by the definition of inv on Bre (K) eg
we have inv(y) = 0. Note that in general, the image of inv : Bry(L/K) — Q/Z is always
+Z]Z, where N is the least common multiple of all local degrees of L/K. For L/K a
good extension (or just a cyclic extension), in view of Corollary 2.3.6 (2) we must have
N = [L: K]. Hence in this case inv induces a surjection Br(L/K)/Br(L/K) — TR K Z]Z,
implying that [Bra(L/K) : Br(L/K)] > [L : K]. On the other hand we have an injection
Bra(L/K)/Br(L/K) — Bre(L/K), implying that [Bra(L/K) : Br(L/K)] < |Bre(L/K)],
and this is < [L : K] by the second inequality. We conclude that Br(L/K) is exactly the
kernel of inv : Bry(L/K) — Q/Z, and so y € Br(L/K). It then follows that x = 0, as
desired. O

Corollary 2.9.2 (The “fundamental exact sequence of global class field theory”). Let L/K
be a finite Galois extension, and let N be the least common multiple of the local degrees

[Ly : K,]. Denote
1
R= P 52T P o/z.
VEVEK real vEVK §
We have a commutative diagram with exact rows and injective vertical maps, and the left
square 1s cartesian:

00— = Br(L/K) — 2™ gy T /T —= 17/7. 0
0 Bi(K) — 2o R > Q/Z 0

Proof. We already know we have such a commutative diagram with injective vertical maps.
The fact that the left square is cartesian follows from the following observation: If x € Br(K)
is such that inv,(z) € ok K Z]Z for all v, then restriction to Br(L) kills all local invariants
of z and hence kills z, and bO x € Br(L/K).

For the exactness of both rows, only the condition that ker(¥) C im(€p, inv,) for each
row is unknown. This condition for the first row follows from this condition for the second
row plus the fact that the left square is cartesian. It remains to check that the second row
is exact. Under the isomorphisms €D, inv, : Bra(K) — R and inv : Bre(K)weg — Q/Z,
this row is isomorphic to the exact sequence 0 — Br(K) — Bra(K) — Bro(K ) — 0. O

Theorem 2.9.3. We have Bro(K)weg = Bro(K). For every finite Galois L/K, the re-
striction of inv : Bro(K) — Q/Z to Br(L/K) induces an isomorphism Bro(L/K) —

T2/
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Proof. By the compatibility of local invariants with restriction and by the fact that > | [L, :

K,] = [L : K], we have a commutative diagram

wlv

Bra(K) " Q/Z

\LRes l[LK]

Bra(L) 2~ Q/Z

Thus we also have a similar commutative diagram with Br4(-) replaced by Bro(-)reg. Let
® = ker(Res : Bro(K)reg — Bro(L)reg). Then inv : Bro(K)reg — Q/7Z restricts to an iso-
morphism & — ﬁZ/Z. On the other hand we have ® = Bro (K ),egNBre(L/K) since we
have the inflation-restriction exact sequence 0 — Breo(L/K) — Bre(K) — Bre(L) (coming
from the inflation-restriction exact sequences at finite stages, which are due to the vanishing
of H! of the idele class group). But by the Second Inequality we have | Bro(L/K)| < [L : K],
so we must have Br¢(L/K) = @, i.e., Br¢(L/K) C Brg(K)eg. Since this holds for all L/ K,
we have Brg (K )yeg = Bro(K). O

We have finally verified the assumptions in Tate’s theorem. Let L/K be a finite Galois
extension, and let u = uy,; be the canonical generator of Br(L/K) such that inv(u) = 1.
Then Tate’s theorem yields that cupping with u is an isomorphism

HY(Gal(L/K),Z) = H"**(Gal(L/K),CL).
In particular, for ¢ = 2 we obtain an isomorphism
Gal(L/K)* = Ok /Ny kCL.

For L/K finite abelian, the global Artin map ¢,k : Cx — Gal(L/K) which we de-
fined earlier using local-global compatibility satisfies the characterization (¢, x(a)) =
>, invy(@Udx) = inv(a U dx), as shown in the proof of Lemma 2.8.2. The inverse of the
isomorphism yielded by Tate’s theorem satisfies the same characterization, by the same ar-
gument as the proof of Lemma 1.24.3. Hence the two ways of defining the global Artin map
agree. Moreover, norm and transfer functoriality are proved in exactly the same way as in
local class field theory, using the above characterization of the global Artin map in terms of
inv and using the functoriality properties of inv. We leave the details to the reader.

At this point, all the desired statements in global class field theory are proved except the
Existence Theorem (Theorem 2.1.3).

2.10. Proof of the Existence Theorem. Let K be a global field. Our goal is to prove
Theorem 2.1.3. We follow [Mil20] to use the Norm Limitation Theorem to simplify the proof
in [CFT67, §VII.12]. The characteristic p case of the proof (more specifically, this case of
Lemma 2.10.8) is not found in either reference.

Definition 2.10.1. A subgroup of Cf is called normic if it is of the form Ny, (Cp) for a
finite abelian extension L/K.

By Remark 2.1.4, in order to prove Theorem 2.1.3 we only need to prove:
Theorem 2.10.2. FEwvery finite index open subgroup of Ck is normic.

Before proving Theorem 2.10.2, we first discuss a separate result, called the Norm Limi-
tation Theorem. This will simplify our proof and is itself an interesting result.
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The basic observation is the following: As we have already verified all assumptions in
Tate’s theorem, we know that for every finite Galois extension L/K (not necessarily abelian)
we have an isomorphism given by cupping with the fundamental class:

H 2(Gal(L/K),Z) = Ok /NL/k(Cp).

But the left hand side is Gal(L/K)®", and it depends only on the maximal abelian subex-
tension M/K inside L/K. In particular, if we replace L by M, then the left hand side does
not change. It easily follows that we have

N7/ k(CL) = Naryr (Car).

This phenomenon can be called “norm limitation”—it tells us that it is impossible to clas-
sify all finite Galois extensions L of K just by looking at Nz, (CL), as the latter cannot
distinguish between an extension and its maximal abelian subextension. By pushing this
idea slightly further, we get the following more general statement:

Theorem 2.10.3 (Norm Limitation Theorem). Let E/K be a finite separable extension.
Let M/K be the marimal abelian (Galois) subextension of E/K. Then Ng/x(Cg) =

N/ x (Cur).

Proof. Let L/K be a finite Galois extension containing E. Let G = Gal(L/K),H =
Gal(L/E). Since M/K is the maximal subextension of L/K which is abelian and con-
tained in E, Gal(L/M) is the smallest normal subgroup of G which contains [G, G| and H.
Note that [G,G]H is a normal subgroup of G, as it is the preimage of the image of H in
G?". Hence Gal(L/M) = [G,G]H. Tt follows that we have a short exact sequence of abelian
groups

H* 4 G* & Gal(M/K) — 0,

where ¢ is induced by the inclusion H < G and the second map is induced by the projection

G — Gal(M/K). On the other hand, by norm functoriality of the isomorphism given by
cupping with the fundamental class, we have a commutative diagram

H® = Cg/Np/e(CL)

T

G =~ Ck/Np/k(Cr)

Thus |CK/NE/K(CE)| = ‘COkl| = \Gal(M/K)| = |CK/NM/K(C]\/[)| Hence NE/K(CE) =
Nas/x (Cur) since we have Ng, g (Cr) C Nag/i(Car)- O

Remark 2.10.4. The same proof also works for local fields. Thus for a finite sepa-
rable extension of local fields E/K with maximal abelian subextension M/K, we have

N/ (E*) = Ny (M>).

Example 2.10.5. Let E/K be a prime degree separable extension which is not Galois.
Then there is no non-trivial Galois extension of K inside E. Hence we have Ng,xCp = Ck
in the global case and Ng, g E* = K* in the local case.

We now prove three lemmas as preparation for proving Theorem 2.10.2.

Lemma 2.10.6. Let H be a subgroup of Ck containing a normic subgroup. Then H is
normic.
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Proof. Let L/K be a finite abelian extension such that H > Ny, Cr. Let H' be the image
of H/NpxCy, under the Artin isomorphism Cx /Ny, xC — Gal(L/K). Let E = LA,
Then H is the kernel of the composite map Cx — Gal(L/K) — Gal(E/K). But this kernel
is Ng/kCE, so H is normic. O

Lemma 2.10.7. Let K'/K be a finite separable extension. Let H be a subgroup of Ck such

that N}}/K(H) is a normic subgroup of Cxs. Then H is normic.

Proof. Let L/K' be a finite abelian extension such that NI_(}/K(H) = Np/x/Cr. Then
H D> Ng1yg(Np g/ Cr) = N ygCr. Since L/K is a finite separable extension, Nz, xCy, is
a normic subgroup of Cx by Theorem 2.10.3. It then follows from Lemma 2.10.6 that H is
normic. (]

Lemma 2.10.8. Let H be an open subgroup of Ck of index a prime p. If p # char(K), we
assume that K D p,. Then H is normic.

Proof. The proofs in the two cases char(K) # p and char(K) = p both refer back to some
key results established during the proof of the Second Inequality in the respective case.

First consider the case char(K) # p and K D p,. Let S be a finite subset of Vi containing
Vi o0 and all places dividing p and such that Ax = K*A% ¢. (See the discussion below Fact
2.3.4.) Up to enlarging S, we may also assume that the inverse image of H in A} contains
[T,es{1} x 1 ¢s Ok, (Here we used the openness of H.) Let M = K(Y/a,a € O ), and
let B =[],cs(K)” x[],¢5 Ok, C Ak, with image E in Ck. Thus by our last assumption
on S we have H O E. Now by exactly the same arguments as in the proof of Theorem 2.4.2
in the char(K) # p case (see §2.4), we have E C Ny xCis and [C : E] = pl3l. (Roughly
speaking, one specializes that proof to the case L = M and T = ).) But we also know that
[Ck : NaygCu] = [M : K] and this is p!S! by Kummer theory. Hence E = Nk Chr-
Since H D FE, H is normic by Lemma 2.10.6.

Now consider the case char(K) = p. Recall from §2.5 that we have a canonical iso-
morphism of topological groups ® : Cx /Ch — Gal(M/K), where M/K is the maximal
Artin—Schreier extension. In the proof of Theorem 2.4.2 in the char(K) = p case (see the
end of §2.5), we showed that for any degree p extension L/K inside M/K, if R denotes the
image of (N ,xCL)/CYy under ®, then MP? = L or K. Now we know that N,k Cy has
index p > 1 in Ck, so R € Gal(M/K) and M® = L. Therefore R = Gal(M/L). Now
®(H/CY,) is an open index p subgroup of Gal(M/K) by our assumption on H. Hence it is
of the form Gal(M/L) for some degree p extension L/K inside M. By what we just recalled,
®((Ny xkCr)/C%) = Gal(M/L) = ®(H/CY). It follows that H = Ny, Cy. O

Proof of Theorem 2.10.2. We prove by induction on n > 1 that for every global field K and
every open subgroup H of Ck of index < n, H is normic. If [Ck : H] = 1, there is nothing
to prove. Suppose [Ck : H] > 1. Take a prime p dividing [Ck : H|. If char(K) # p and
K does not contain the primitive p-th roots of unity, let K’ = K({,). Since K'/K is finite
separable, by Lemma 2.10.7 we can replace (K, H) by (K',H' = NI_(}/K(H)). Note that
[Ck: : H'] < [Ck : H]. If we have strict inequality, then the proof is finished by induction
hypothesis. Thus we may assume that [Ck: : H'] = [Ck : H].

In conclusion, we have reduced to the case where there is a prime p dividing [Ck : H|
and either char(K) = p or char(K) # p and K D p,. Since Ck/H is a finite abelian
group of order divisible by p, there is an index p subgroup H; of C'x containing H. Since
H is open, so is H;. By Lemma 2.10.8, there is a finite abelian extension L/K such that
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Hy = Np/kCr. Let H' = NZ}K(H). Then we have an injection Ny /r : Cp/H" — Ck/H,
whose image is H1/H. Thus [C, : H'] = [Hy : H] = [Ck : H]/p, so by induction hypothesis
H' is normic in Cp,. Then by Lemma 2.10.7 H is normic. O

3. APPLICATIONS

3.1. Hasse principle for quadratic forms. We would like to study the problem of rep-
resenting numbers by quadratic forms. Let K be a field of characteristic different from 2,
which for us will be either a global or local field. Let Q(Xj,...,X,) be a homogeneous
quadratic polynomial Zz j a;; X;X; over K, and let ¢ € K. The question is whether the
equation
Q(Xl,.. 7Xn) =cC
has a solution 1, ...,z, € K such that z; are not all zero. (The last requirement is to rule
out the trivial solution in the case ¢ = 0.) When there is such a solution we say that the
quadratic form @Q represents c.
We first recall the notion of a quadratic form.

Definition 3.1.1. Let K be a field. A quadratic form ) on a finite dimensional K-vector
space V is a function @ : V — K satisfying:
(1) Q(av) = a?Q(v) for alla € K,v € V.
(2) The map B(v,w) = Qv + w) — Q(v) — Q(w) is a bilinear form on V (i.e., a linear
map V ®x V — V). We call it the bilinear form associated with Q.
If B is non-degenerate, then we call @ non-degenerate. Two quadratic forms Q,Q’ on

V' are said to be equivalent, if there is a K-linear automorphism ¢ : V' — V such that
Q) = Q' (¢(v)) for all v € V. We also call the pair (V, Q) a quadratic space.

Remark 3.1.2. We have B(v,v) = Q(2v) — 2Q(v) = 2Q(v). Hence if charK # 2 then Q is
uniquely determined by B by Q(v) = %B (v,v). We will only focus on this case, and hence

the theory of quadratic forms is equivalent to the theory of bilinear forms.

We will often fix a basis {e1,...,e,} of V and then think of a quadratic form @ on V as
a homogeneous quadratic polynomial Q(X7, ..., X,), i.e.,

Q(Xl,...7Xn) = Q(X161 + +Xnen) € K[Xl,...,Xn].

This polynomial is well defined up to an invertible linear change of variables

X, = Zainé, (aij) S GLn(K)
J

We will call two homogeneous quadratic polynomials related by such a change of variables
equivalent. Note that two quadratic forms Q and Q' on V are equivalent if and only if the
equivalence class of quadratic polynomials associated with () is the same as that associated
with @’. In the following, we will not distinguish between an equivalence class of quadratic
forms with an equivalent class of homogeneous quadratic polynomials. Since for most of the
time we will only consider quadratic forms up to equivalence, the vector space V' is of minor
importance and will often be omitted.
The following result is well known from linear algebra:

Lemma 3.1.3. If charK # 2, then up to equivalence every quadratic form can be written
as Q(X1,..., Xp) =y X2+ - +ap,X? fora; € K.

Proof. We know every bilinear form can be diagonalized. |
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From now on, we always assume that charK # 2.

Definition 3.1.4. We say a quadratic form @ on V represents ¢ € K if there exists v €
V — {0} such that Q(v) = ¢. Equivalently, there exist x1, ..., 2, € K not all zero such that

Q(x1,...,x,) =c.
Clearly the set of ¢ € K represented by ) depends only on the equivalence class of Q.

Remark 3.1.5. A quadratic form () on an n-dimensional vector space is degenerate if
and only if in the diagonal form Q(X,...,X,) = a1 X? + --- + a,X? at least one a;
is zero. Suppose this is the case. Up to reordering assume aq,...,a, are non-zero and
ap+1 = -+ = a, = 0. Then we can view ) as a non-degenerate quadratic form in k variables
Q' (X1,...,Xg) = a1 X?+---+apX?. Clearly, an element ¢ € K* is represented by @ if and
only if it is represented by Q’. However, whether 0 is represented is changed: The original
degenerate @) always represents 0 since Q(0,...,0,1,...,1) = 0 (with the first k variables
being 0), but the new non-degenerate form @'(Xy,..., X)) may or may not represent 0
(since by our definition representing 0 means Q’(x1,...,xzx) = 0 for z1,...,2; € K not all
zero). Thus in the study of whether a quadratic form represents 0 the degenerate case is
uninteresting. Without any loss of generality, we shall exclusively consider non-degenerate
quadratic forms in the study of the representation problem.

We have the following observation:

Lemma 3.1.6. A non-degenerate quadratic form Q over K represents 0 if and only if it
represents all ¢ € K.

Proof. Let B(v,w) be the associated bilinear form. Suppose Q(v) = 0 for v € V — {0}. For
w €V and t € K, we have

Q(tv+w) = Q(tv) + Q(w) + Bltv,w) = £2Q(v) + Q(w) + tB(v, w) = Q(w) + tB(v,w).

Since B is non-degenerate and v # 0, we can find w € V — {0} such that B(v,w) # 0. Then
letting t = B(v,w)~!(c — Q(w)), we obtain Q(tv + w) = c. O

Example 3.1.7. The quadratic form X2 — Y2 represents 0 since 12 — 12 = 0. Hence it
represents all ¢ € K. Indeed, (<)% — (51)2 = c.

The following lemma reduces the question of whether a non-degenerate quadratic form
represents a particular ¢ € K to the question of whether a (possibly different) non-degenerate
quadratic form represents 0.

Lemma 3.1.8. A non-degenerate quadratic form Q(Xi,...,X,) represents ¢ € K* if
and only if the non-degenerate quadratic form in n + 1 wvariables R(Xy,...,X,,Y) =
Q(X1,...,X,) — cY? represents 0.

Proof. M Q(x1,...,2,) = ¢, then R(x1,...,x,,1) = 0. Conversely, assume R(z1,...,2Z,,Yy) =
0 with {z1,...,2,,y} not all zero. If y = 0, then Q(x1,...,2,) = R(x1,...,2,,y) =0, and
x; are not all zero. Thus @ represents 0, and so by Lemma 3.1.6 it represents c. If y # 0,
then from Q(xy,...,2,) = cy? we obtain Q(x1/y,...,r,/y) = ¢, and z;/y are not all zero
since ¢ # 0. O

Example 3.1.9. In the field K, —1 is a square if and only if the quadratic form X?2
represents —1, and by the above lemma this is equivalent to the condition that X2 + Y2
represents 0.
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In order to study whether a non-degenerate quadratic form @ represents 0, we may
write @ in diagonal form and also multiply it by an element of K* to assume that one
of the coefficients is 1. Thus without loss of generality we may assume Q(Xy,...,X,) =
X? + a2 X2+ ...+ a, X2 (By non-degeneracy, every a; € K*.) For n < 4, whether such
Q represents 0 is decided by whether a certain field element is a square or a norm from an
extension, as follows:

Lemma 3.1.10. Let b,c,d € K*.
1) (n =1.) The quadratic form X? does not represent 0.
1
2) (n=2.) The quadratic form X2 —bX3 represents 0 if and only if b € (K*)2.
1 2
(3) (n =3.) The quadratic form X? —bX2 —cX3 represents 0 if and only if ¢ is a norm
from K (\/b).
(4) (n=4.) The following statements are equivalent:
a) The quadratic form X2 —bX2 — cX2 + cdX? represents 0.
1 P 3 i
(b) ¢ can be written as cica where ¢; € K* is a norm from K(\/&) and co € K*
is a norm from K(\/b).
(¢) c lies in the image of the norm map K(vVb,v/d)* — K(v/bd)*.
d) The quadratic form X? — bX2 — cX2, viewed as a non-degenerate quadratic
i 2 3
form in three variables over K(\/ZE), represents 0.

Proof. Only (4) is non-obvious. The equivalence between (c) and (d) follows from (3). We
prove (4) only under the assumption that b and d are non-squares in K. (The other cases
are easier and left to the reader.)

Suppose z1,...,r4 € K are not all zero and 2% — bz3 — cx3 + cdx? = 0, i.e.,

x? — ba = cal — cda?.

If 22 — bz} and cz} — cdx? are both 0, then by our assumption that b and d are non-squares
we have r1 = 9 = x3 = x4 = 0, a contradiction. Hence x% — bx% and cx% — cdxi are both
non-zero. Then

¢ = (z1 — ba3) (2§ — dz}) ™",

and these two factors are norms from K (v/b) and K(v/d) respectively. Hence (a) implies
(b). The above arguments can be reversed, so (b) also implies (a).

It remains to prove that (b) is equivalent to (c). If bd is a square, then K(vb,vd) =
K(vb) = K(v/d) and K(v/bd) = K, so (b) and (c) are trivially equivalent. Assume that bd
is not a square. Then we have Gal(K (vb, Vd)/K) = {1,0, 7,07}, where

o(Vb) = =vb, o(Vd) =V,
T(Vb) = Vb, 7(Vd)=-Vd.
A general element of K (v/b,v/d) is of the form
r+ svVb + tVd + uvbd
with 7, s,¢,u € K and its norm to K (vVbd) = K(vVb,vVd){177} is
(r + sVb+ tVd + uvbd) (r — sVb — tVd + uvbd) = 2 — s%b — t2d + u*bd + (2ru — 2st)Vbd

If we set t = u = 0, then we obtain r? — s2b, which is a general element of NK(\/B)/K(K(\/B))'
Similarly, setting s = u = 0 we obtain a general element of NK(\/a)/K(K(\/g)). Hence (b)
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implies (c). Conversely, assume (c). Then since ¢ € K, by the above computation we know
that c is of the form
c=r1r?— 5% —t*d + u*bd
with r,s,t,u € K and ru = st (since the term (2ru — 2st)v/bd must be zero).
If u = 0, then one of s, is 0, so ¢ is either a norm from K (v/d) or a norm from K (v/b),
and we have proved (b).
Assume u # 0. Then r = u~'st, and we compute

(82 —u?d)(t* — u?b) = s*t* — s*u®b — t*u?d + u*bd = u’c.

Set ¢; = (s/u)? —d € NK(\/E)/K(K(\/E)) and ¢ = (t/u)? —b € NK(\/E)/K(K(\/B))' Then
¢ = ¢1¢2, so (b) holds. O

Exercise 3.1.11. Prove Lemma 3.1.10 (4) when at least one of b and d is a square.

Lemma 3.1.12 (Weak approximation). Let K be a global field, and S a finite subset of
Vi. Let U, be a non-empty open subset of K* for each v € S. Then there exists x € K*
such that x € U, C KS for allv e S.

Proof. Without loss of generality we may assume that S O Vi . Recall that H’/UEVK— s K
has dense image in Cx. Hence the open subset [],cq Uy x [[,45 O, C Aj contains an
element of the form xa, where x € K* and a is an idele whose coordinates at all v € S are
1. It follows that z € U, for all v € S. O

Theorem 3.1.13 (Hasse Principle). Let Q be a non-degenerate quadratic form in n > 2
variables over a global field K whose characteristic is not 2. Then Q represents 0 over K if
and only if Q represents 0 over K, (i.e., Q(z1,...,2,) =0 for some z; € K, not all zero)
for allv € Vi.

Proof. The “only if” direction is trivial. For the “if” direction, when n = 2, 3,4, by Lemma
3.1.10 we know that whether @ represents 0 depends on whether a certain element of K or
K (V/bd) is a square or a norm from a quadratic extension K (v/0)/K or K(v/b,v/d)/K(v/bd).
Such a problem satisfies local-global principle. Indeed, for being a square, suppose b € K*
is not a square in K. Then K (v/b)/K is a non-trivial quadratic extension and hence there
are infinitely many places of K which are non-split in K (\/B) by Corollary 2.3.6. For such
a place v, b cannot be a square in K,.® For being a norm from a cyclic extension, we have
local-global principle by the Hasse Norm Theorem (Theorem 2.7.6). Therefore the “if”
direction holds.

For n > 5, we prove the “if” direction by induction. We may assume that @ is in diagonal
form, and write

Q(X1,.., Xn) = a1 X7+ ax X3 — P(X3,...,X,)

where P is a non-degenerate quadratic form in n — 2 variables. Write P(X3,...,X,) =
Z?:s b; X2, with all b; € K*. If v € Vi is such that P does not represent 0 over K, then
the three-variable non-degenerate b3 X § + b4 X f + b5 X g does not represent 0 over K, and by
Lemma 3.1.10 v is a place where —bs/bs € K* is not a local norm from K (y/—bs/bs). We
conclude that the set S of v € Vi such that P does not represent 0 over K, is finite. Let
v € S. By assumption @Q represents 0 over K, so there exist x1(v), z2(v) € K, such that
2(v) = a121(v)? + azwa(v)? is non-zero and P represents z(v) over K,. Since z(v)(K))?
is an open neighborhood of z(v) in K (since the characteristic is not 2), there exist an

8This is an “easy case” of the Grunwald-Wang theorem discussed last semester.
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open neighborhood U, of z1(v) and V, of z2(v) such that for all r € U, and s € V,, we
have ai7r? + ags? € z(v)(K})?. By Lemma 3.1.12, we find x1,22 € K* such that x; € U,
and xg € V, for all v € S. Let 2 = a2 + agx3. Then z € z(v)(K))? for all v € S,
and so P represents z over K, for all v € S, thanks to the fact that P represents z(v). For
v ¢ S, P represents 0 over K, by the definition of S, and so by Lemma 3.1.6 P represents all
elements of K, over K,. Hence P represents z over all K,,. Equivalently, the (n—1)-variable
P(X3,...,X,) — 2Y? represents 0 over all K, (see Lemma 3.1.8). By induction hypothesis,
P(X3,...,X,) — 2Y? represents 0 over K, or equivalently, P represents z over K. Thus
P(z3,...,x,) = z for some z3,...,2x, € K not all zero. Then we have

Q(x1,...,xy) =2—2=0.
O

Corollary 3.1.14. Let Q be a non-degenerate quadratic form over a global field K whose
characteristic is not 2, and let c € K. Then Q represents c over K if and only if it represents
c over K, for allv € V.

Proof. This follows from Theorem 3.1.13 and Lemma 3.1.8. ([

The Hasse Principle reduces the problem of representing 0 over a global field to repre-
senting 0 over a local field. For the latter problem we have the following result.

Proposition 3.1.15. Let Q be a non-degenerate quadratic form in n variables over a local
field K of whose characteristic is not 2.
(1) If K = C, then Q represents 0.
(2) If K = R, then Q represents 0 if and only if it is indefinite, i.e., if Q@ = a1 X? +
S aanl then there is at least one positive a; and one negative a;.
(3) (“Local Four Square Theorem”) Let K be non-archimedean. If n = 4, then Q
represents all elements of K*. If n > 5, then Q represents 0 and hence all elements
of K.

Proof. Only (3) is non-trivial. The first statement easily implies the second. We prove the
first statement. Without loss of generality, we may assume that @ is of the form

Q(X1, X2, X3, X4) = X7 — bX5 — cX3 + cdX}.
Denote

Assume that @ does not represent every element of K*. Then by Lemma 3.1.8, () does not
represent 0. By Lemma 3.1.10, ¢ ¢ N - Ny. It immediately follows that b and d are not
squares in K.

If K(vVb) # K(v/d), then by local class field theory N, and Ny are two distinct index 2
subgroups of K*, and it follows that N, - Ny = K, contradicting with ¢ ¢ N, - N;. Hence
K(vb) = K(+/d), or equivalently, b = d mod (K*)2. Hence we may assume that b = d (by
rescaling X4). Write N for N, = N4. Then

Q(z1, 2, w3, 24) = (23 — bad) — (a2 — bx?), x? — bao, 22 — bz’ € N.
Thus it is clear that the set E of all elements of K represented by @ is
E={a—cB|a,be NU{0}, not both zero}.

By our assumption, E does not contain K *.
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We have already seen that ¢ ¢ Np - Ny, i.e.,, ¢ ¢ N. Since [K* : N] = 2, we have
K*=NUcN. If -1 € N, then E D NUcN = K*, a contradiction. Hence —1 ¢ N.

We claim that N +1 C N. Suppose not. Let o € N be such that « + 1 ¢ N. Since
—1¢ N, we have a # —1, i.e., « + 1 # 0. It follows that a + 1 € ¢N since K* = N U cN.
Write a + 1 = ¢y with v € N. Then for any u € N we have

—u=aqau—cyu € FE.

Hence E contains N U (—N), which is K* since —1 ¢ N. A contradiction. The claim is
proved.

Since N is an open subgroup of K* (by the local reciprocity law), it contains 1+ m’, for
sufficiently large r. Assume K is over Q5. Then NN contains 1 —p” € Zo. By adding 1’s to
it and for p” — 2 times and using the claim, we have —1 € N, a contradiction. Assume that
charK =p>0. Then -1=p—1=1+4+1+---4+1€ N by the claim, a contradiction. [

Corollary 3.1.16. Let Q be a non-degenerate quadratic form in n > 5 variables over a
global field K whose characteristic is not 2. Then Q represents 0 if and only if for every
real place v of K, Q is indefinite over K,. |

Example 3.1.17. For any ¢ € Qs0, the non-degenerate quadratic form X7 + X3 + X2 +
X2 — ¢X2 over Q is indefinite over R, and hence it represents 0. Thus ¢ can be written
as the sum of four squares in Q. Similarly, for any quadratic form P(Xy,---,X4) over Q
which is not negative definite over R, every ¢ € Qs can be represented by P over Q.

3.2. Hilbert symbol. Fix an integer m > 2. Let K be a local field whose characteristic is
coprime to m, and assume that K D p,,. Let M be the maximal Kummer extension of K
in K* with respect to m, i.e., M = K(%/a,a € K). Then by Kummer theory we have the

pairing

o ¥/a
x/a
(which is perfect in the sense of Pontryagin duality). We pre-compose this pairing with the
local Artin map ¢x : K* /(K*)™ — Gal(M/K) (this factors through K* /(K> )™ since the
target is killed by m), and obtain the bi-multiplicative pairing

KX J(K*)™ x Gal(M/K) — pim,  (a,0) —>

Vi (b) ¥a
e

This is called the Hilbert symbol with respect to m. For simplicity we just write (-, ) k.

(5 )rcm « K7 (K)™ 5 KX (K7)™ — pin, (@, 0) —

Lemma 3.2.1. For a,b € K*, we have (a,b)x = 1 if and only if b lies in Ny, /5 (L) with
L=K(%/a).

Proof. Since L is generated by %/a, we have (a,b)x = 1 if and only if ¢y k(b)) = 1 €
Gal(L/K). But the kernel of ¢,/ : K* — Gal(L/K) is Ny /r (L*). O

Example 3.2.2. For m = 2, we have (a,b)x = 1 if and only if the quadratic form aX? +
bY2 — Z2 represents 0, by Lemmas 3.2.1 and 3.1.10. Note that this condition is symmetric
in a and b. Since (a,b)x takes values only +1, we conclude that (a,b)x = (b,a)x for all
a,b € K*. We will soon generalize this for general m. If m = 2 and K = R, by the above
condition in terms of quadratic form, we see that (a,b)x = —1 if and only if a < 0 and
b<0.

Lemma 3.2.3. Fora,be K*, we have (a,b)g =1 if a+ b e (K*)™ U {0}.



ALGEBRAIC NUMBER THEORY (II) 75

Proof. Write a+b = ¢™ with ¢ € K. Let L = K( %/a). We need to show that b € Ny /s (L*).
Let H be the subgroup of K*/(K*)™ generated by a. Fix a primitive m-th root of unity
¢. The pairing H x Gal(L/K) — i, from Kummer theory is perfect. It follows that
Gal(L/K) is cyclic, and there exists a generator o of Gal(L/K) such that o ¥/a/ %/a = ¢,
where d = m/|H|. Then

m—1 d—1 71
b=c"—a=[Jc—¢¥a)=T] I] (c—¢*¥ va)
i=0 1=0 j=0

T

| d—1
(c— (o’ W/a) = H Np/r(c— ¢ %/a) € Ny (LX),
0 =0

d—1
=0

|

J
O

Proposition 3.2.4 (Anti-symmetry of Hilbert symbol). We have (a,b)x (b,a)x = 1.

Proof. By Lemma 3.2.3, we have (z,—z)xg = 1 for all x € K*, and therefore by bi-
multiplicativity we have

1 = (ab,—ab) = (a, (—a)b)(b,a(—b)) = (a, —a)(a, b)(b,a)(b, —b) = (a,b)(b, a).

Example 3.2.5. For m = 2, we have (a,b)x = (b,a) k.

Proposition 3.2.6 (Product formula). Let K be a global field of characteristic coprime to
m and containing .. For all a,b € K*, we have (a,b)k, m for almost all v, and

II (@v),m=1.

veVK

Proof. Let L = K( %/a). By the Local Reciprocity Law, the image of b € K* under the local
Artin map v, : K — Gal(L,/K,) C Gal(L/K) is trivial if and only if b € Ny, (L),
and by Lemma 3.2.1 this is equivalent to (a,b)x, = 1. Let S be the set of places of K
satisfying these conditions. Then Vi —.S is finite. By the Artin reciprocity law, i.e. statement
(A) in Theorem 2.8.5, we have [[, ¢y, _g%v(b) = 1. On the other hand this Galois element
sends %/a to

( H (aab)K> %: < H (avb)K> %

veEVK —S veEVK
O

3.3. Classification of quadratic forms over local and global fields. We are interested
in classifying all non-degenerate quadratic forms over a local or global field (of characteristic
not 2) up to equivalence. Equivalently, we would like to classify non-degenerate quadratic
spaces (V, Q) up to isometry (i.e. vector space isomorphisms preserving the quadratic forms).
In the following, we will call the dimension of V' the rank of @, and we assume that all fields
have characteristic not 2.

The first result is that the classification satisfies local-global principle.

Theorem 3.3.1 (Hasse-Minkowski). Let Q, Q" be non-degenerate quadratic forms over a
global field K. Then Q and Q' are equivalent over K if and only if they are equivalent over
K, forallv € Vik.
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For the proof, we need a special case of Witt’s theorem. First we discuss orthogonal
decomposition. In an Euclidean space V' (i.e., positive definite quadratic space over R), for
any subspace U we have an orthogonal decomposition V = U @ U+. However this may not
hold in a general non-degenerate quadratic space. Let (V, Q) be a non-degenerate quadratic
space over a field K whose characteristic is not 2. Let B be the associated bilinear form.
For any subspace U C V, define the orthogonal complement

Ut :={veV|B(u,v)=0,YucU}.

Then Q|y is a non-degenerate quadratic form on U if and only if U N U+ = 0, if and
only if V. = U @ U*. When this is the case, we call U a non-degenerate subspace. In
this case, U~ is also non-degenerate, so we have decomposed V into the orthogonal direct

sum of two smaller non-degenerate quadratic spaces. For instance, if {e1,...,e,} is an
orthogonal basis and 1 < ¢ < n, then U = span{ey,...,e;} is a non-degenerate subspace
with UL = span{e;y1,...,€n}-

Note that V' contains a degenerate subspace if and only if @) represents 0. Indeed, if
U C V is a degenerate subspace, then any v € U N U+ satisfies Q(v) = 0. Conversely, if
v € V — {0} is such that Q(v) = 0, then span{v} is a degenerate subspace.

If we have two non-degenrate quadratic spaces (V,Q), (V’,Q’) and orthogonal decompo-
sitions V =U @ U+, V' = U’ @ (U')*, then for V to be isometric to V' it suffices that U is
isometric to U’ and U~ is isometric to (U’)*.

Lemma 3.3.2 (Special case of Witt’s theorem). Let v, w € V be such that Q(v) = Q(w) # 0.
Then there exists an isometry between the non-degenerate quadratic spaces v- and w.

Proof. We have Q(v+w)+ Qv —w) = 4Q(v) # 0, so at least one of Q(v+w) and Q(v—w)
is non-zero. Up to replacing w by —w, we may assume that Q(v — w) # 0. Consider the
reflection along v — w:

In terms of the orthogonal decomposition V = (v — w) @ (v — w)*, the operator s is —1 on
(v —w) and the identity on (v —w)*. Clearly s is an isometry. We check that it sends v to
w.” We compute

Qv—w)=Q)+ Q(w) — Bv,w) =2Q(v) — B(v,w) = B(v,v) — B(v,w) = B(v,v — w).

Hence
B(v,v —w)
s)y=v——=—""""—w—-—w)=v—(v—w)=w
() == F v = w) = v = (= w)
as desired. Since s : V — V is an isometry sending v to w, it restricts to an isometry
vt S wt (]

Exercise 3.3.3. Prove the general form of Witt’s theorem: Let (V,Q),(V',Q’) be two
isometric non-degenerate quadratic spaces over a field of characteristic not 2. Let U C V and
U’ C V' be non-degenerate subspaces, and assume that there is an isometry (U, Q|y) —
(U',Q'|u7). Then there is an isometry (U+,Qly+) — (U)*, Q|+ )-

9The geometric intuition is that v, w,v — w are the three sides of an equilateral triangle with v and w
the equal sides. Hence reflection along the direction v — w must send v to w.
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Proof of Theorem 3.3.1. The “only if” direction is obvious. We prove the “if” direction.
If Q and Q' have rank 0, then there is nothing to prove. Assume that they have rank
n > 1. Since @ is non-degenerate, it represents some a € K* over K. Then Q' represents
a over K, for all v, and so by Corollary 3.1.14 Q' represents a over K. Let V.V’ be the
K-vector spaces of Q,Q’. Thus there exist v € V and v’ € V' such that Q(v) = Q'(v') = a.
The quadratic spaces v* and (v')* over K are isometric over K, for all v by Lemma
3.3.2. Then by induction on the rank, v+ and (v')* are isometric over K. It follows that
V and V' are isometric over K using the orthogonal decompositions V = (v) & v and
V=)o ()t O

We now classify quadratic forms over a local field. Over C, all non-degenerate quadratic
forms of the same rank are equivalent. Over R, we have Sylvester’s theorem stating that
every non-degenerate quadratic form is equivalent to X2 + --- + Xf, Y2 = Yq2 for a
unique pair (p, q) € Z2,, called the signature. In the following consider a non-archimedean
local field K (whose characteristic is not 2).

For a non-degenerate quadratic form @ = Y7 a;X? over K, we define two invariants:

e Discriminant: d(Q) =[], a; € K*/(K*)2.
o Hasse invariant: €(Q) = H1§i<j§n(ai’bi)K € {£1}. Here (, )k = (" )Kk2 :
KX/(K*)? x K*/(K*)? — {£1} is the Hilbert symbol with respect to 2.

To see that the discriminant is well defined (i.e., independent of the choice of an orthogonal
basis), note that it is nothing but 27" det A, where A is the matrix of the bilinear form
B associated to @ under the chosen orthogonal basis of V. If we change basis, then A
is replaced by P!AP for some P € GL,(K), and we have det(P'AP) = det(P)?det A =
det A € K* /(K*)2. Clearly this works for any field K whose characteristic is not 2.

To see that the Hasse invariant is well defined, we need the following lemma:

Lemma 3.3.4. Let (V,Q) be a non-degenerate quadratic space over a field K whose char-
acteristic is not 2. Assume that dimV > 3. Let B and B' be two orthogonal bases of V.
Then there exists a chain By = B, B1,...,B; = B’, where each B; is an orthogonal basis of
V', and for every i the two bases B; and B;11 share at least one common element.

Proof. We write B ~ B’ if the conclusion of the lemma holds. Write B = {e1,...,e,}, B =
(€. h}.

Case 1: There exists 1 < ¢ < n such that P = span{ej,e}} is a two-dimensional non-
degenerate subspace. Without loss of generality, assume i = 1. We have V = P @& P+, and
P+ is also non-degenerate. Let C be an orthogonal basis of P+. Since Q(e;) and Q(e})
are non-zero, we can extend e; to an orthogonal basis {e1,u} of P, and extend €] to an
orthogonal basis {e],v} of P. Then we have (noting that C # 0)

B~ {e1,utUC ~{e},v} UC ~ B

Case 2: For all 1 <i < n, span(ey,e}) is either one-dimensional or degenerate. Let B be
the bilinear form associated with (). Then our assumption concretely means that

Bley,e1)B(e}, ¢;) = Blex, e)*.

17

Note that the left hand is non-zero, so B(ey,¢€}) # 0.
We claim that there exists « € K such that e, := €} + ze), satisfies Q(e;) # 0 and
span{ey, e, } is two-dimensional and non-degenerate. We have

2Q(es) = Blex, ex) = B(ella 6/1) + I2B(6/27 6/2)a
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so the condition Q(e;) # 0 rules out at most two values of . For spanfej,e,} to be
two-dimensional and non-degenerate, we need

B(ela el)B(era ez) - B(ela er)2 7é 0.
We compute that the left hand side is equal to

B(ebel)[B(e/l’e/l) + xQB(6,27€/2)} - [B(ehell) + IB(61’6/2>]2
= B(€17e,1)2 + IzB(elaeé)Q - [B(ehe,l) + IB(6136/2)]2 = 72IB(6176,1)B(6176/2)'

Since B(ey,e}) # 0, for the above to be non-zero we only rule out z = 0. In conclusion, the
conditions in the claim only rule out at most three values of z. If K is a field having at
least four elements, then we are done. The only remaining case is when K = [F5 (since its
characteristic is not 2), which we leave as an exercise.

Now let x be as in the claim. Since e, € span{e},es} and Q(e,) # 0, we can extend
e; to an orthogonal basis {e;,u} of span{e},e,}. Since span{ej,e,} is two-dimensional
non-degenerate, by Case 1 already proved above, we have

B~ {es,u,es,... e}
Since n > 3 we have {e,,u, ek, ... e} ~ B'. Hence B~ B'. |
Exercise 3.3.5. Prove the claim in the above proof for K = Fj.
Proposition 3.3.6. The Hasse invariant is well defined.

Proof. If the rank of @ is 2, then €(Q) = 1 if and only if @ represents 1 (see Example 3.2.2).
This property is intrinsic to @, independent of the choice of a basis. Assume the rank is
at least 3. By Lemma 3.3.4, we only need to compare the definitions under two orthogonal
bases of (V,Q) of the form {ej,ea,...,e,} and {e] = ey, e),... e, }. Let a; = Q(e;) and
a; = Q(e}). Thus we need to check that

A= H(ai, aj)K

i<y

is equal to
A = H(a;,a;)K.

i<j

We have
A=l a)r - ] (aa)x = (a1,d@)/a)x ] (ai,a5)x
§>2 2<i<j 2<i<j

Similarly,

A = (a1,d(Q)/a1)K H (a;,a;—)}(

2<i<j
(since a1 = a}). Thus it suffices to prove that
/ /
H (ai,a;)k = H (@i, aj) .
2<i<j 2<i<j

But the two sides are the definitions of the Hasse invariant of the non-degenerate quadratic
space e; under the two bases {ea,...,e,} and {e}, ..., e/ }. By induction on the rank, the
Hasse invariant is well defined for ei, so the two sides agree. g
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Lemma 3.3.7. Let QQ be a non-degenerate quadratic form over a mon-archimedean local
field K of rank n. Let b € K*. Then whether Q represents b depends only on the quadruple
(b,n,d(Q),e(Q)). More precisely, we have:

(1) Forn =1, Q represents b if and only if b =d(Q) € K> /(K*)2.

(2) Forn =2, Q represents b if and only if (b, —d(Q))x = €(Q).

(3) For n = 3, Q represents b if and only if either b # —d(Q), or b = —d(Q) and

(—1,—d(Q))k = €(Q). (Here the equality b = —d(Q) is understood inside K> /(K*)2.)
(4) Forn >4, Q always represents b.

Proof. In the proof we write (-, -) for the Hilbert symbol (-, ). The case n = 1 is obvious.
Let n = 2. Write Q = a; X?+asX3. Then Q represents b if and only if b/a; = 22+ (az/a;)x3
for some x1, 72 € K, if and only if b/a; is a norm from K(y/—as/a1), if and only if
(b/a1,—az/a1) = 1.
We have
(b/ar, —az/a1) = (b, —araz)(a1, —a1)(a1, az) = (b, —d(Q))e(Q).
Hence @ represents b if and only if (b, —d(Q)) = ¢(Q).

Let n = 3. Let ¢ € K*. Clearly @ represents b if and only if cQ) represents cb. We check
that the condition

b=—-dQ) = (-1,-d(Q)) = ¢(Q)
is also invariant under simultaneously scaling @ and b. Write Q = a1 X? + a2 X3 + a3 X3.
Then
e(cQ) = (cay, cas)(cay, cagz)(cas, caz) = (cal,c2a2a3)(ca2,ca3)
= (cay, aza3)(caz, caz) = (¢, aza3)(a1, azaz)(c, ¢)(c, az)(az, ¢)(az, as)

= (¢,a203)*(c, 0)e(Q) = (¢, 0)e(Q).

We have

d(cQ) = ’d(Q) = cd(Q).
Hence b = —d(Q) if and only if ¢b = —d(cQ). Also (-1, ( Q) = (—1,—cd(Q)) =
(=1,¢)(—=1,—d(Q)). This is equal to e(cQ) if and only if ( —-d(Q)) = ( ), because

(¢,c) = (—c,0)(—1,¢) = (—1,0).

Hence to prove the lemma for n = 3 we may simultaneously scale @ and b. Thus we may
assume that @Q is of the form X7 — c¢X2 + cdX3 for some ¢,d € K*. Then @ represents b if
and only if the non-degenerate rank 4 quadratic form X7 — cX3 + cdX3 — bX3 represents 0.

By Lemma 3.1.10, this holds if and only if ¢ = c¢1¢p for ¢; € Ny := NK(\/E)/K(K(\/E)X) and
¢s € Ny := Ny ()i (K (VD) ). We have d(Q) = —d. If b # —d(Q), then cither N, and Ny
are two distinct index 2 subgroups of K*, or at least one of them is equal to K*, so in any
case we have c € NyN;, = . Suppose b = —d(Q). Then N, = Ny, so Q represents b if and
only if ¢ € Ny, if and only if (¢,d) = 1. But €(Q) = (—c¢,cd) = (—¢,¢)(—¢,d) = (—¢,d) =
(—=1,d)(c,d). So €(Q) = (—1,—d(Q)) if and only if (¢,d) = 1, if and only if @ represents b.

The case n > 4 is already proved in Proposition 3.1.15. O

Exercise 3.3.8 (Theorem of three squares for rationals). Let b € Q. Using Corollary
3.1.14 and Lemma 3.3.7, prove that the following are equivalent:

(1) b cannot be written as x? + y? + 22 for z,y,2 € Q.
(2) be —1-(QF)* c Qs
(3) bis of the form 4F% with k € Z, and u, v odd integers such that uv™" =7 (mod 8).
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Hint: One can use the product formula to compute (-1, —1)g,.

Exercise 3.3.9 (Theorem of three squares for integers). Suppose b € Z>1 can be written
as the sum of three squares in Q. Show that it can be written as the sum of three squares
in Z in the following steps:
(1) Consider S = {z € R® | z -z = b}. Suppose there is a point z € S N Q3 and
x ¢ Z3. Then there exists z € Z3 such that (z — 2) - (x — 2) < 1. For such z, we
have (x — z) - ¢ # 0, and so the line through 2 and z meets S in another point 2.
We must have 2’ € Q3.
(2) If d € Z> is such that dz € Z3, then d' := d(z — 2) - (x — z) satisfies: d’' € Z,
1<d <d,and d'z’ € Z3. (Hint: find a formula for 2’ in terms of x and 2.)
(3) Conclude that if SN Q3 # 0 then SNZ3 # 0.

As an application, prove Gauss’ theorem that every positive integer n can be written as

e —— n; € ZZO
i=1 2

by applying the theorem of three squares to 8n + 3. Also show that every positive integer
is either a sum of three squares in Z, or the sum of three squares in Z plus a power of 4.
(This is a more refined version of the usual theorem of four squares for integers.)

Theorem 3.3.10. Let Q, Q' be two non-degenerate quadratic forms over a non-archimedean
local field K of rank n. Then Q and Q' are equivalent if and only if d(Q) = d(Q') and
€(Q) = €(Q).

Proof. We have already seen the “only if” direction. We prove the “if” direction. If n =0
then there is nothing to prove. Suppose n > 1. By Lemma 3.3.7, @ and Q' represent some
common b € K*, i.e., there exist v € (V,Q) and v € (V/,Q’) such that Q(v) = Q'(v') = b.
Let Q = Q|,.. Extend v to an orthogonal basis {v,es,...,e,} of V, and let a; = Q(e;).

Then d(Q) = b[];55 a; = bd(Q), and
(@) =Tt ] (ara5)x = (0,d(@Q)/b)x - €(Q).
i>2 2<i<j
Let Q' = Q' |(v)+- Then a similar computation as above yields
d(Q) =dQ), «@Q)=eQ).
By induction on the rank, from the above we know that v is isometric to (v/)*. It follows
that (V, Q) is isometric to (V',Q"). O
To complete the classification over K, we need to determine which pairs
(d,e) € KX J(K*)? x {£1}
can be realized as the invariants of a non-degenerate quadratic form of rank n.

Proposition 3.3.11. Let K be a non-archimedean local field. Let d € K*/(K*)? and
e € {£1}.

(1) (d,€) are the invariants of a rank 1 form if and only if e = 1.

(2) (d,e€) are the invariants of a rank 2 form if and only if (d=—-1=¢e¢=1).

(3) For any n > 3, (d,€) are the invariants of a rank n form.



ALGEBRAIC NUMBER THEORY (II) 81

Proof. (1) If @ is a rank 1 form, then ¢(Q) = 1 by definition. Conversely, for any d €
K*/(K*)% let Q = dX?. Then d(Q) = d.

(2) If Q is a rank 2 form with d(Q) = —1, then writing @ = aX? + bY? we have
€(@) = (a,b)kg = (a,—1/a)k = (a,—a)g = 1. Conversely, if d = —1 and € = 1, then letting
Q = X? - Y? we have d(Q) = d,e(Q) = e. If d # —1, then K(v/—d)/K is a quadratic
extension, so there exists a’ € K* which is not a norm from K (v/—d), i.e., (a’, —d) g = —1.
Hence we can choose a € K* such that (a, —d)x = €. Let Q = aX?+adY?2. Then d(Q) = d,
and €(Q) = (a,ad)k = (a,—a)k(a,—d) g = €.

(3) Let (d,€) be arbitrary. Choose a3 € K* such that dag # —1 € K*/(K*)2. Then by
(2) there exists a rank 2 form Q'(X;, Xs) such that d(Q’) = das and €(Q’) = € - (a3, daz) k-
Let Q = Q/(X17X2) —+ a3X§ + Z4<i<n )(Z2 Then d(Q) = d(Q')a3 = d, and

€(Q) = €(Q)(a3,d(Q"))k = €(Q')(as, das)k = €.
O

For quadratic forms over C or R, we define the Hasse invariant in the same way as the
local non-archimedean case, using the Hilbert symbol over C or R (which is constantly 1 for
C). Over R, if a quadratic form @ has signature (p, q), then clearly

a(g—1) a(a—
Q) = (-1, Q) =(-1,-1)p 7 =(-)*=
Thus we see that for n = p + ¢ > 4, the pair (d(Q), e(Q)) does not uniquely determine g,
and hence does not uniquely determine the equivalence class of @ of rank n. However, one
easily checks Proposition 3.3.11 still holds for K = R.

We now come to the classification of quadratic forms over a global field K (whose char-
acteristic is not 2). In view of Theorem 3.3.1 and the classification over local fields, we only
need to determine which families (@, )vev,, where @, is a non-degenerate quadratic form
over K, of rank n, are globalizable, in the sense that there exists a quadratic form @ over
K such that Q ~ Q, over K, for all v.

Theorem 3.3.12. The family (Q,)vevy s globalizable if and only if the following conditions
hold. Write d, := d(Q,) € K /(K))? and €, := €(Q,) € {£1}.

(1) There exists d € K*/(K*)? mapping to d, € K for all v. (Note that the map
KX /(K*)? — T[, K*/(K*)? is injective by the local-global principle for being a
square, so d is unique if it exists.)

(2) We have e, =1 for almost all v, and [ ¢y, € = 1.

Lemma 3.3.13. Let b€ K*. Let T C Vi be a finite subset of even cardinality such that
for all v € T we have b ¢ (KX)?. Then there exists a € K* such that T = {v € Vi |
(a,b)KU = —1}.

Remark 3.3.14. By the product formula, clearly the assumptions on T are necessary.

Proof. If T = () then we can take a = 1. Suppose T # (. Then b ¢ (K*)?, so L = K(v/b) is
a quadratic extension of K. Consider the Artin map ¢ = v /i : Cx — Gal(L/K) = {£1}.
For v € T, since b is not a square in K,, the local extension L, /K, (for w|v) is non-
trivial. Hence there exists z, € K that is not a norm from L,. For v ¢ T, we choose
x, € Ny, /K, (L), and we can choose z, inside O for almost all v. Then z = (z,) € Ag.

We have
(o) = [ o) = J](=1) =1
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since |T'| is even. Since kert) = N/ (Cp), there exists a € K* such that za € Ny (A]).
Then for any v, we have (a,b)x, = (x,0)k,, and this is —1 if and only if v € T by the
construction of z. O

Proof of Theorem 3.3.12. Necessity: If @ is a quadratic form over K such that Q ~ Q,
over K, for all v, then d := d(Q) € K*/(K*)? maps to d,. Write Q@ = Y, a;X?. Then
€ = [[;;(ai,aj)k,. Condition (2) follows from the product formula for Hilbert symbols
(Proposition 3.2.6).

Sufficiency. Let d and €, be as in (1) and (2). Let n be the common rank of Q,. We
shall construct a non-degenerate quadratic form @ over K of rank n such that d(Q) = d
and €,(Q) = ¢, for all v. Here we denote by €,(Q) the Hasse invariant of Q viewed as a
quadratic form over K,. Then by the local classification we know that @ ~ @, over K,.

For n =1, we can take Q = dX?2.

Suppose n = 2. Let Q = aX? + adY? with a € K* to be determined. Then d(Q) = d,
and

&(Q) = (a,ad)k, = (¢, =)k,
Let T = {v € Vi | ¢, = —1}. Then T is a finite even set by condition (2). For v € T, we have
—d ¢ (K*)? since we have the local constraint d, = —1 = ¢, = 1 for the rank 2 form Q,
over K,. Hence by Lemma 3.3.13, there exists a € K* such that T = {v | (a, —d)k, = 1}.
Then the above discussion shows that Q = aX? + adY? satisfies the desired conditions.

Suppose n = 3. We shall construct Q = Q1(X1, X2) + az X2 by constructing Q; and ag.
We have d(Q) = d(Q1)as, so we want d(Q1) to be dag. We have

€ (Q) = €,(Q1)(as, d(Q1)) K, »

so we want €,(Q1) to be €, - (as,d(Q1))k,, and in the presence of the previous condition
this is the same as €, - (a3, das)k,. Thus by the rank 2 case already proved, we only need to
choose ag such that for each v, (das, €, - (a3, das) k,) are the invariants of a rank 2 form over
K, and such that €, - (a3, das) g, = 1 for almost all v and [[, €, - (a3, das)x, = 1. Only the
first condition is not automatic. By Proposition 3.3.11, the condition is

das € (71)(K;<)2 = €y - (a37da3)Ku =1,

or equivalently

das € (—1)(K))* = €, - (—d,—1)g, = 1.
Let S = {v € Vx| (=d,—1)k, # € }. This is a finite set since for almost all v we have
(—=d,-1)k, = €, = 1. By Weak Approximation (Lemma 3.1.12), there exists ag € K* such
that for each v € S we have dag ¢ (—1)(K))? (since —d~*(K¢)? is a proper closed subset of
K¢, which follows from the fact that (K¢)? is an open and hence closed subgroup). Then
for any v € Vi, we have

daz € (1) (K )? =2 v ¢ S=e,-(—d,—1)g, = 1.
For n > 4, we reduce to the construction of a form of rank n — 1 by a similar argument

and conclude by induction. (Since n — 1 > 3, we no longer have local constraints in the
constructoin of a rank n — 1 form, so the argument is easier.) ]
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