CAMBRIDGE JOURNAL OF MATHEMATICS

Volume 9

, Number 1, 1-147, 2021

Fourier—Jacobi cycles and arithmetic relative trace

formula (with an appendix by Chao Li and

Yihang Zhu)

YIFENG L1U

In this article, we develop an arithmetic analogue of Fourier—Jacobi
period integrals for a pair of unitary groups of equal rank. We
construct the so-called Fourier—Jacobi cycles, which are algebraic
cycles on the product of unitary Shimura varieties and abelian
varieties. We propose the arithmetic Gan—Gross—Prasad conjecture
for these cycles, which is related to the central derivatives of certain
Rankin—Selberg L-functions, and develop a relative trace formula
approach toward this conjecture.
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1. Introduction

1.1. Fourier—Jacobi cycles and the arithmetic Gan—Gross—Prasad
conjecture for U(n) X U(n)

We first recall the classical notion of Fourier—Jacobi periods for U(n) x U(n)
and their relation with L-functions (see [GGP12a, Section 24| for more de-
tails). Let E'/F be a quadratic extension of number fields with the nontrivial
Galois involution ¢ and the associated quadratic character g p: F* \AR —
{£1}. Let V be a (non-degenerate) hermitian space over E of rank n > 1
with respect to ¢, with the unitary group U(V). Consider two irreducible
cuspidal automorphic representations 7 and 72 of U(V)(Ap). To define the
Fourier—Jacobi periods for m; X w2, we need an auxiliary conjugate sym-
plectic automorphic character p of A}, that is, an automorphic character
of A whose restriction to A coincides with pp/p. The character p (to-
gether with a nontrivial additive character of (E + Ap)\Ag) will give us
a Weil representation of U(V)(AFr), with natural automorphic realization
via theta series 9?: attached to certain Schwartz functions ¢. We define the
Fourier—Jacobi period integral for fi € w1, fo € ma, and ¢ to be

Pu(fi, f250) = f1(9) f2(9)65(9) dg,

/U(V)(F)\U(V)(AF)

where dg is the Tamagawa measure on U(V)(Ar). The readers may real-
ize that the above formula is very close to the Rankin—Selberg integral for
GL(n) x GL(n) in which the role of the theta series is replaced by a mirabolic
Eisenstein series (see [Liul4, Section 3] for a systematic discussion). In par-
ticular, it is not surprising that P,(f1, f2; ¢) is related to L-values. In fact,
if we assume that w1 and 7o are both tempered, then as a special case of the
global Gan—Gross—Prasad (GGP) conjecture, one expects an Ichino-Tkeda
type relation

(1.1) Pu(fi, fa; )P ~ L(3,m1 x 72 @ ) - o f1, fa3 9),
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where ~ means that the two sides are differed by an explicit nonzero factor
which depends only on 71, w2, and p; L(s, T X mo ® u) denotes the complete
Rankin—Selberg L-function (of symplectic type) centered at s = %; and
a(f1, f2;¢) is some explicit period integral of local matrix coefficients. See
[Xuel6, Conjecture 1.1.2] for a precise conjecture. Suppose that the central
e-factor (3,7 x m ® ) is 1. By the refined local GGP conjecture, which is
known in this case by [GI16], if we consider the entire Vogan L-packet of the
triple (V, 71, m2), then there is a unique member for which « is a nonzero
functional. Thus, the global GGP conjecture asserts that the global period
P,, vanishes on the entire Vogan L-packet if and only if L(3, m xma®pu) = 0.
Note that the L-function depends only on the Vogan L-packet.

Now suppose that 6(%, w1 Xme®u) = —1. Then the local GGP conjecture
already forces P, to be zero; and the first possible nonzero term in the Taylor
expansion of L(s,m X m ® p) at s = 5 is L'(3,m x m ® p). Thus, it is
curious to find a replacement of P, that encodes information about the first
central derivative. This is the main goal of this article. In fact, the same
question can be asked for all types of periods in the global GGP conjecture,
namely,

(1) O(m) x O(n) with n —m odd, which is of Bessel type,

(2) U(m) x U(n) with n — m odd, which is of Bessel type,

(3) U(m) x U(n) with n — m even, which is of Fourier-Jacobi type,
(4) Sp(2m) x Mp(2n), which is of Fourier—Jacobi type.

A replacement of the period integral (under certain assumptions on the field
E/F and archimedean components of the representations) is only known
before for Case (1) with |m —n| = 1 and m,n > 2, and Case (2) with
|m—n| = 1and m,n > 1. They are both realized as height pairings of certain
diagonal cycles. See [GGP12a, Section 27] for more details. For example, the
celebrated Gross—Zagier formula [GZ86] is responsible for O(2) x O(3); see
[YZZ13] for a generalization. Now we give a formulation for Case (3) with
n=m > 2.

In what follows, we will assume that E/F is a CM extension, and
n > 2. We first state a result concerning the Albanese variety of a unitary
Shimura variety. Let V be a totally positive definite incoherent hermitian
space over A of rank n. We have the associated system of Shimura va-
rieties {Sh(V)k}k indexed by sufficiently small open compact subgroups
K C U(V)(A%), each being smooth of dimension n — 1 over Spec E. Let
Xk be the canonical (smooth) toroidal compactification of Sh(V)x (which
is just Sh(V)g if it is already proper). Put X, = Im,  Xg. Let Ag be
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the Albanese variety of Xg; see Section 2. Put Ay = 1£1K Aj, which is
an abelian group pro-scheme over E. To every conjugate symplectic auto-
morphic character p of A% of weight one (Definition 4.3), we associate a
number field M, C C, and an abelian variety A, over E with a CM action
iy M, — Endg(A,)q, unique up to isogeny, in Subsection 4.1. In particu-
lar, A, has dimension [M, : Q]/2; and the set Q(u) = Hompg (A, Au)g is
naturally an M,[U(V)(A%)]-module depending only on .

Theorem 1.1 (Theorem 4.18, Corollary 4.20). Let the notation be as above.
There is an isomorphism

Q) @1, C~ PP wlie.x)
€ X

of C[U(V)(A®)]-modules. Here, {w(p,e,Xx)}ey, introduced in Definition
4.11, is a certain collection of Weil representations of U(V)(AY) that are
isomorphic to the finite part of the Weil representations appearing in the
definition of P,,. We refer to Theorem 4.18 for the precise statement. More-
over, for every sufficiently small open compact subgroup K of U(V)(A¥),
there is an isogeny decomposition

Ag ~ HAi(“’K), resp. A'}?d ~ H Az(“’K)
Iz Iz

over E when n > 3 (resp. n = 2), where

e the product is taken over representatives of Gal(C/Q)-orbits of all con-
jugate symplectic automorphic characters of A}, of weight one,

o d(p, K) =3 > dimc w(p, e, )X with the same index set for e, x,
and

o A% s the endoscopic part of A when n = 2, defined in (D.3).

The above theorem suggests that if we want to replace P, by algebraic
cycles, then the Albanese variety should be involved.

Definition 1.2. We say that a complex representation II of GL,(Ag) is
relevant if!

(1) II= Eﬂfg)ﬂi is an isobaric sum of s(II) irreducible cuspidal automor-
phic representations {Il, ..., Il )}, which we call cuspidal factors of

11, satisfying IT; o ¢ ~ IIY for every 1 < i < s(II),

'Here, the notion of relevant representation is more general than the one in
[LTXZZ] as we allow II to be isobaric.
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(2) for every archimedean place v of E, II, is isomorphic to the (ir-
reducible) principal series representation induced by the characters
(arg!=" arg® ™", ..., arg" 3 arg"!), where arg: C* — C* is the ar-
gument character defined by the formula arg(z) := z/v/2Z.

Note that (2) implies that the cuspidal factors Iy, ..., ILyqy) in (1) are mu-
tually non-isomorphic.

Now we fix our (tempered) Vogan L-packet by choosing two relevant
representations IT; and Iy of GL,,(Ag). We also fix a conjugate symplectic
automorphic character p of A}, of weight one. Let V be a totally positive
definite incoherent hermitian space over A of rank n. Consider irreducible
admissible representations 77 and 75° of U(V)(A%) whose base change to
GL,(A%) are II{° and IIS°, respectively.

Take a sufficiently small open compact subgroup K C U(V)(AY). Let
ai: Xk — Ak be “the Albanese morphism” sending the zero-dimensional
cycle DT[”{_1 to zero,> where D is the canonical extension of the Hodge
divisor. For test functions fi, fo € €°(K\U(V)(AY)/K,C) for 77 and
75°, respectively (Definition 4.26), and a homomorphism ¢: Ax — A, we
define a Chow cycle

FI(f1, f2; 8) i =m0 (X k) pac) '(T{§®T{?®Tﬁan)*(idxmxx x (poau)) AP X g

on Xg x Xg x A,, where Tf( denotes the normalized Hecke correspondence
on Xf attached to f;; T is a specific correspondence on A, (Definition
4.9); and A3X g C X;’( is the diagonal cycle. For ¢ € Z, put

CH'(Xoo X Xoo X Ay)g = lim CH'(Xx x X x Ay,
K

and denote by CHL(Xoo X XOO)?C the subspace of CH!(X oo X Xoo X Au)% on
which M), acts via the inclusion M, — C, which depends only on u.

Theorem 1.3 (Subsections 4.3 and 4.4). The Chow cycle FJ(f1, f2; ¢) i is
homologically trivial, compatible under pullbacks when changing K, hence
defines an element

FI(f1, fo; ¢) € CH M2 (x e X% AL

2This is not exactly what we do. Here, we state it in this ideally correct but
technically wrong way only for simplicity and for emphasizing the main idea. See
Subsection 4.3 for the rigorous construction.



Fourier—Jacobi cycles and arithmetic relative trace formula 7

If we assume the conjecture on the injectivity of the £-adic Abel-Jacobi map,
then the assignment (f1, fa, ®) — FJI(f1, fo; @) induces a complex linear map

Fl.: 77° ®@c 75° @c Q(u, €)

— Homeruvyaz ) xuv)az) (78 @ 787, CHE HM2(x o X )2)),

which is invariant under the diagonal action of U(V)(AY) on the left-
hand side, for every given p-admissible collection e (Definition 4.12). Here,
O, e) is the sum of the factors of Q(u) @nr, C in the decomposition in
Theorem 1.1 corresponding to €, x with x arbitrary.

We propose the following unrefined version of the arithmetic Gan—Gross—
Prasad conjecture for U(n) x U(n).

Conjecture 1.4 (Conjecture 4.31). Let the notation be as above. Then for
every given p-admissible collection € (Definition 4.12), the following three
statements are equivalent:

(a) We have FJ. # 0.
(b) We have FJ. # 0, and that

Homeyy(v)(az)xuvyaz) (T Bc w3, CH 02X o Xo0)2)

has dimension 1.
(c) We have L'(3,11; x Il ® p) # 0, and that

Homg(yvyas) (77° ®@c m3° @c Q(u, €), C)

1S monzero.

In view of the local GGP conjecture, the above conjecture implies that
if e(%,Hl x Ilo ® p) = —1, then L’(%,Hl x IIa ® pu) # 0 if and only if one
can find a triple (V,7{°, 73°) as above such that FJ. # 0. Moreover, if this
is the case, then such triple is uniquely determined for every fixed . See
Remark 4.32 for more details. In fact, in the actual discussion in Subsection
4.4, we replace CHZ_IJFM/I‘“QW(Xoo X Xoo)2 by its quotient by the common
kernel of f-adic Abel-Jacobi maps for all £, in order to avoid the conjecture
on the injectivity of the f-adic Abel-Jacobi map and make the discussion
unconditional. Moreover, we also track the rationality of the functional FJ.
via replacing C by a certain subfield of C.
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We now propose the following refined version of the arithmetic Gan—
Gross—Prasad conjecture for U(n) x U(n), which is an explicit formula relat-
ing the Beilinson-Bloch—Poincaré heights (See Subsection 3.2) of the cycles
FI(f1, f2; ¢) k with the central derivative of L(s,II; x Ils ® p).

Conjecture 1.5 (Conjecture 4.33). Let the notation be as above. For test
functions f1, fy, fa, f3 for w50, (7§°)Y, 750, (w5°)Y, respectively, and ¢ €
Hompg(Ak, Ay €), ¢c € Homp(Agk, Ay, —¢), the identity
Vol(K)? - (FJ(f1, fa; ) i, FI(FY, 15 6 )RS X e A,
B L2 LG, K/ p) L3, x Iy ® p)
— 2sMHs() o pq 1y, AsCDTY L L(1, Ty, As(T D)
: B(f17f1v7f27f2v7¢7 (bc)

holds. Here,

e u° = poc is the c-conjugation of ji; and we may identify A, with
Ay, (Proposition 4.6);

e Homp(Ak, A, e) (resp. Hompg(Ag, Ay, —€)) is the intersection of
Hompg(Ak, A,) (resp. Homp(Ag, Aye)) and Q(p, €) (resp. Q(pc, —¢));

e vol(K) is the normalized volume of K (Definition 4.22);

o (, >)B(]?<11XK,AM is a variant of the (conjectural) Beilinson—Bloch height
pairing, which we call the Beilinson—Bloch—Poincaré height pairing,
which is a bilinear map

CH" M QU2 (X o X oAy ) & x CHM M2 (X e x X e AL — €

e s(II;) has appeared in Definition 1.2;

o AsT stand for the two Asai representations (see, for example,
[GGP12a, Section 7]); and

e (3 is a certain normalized matrixz coefficient integral defined immedi-
ately after Conjecture 4.33.

In order to transfer the height pairing in the above conjecture to some
other pairing without A, we introduce a variant of the cycle FIJ(f1, f2; )k
via replacing the diagonal A®Xx by a modified diagonal A2 Xy, which we
denote by FJ(f1, fo; )3 It is actually equal to FJ(f1, fo; ¢)k as elements
in CHP 1 IMaQ/2( X X x A,)2 if the injectivity of the f-adic Abel-
Jacobi map is granted. Thus, we also formulate a variant of the above refined
arithmetic Gan—Gross—Prasad conjecture as Conjecture 4.37.
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Remark 1.6. We expect that the Fourier—Jacobi cycles can also be used to
bound Selmer groups for the Rankin—Selberg motive associated to II; x IIo ®
i, just as what we have done for O(3) x O(4) [Liul6] and for U(n) x U(n+1)
[LTXZZ] using diagonal cycles.

1.2. A relative trace formula approach

For the case of central L-values for U(n)xU(n), namely the relation (1.1), the
author developed a relative trace formula approach in [Liul4]| generalizing
the Jacquet—Rallis relative trace formula, which was later carried out by
Hang Xue [Xuel4, Xuel6]. Thus, it is natural to expect a relative trace
formula approach toward Conjecture 1.5 as well, similar to what Wei Zhang
did for the case U(n) x U(n + 1) [Zhal2]. However, our situation is much
more complicated due to both the construction of the cycle FJ(f1, fo; ¢) and
the height pairing itself. Nevertheless, we still find such an approach after
several reduction steps for the height pairing in Conjecture 1.5, or rather its
variant Conjecture 4.37. In order to avoid extra technical difficulty, in this
article, we only discuss the relative trace formula for the case where Sh(V) g
is already proper, which we will now assume.

The first reduction step is the following theorem, which we refer as the
doubling formula for CM data.

Theorem 1.7 (Proposition 5.10, (5.8), and Proposition 5.15). Let the no-
tation be as in Conjecture 1.5 (or rather Conjecture 4.37). Fori = 1,2, let
i = [l fY be the convolution of the transpose of f; and f). If we write
Fi1=2sdsl ik -1 as a finite sum with ds € C and g € U(V)(AF),
then the identity

VOl(K)? - (FI(f1, f2; )i, FIFY, 3 00) i) Ko Xoe A,
= st : Ilz(b (Lgsf27 ¢s)

holds, in which

o K= KnNgsKg; 1,

o L, fo is the left translation of fo by gs,

o ¢, € S (V(AR))E: is a Schwartz function determined by (¢, gsc) via
(5.4), and

e we put, for general K C U(V)(AY), f € €°(K\U(V)(A¥)/K,C),
and ¢ € 7 (V(AF)),

Ti(f. @) = (Plas A3 Xk, (AX K x Th x Z70) phasA3X k)RS
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where ZIQ? is a (formal sum of ) divisor on Xx X Xk such that its
restriction to the diagonal AX g is Kudla’s generating series of special
divisors associated to ¢ (Definition 5.3).

Moreover, if f ® ¢ is reqularly supported at some mnonarchimedean place
v of F (Definition 5.14), then the cycles pj3sA3X and (AXfg X Tf
Zg).pMGA X have empty intersection on X$-.

Thus, it suffices to study the functional Z7 (f, ¢). We now assume that
f ® ¢ is regularly supported at some nonarchimedean place v of F'. Then
the definition of the Beilinson—Bloch height pairing provides us with a de-
composition

Ti (f, ¢ Zzz £

into local heights over all places v of F. In what follows, we will study an
approximation of the local term Z7-(f, ¢),, at certain places u by ignoring z.

To continue the discussion, we need some notation. For integers r,s > 1,
denote by Mat, ; the scheme over Z of r-by-s matrices. For n > 1, we put
M,, := Mat,, 1 x Maty ,; and let S,, be the O p-subscheme of Reso, 0, Matn n
consisting of matrices ¢ satisfying g-g¢ = I,,, known as the symmetric space.
In view of the relative trace formula developed in [Liul4], we are looking for
test functions f € .7 (S,(Ar)) and ¢ € .7 (M, (AF)) such that Z% (£, ¢) can
be compared to another functional [J (}, q?)) which encodes the right-hand
side of Conjecture 1.5. In this article, we only discuss the term Zg (f, @),
and local components f ps ¢p when p is a good inert prime of F' (Definition
5.16), also regarded as a place of E.

Let p be a good inert prime. Then Xx has a canonical integral smooth
model Xy over Og,; the Hecke operator Tf extends naturally to Xx by
taking Zariski closure; and we also have a natural extension of ZIQ? to a
(formal sum of) divisor Z;? on Xx X0, Xi. We define the local arithmetic
invariant functional at p to be

IK(f7 ¢)P
— * 3 L f Oy _* 3
= 2log |Op/p[ - x <O(P135A Xk) ®OX?( O((AXg X Tk X Zi).passA XK))

as an intersection number of algebraic cycles on X9, the sixfold self fiber
product of Xk over O, , where x denotes the Euler—Poincaré characteristic.
The following result provides an orbital decomposition of Zx (f, ¢),, which
is the key for the comparison of relative trace formulae.
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Theorem 1.8 (Theorem 5.25). Let K, f, ¢ be as above such that f @ ¢ is
regularly supported at some nonarchimedean place v of F'. Then for a good
inert prime p, the identity

Ik (f,d)p = 2log |Op/p|
Z e—QW'TrF/@(3_37J_:)\7 Orb(j:p, ép; 5_7 j)

(E2)EUV)(F)xV(E))]:s

X (Org R0, OAZ(@))

holds, where

e V is a hermitian space over E satisfying V @p AP, ~ V @4, A'},
e the orbital integral is defined as

Orb (7", &%:6,2) = / P E@)d G '7) dg.

U(V)(AgFP)

o ) <O[‘g ®E@N2 OAg(g—;)) is a certain intersection number defined on a
relative Rapoport—Zink space.

We refer to Theorem 5.25 for the precise meaning of all the notation.

The term x ((’)pg ®H@N2 Oa Z(a—:)) is the one that is related to the deriva-

tive of L-function, more precisely, to the derivative of local orbital integrals
at p in the decomposition of J (}', (2)) The precise relation is the content of
the arithmetic fundamental lemma for U(n) x U(n), which we introduce in
the next subsection.

1.3. Arithmetic fundamental lemma for U(n) X U(n)

In this subsection, we introduce the arithmetic fundamental lemma for
U(n) x U(n). Since the question is purely local, we will shift our notation
slightly from the previous discussion. Moreover, we will allow n to be an
arbitrary positive integer since the discussion makes sense even for n = 1.

Let F be a finite extension of Q,, with residue cardinality ¢. Let E/F be
an unramified quadratic extension, and E a completed maximal unramified
extension of E with k its residue field.

We recall some definitions and facts from [Liul4, Section 5.3]. We say
that a pair (¢,y) € Sp(F) x My, (F) is regular semisimple if the matrix
(yQCiJrj*Zyl)Zj:l is non-degenerate, where we write y = (y1,y2) € Mat,, 1 (F)
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x Maty ,(F'). If ((,y) is regular semisimple, we define its transfer factor to
be

W(C, y) = ME/F(det(yb Cylv sy Cn_lyl))'

The group GL,(F') acts on S,(F) x M,(F) by the formula ((,y)g =
(97'¢g, 97 y1,929), which preserves regular semisimple elements. We denote
by [Sn(F) x M, (F)]ys the set of regular semisimple GL,, (F)-orbits.

Let VI (resp. V,,) be a hermitian space over E of rank n whose de-
terminant has even (resp. odd) valuation. For § = +, we say that a pair
(€,2) € UNVO(F) x VO(E) is regular semisimple if {x,&x, ..., " 'z} are
linearly independent. The group U(V2)(F) acts on U(V?)(F) x VS(E) by
the formula (§,2)g = (g7 '€g, g~ 'x), which preserves regular semisimple el-
ements. We denote by [U(VS)(F) x V8 (E)],s the set of regular semisim-
ple U(VY)(F)-orbits. We say that (¢,y) € [Sn(F) x My,(F)s and (€, 2) €
[U(VS)(F) x V(E)]s match if ¢ and & have the same characteristic polyno-
mial and yo(ly; = (&', 2) for 0 < i < n — 1. The matching relation induces
a bijection

[Sn(E) % My (F)lis = [UVI)(F) x Vi (B)]ws [TIUV)(F) x V3 (E)s:

Denote by [Sy,(F) x My, (F)]E C [Sn(F) x My, (F)]ys the subset corresponding
to orbits in [U(VE)(F) x VE(E)]s. Then a regular semisimple orbit (¢, )
belongs to [S,(F) x M, (F)]% for § = + (resp. = —) if and only if the
det((yggi+j_2y1)§fj:1) has even (resp. odd) valuation.

Now we introduce the relevant orbital integral. For a regular semisimple
pair (,y) € Sp(F)xM,(F) and a pair of Schwartz functions f € (S, (F)),

¢ € S (My(F)), we define

Orb(s; f,¢; ¢, y) = /GL (F)f(g‘lég)(b(g‘lyhyzg)uE/p(detg)ldetglsE dg,

where dg is the Haar measure under which GL,,(Or) has volume 1. It is clear
that the product w(¢, y) Orb(0; f, ¢; ¢, y) depends only on the GL,, (F')-orbit
of (¢,y). We recall the following conjecture from [Liul4].

Conjecture 1.9 (Relative fundamental lemma for U(n) x U(n)). For every
regular semisimple orbit (¢,y) € [Sn(F) X My (F)]rs, we have

(1) if (C,y) € [Sn(F) x My (F)]z, then

w(¢,y) Orb(0; 1g, (0,5 L, (053 €5 ¥) = 0;
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(2) if (C,y) € [Sn(F) x Mp(F)], then
(1.2) w(¢,y) Orb(0; 1s, (0,): I, (0#); €5 ¥)

:/ 1k, (g7 €g)1a, (g7 2) dyg,
Uuwi)

where (£, ) € [UV)(F) x VIH(E)]ss is the unique orbit that matches
(¢, y), Ay is a self-dual lattice in V', K, is the stabilizer of A,, and
dg is the Haar measure on U(V;}") under which K, has volume 1.

Remark 1.10. Conjecture 1.9(1) is known by [Liul4, Proposition 5.14]. Con-
jecture 1.9(2) is known for p sufficiently large by [Liul4, Theorem 5.15].

Now we describe the arithmetic fundamental lemma, where in (1.2) we
replace the left-hand side by its derivative and the right-hand side by a
certain intersection number on a (relative) Rapoport—Zink space. We start
by recalling the notion of relative Rapoport-Zink spaces. For an O j-scheme
S, a unitary Op-module of signature (r,s) with integers r,s > 0 is a triple
(X,7,A), in which

e X is a strict Op-module over S of dimension r + s and Op-height
2(r 4+ s) over S,

e i: Op — Endg(X) is an action compatible with the Op-module struc-
ture satisfying that for every e € Op the characteristic polynomial of
i(e) on Lieg(X) is given by (T — a®)"(T — a)® € Og[T],

e \: X — XV is a principal polarization such that the associated Rosati
involution induces the conjugation on Op.

We say that (X,i,A) is supersingular if X is a supersingular strict Op-
module.

We fix a supersingular unitary Op-module (X, 29, Ag) of signature (1,0)
over O, which is unique up to isomorphism. For every integer n > 1, we also
choose a supersingular unitary Op-module (X, ¢,,, Ay,) of signature (n—1, 1)
over k, which is unique up to Og-linear isogeny preserving the polarization
up to scalars. Let N, be the relative Rapoport—Zink space parameterizing
quasi-isogenies of (X, %,, Ay,) of height zero. More precisely, it is a formal
scheme over O such that for every scheme S over O, on which p is locally
nilpotent, N, (S) is the set of isomorphism classes of quadruples (X, i, A; p),
where

e (X,i,A) is a unitary Op-module over S of signature (n — 1, 1),
o p: X x5Sk — X, Xi Sk is an Op-linear quasi-isogeny (of height zero),
such that p*A, = A. Here, we put Sj := S ®op, k.
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It is known that N, is formally smooth over O j; of relative dimension n — 1.
See [Mih20, Section 3.1] for more details.

We recall the notion of formal special divisors from [KR11]. Put A, =
Homy, (X ok, tok)s (Xn,%n)) and V., = (Ay)g. Then V. is an E-vectors
space of rank n equipped with a hermitian form

(:B,y) = zakl ()\akl o yv o )‘n OIL‘) c F.

If we denote by A} the dual lattice of A,, under the above hermitian form,
then we have A, C A} and that the length of the Og-module A} /A, is
odd. In particular, the determinant of V,; has odd valuation, justifying its
notation.

Definition 1.11. For every x € V. that is nonzero, we define Z,(x) to
be the subfunctor of NV, such that for every scheme S over Op on which
p is locally nilpotent, Z,(x)(S) consists of (X4, \; p) satisfying that the
composite homomorphism

XOk stngnXkSkL)XXSsk

extends to an Og-linear homomorphism X xp, S — X over S.

By [RZ96, Proposition 2.9], Z,(z) is a closed sub-formal scheme of N,,.
For every g € U(V,,)(F), let pg: X, — X, be the unique Og-linear quasi-
isogeny (of height zero) such that gz = pyox for every z € V,,; and, by abuse
of notation, let g: N,, — N, be the (auto)morphism sending (X, 1, \; p) to
(X,i,A; pg 0 p). We denote by I'y C N2 := N, xo, N, the graph of g.

Conjecture 1.12 (Arithmetic fundamental lemma for U(n) x U(n)). For
every reqular semisimple orbit (¢,y) € [Sp(F') x Mp(F)]

=, we have

Orb(s; s, (0,), In, (04); G ¥)
s=0

=2logqg-x (Org ®I(L9N% OAZn(:v)> )

d

where (&, x) € [U(V,)(F) x V;, (E)lcs is the unique orbit that matches (¢, ),
and x denotes the Fuler—Poincaré characteristic.

In Conjecture 1.12, it follows from Conjecture 1.9(1), which is known,
that the left-hand side depends only on the GL,,(F')-orbit of (¢,y).
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Remark 1.13. During the referee process of this article, Wei Zhang [Zha21,
Proposition 4.12 & Remark 3.1] has shown that his arithmetic fundamental
lemma for U(n) x U(n+1) is equivalent to our arithmetic fundamental lemma
for U(n) x U(n) (with respect to the same field extension E/F') when the
residue cardinality of F' is greater than n. In particular, we find

(1) Conjecture 1.12 holds when n < 2 and ¢ is odd, by [Zhal2, Theo-
rem 2.10 & Theorem 5.5].

(2) Conjecture 1.12 holds when F' = Q, with p > n, by [Zha2l, Theo-
rem 15.1].

Remark 1.14. In Section A, Chao Li and Yihang Zhu proved Conjecture
1.12 (for arbitrary E/F') in the so-called minuscule case, similar to the case
of U(n) x U(n + 1). In the case of U(n) x U(n), we say that a regular
semisimple pair (§,z) € U(V.)(F) x V. (E) is minuscule if the Og-lattice
L¢ . generated by {z,&x,--- ,£" 'z} satisfies wli, C Ley C L, where @
is a uniformizer of F" and L , denotes the dual lattice.

1.4. Relation between U(n) X U(n) and U(n) x U(n + 1)

In this subsection, we make an informal comparison between the two scenar-
ios of U(n) xU(n) and U(n) x U(n+1), for both automorphic periods/central
values and arithmetic periods/central derivatives.

The following diagram compares the automorphic periods and the rel-
ative trace formula approaches toward the global GGP conjectures in the
two scenarios.

Automorphic Fourier—Jacobi Automorphic Bessel
periods for U(n) x U(n) periods for U(n) x U(n + 1)
[Xueld, Xuel6] [Zhalda, Zhaldb]

global theta lifting

lati relative
[Liul4] relative trace formula
trace formula

relative
fundamental lemma,
[Yunl1]

“equivalent”

[Liu14]

relative
fundamental lemma,

+ +

relative “equivalent”
smooth matching [Xuel4]

relative
smooth matching
[Zhal4a]
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In the first line, if we assume Conjecture 1.15 below,? then the method
of global theta lifting should provide an equivalence between the two sides
when all n are considered. In fact, Xue [Xuel4, Xuel6] has essentially ver-
ified the deduction for both directions starting from two stable tempered
representations on U(n) that satisfy Conjecture 1.15.

Conjecture 1.15. Let V be a hermitian space over E of rank n > 1. Let
7 be a tempered cuspidal automorphic representation of U(V)(Ap). If n is
even (resp. odd), then there exists a conjugate orthogonal (resp. conjugate
symplectic) automorphic character i of Ay, such that

L(5, @ p) #0,

where 11 is the standard base change of ™ to GL,(AEg).

The following diagram compares the arithmetic periods and the relative
trace formula approaches toward the arithmetic GGP conjectures in the two
scenarios.

N A A . tivi d i . A
Arithmetic Fourier—Jacobi THOBIVIC endoscopic Arithmetic Bessel

periods for U(n) x U(n) transfor? periods for U(n) x U(n + 1)
[this article] [Zhal2,RSZ20]

K
Y

[this article] arithmetic arithmetic [Zhal2]

trace formula trace formula

“equivalent”

arithmetic arthmetic

fundamental lemma Remark 1.13 fundamental lemma
+ +
s - : \ RN ans P ? 7 - 3 \ RN
arithmetic e o _perhaps related? arithmetic )

\smooth matching \smooth matching

- — - —

In the first line, the Tate conjecture over number fields predicts a mo-
tivic endoscopic lifting (or motivic theta lifting) that transfers algebraic
cycles from one side to the other. Thus, we expect that our Fourier—Jacobi
cycles should be related to the diagonal cycle considered in [Zhal2] in a cer-
tain way. However, at this moment, the motivic endoscopic lifting seems far

3Recently, Dihua Jiang and Lei Zhang [JZ20] have confirmed this conjecture
when n < 4. Of course, when n < 2, it was already known before.
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out of reach. For the two dashed bubbles surrounding “arithmetic smooth
matching”, we do not how to formulate a precise conjecture in general.

However, in some special cases for U(n) x U(n + 1), there are some results
[RSZ17,RSZ18].

1.5. Relation with the arithmetic triple product formula

In this subsection, we compare our arithmetic GGP conjecture for n = 2 with
the (conjectural) arithmetic triple product formula, which can be regarded as
the arithmetic GGP for O(3) x O(4) in which O(4) has trivial discriminant.
Lots of progress has been made toward the arithmetic triple product formula;
see, for example, [GK92, GK93,YZZ)].

We first make a quick review of the arithmetic triple product formula
following the line of [YZZ]. Consider three irreducible cuspidal automorphic
representations o1, 09,03 of GLao(Ap) of parallel weight 2 such that the
product of their central characters is trivial and e(%,ol X o9 X 03) = —1.
Then the local dichotomy of triple product invariant functionals provides us
with a totally definite incoherent quaternion algebra B over A g, unique up
to isomorphism. Let {Yy}y be the system of compactified Shimura curves
over F associated to B indexed by open compact subsets U C (B®a,, AF)*.
For i = 1,2,3, let A; be the abelian variety of strict GL(2)-type over F
associated to ;. For morphisms g;: Yy — A; for i = 1,2,3, we have the
Gross—Kudla—Schoen cycle, which is essentially

GKS(g1,92,93)v = (g1 X g2 % g3)«A%Yyy € CHy (A1 x Az x A3)g.

The arithmetic triple product formula predicts a relation between the
Beilinson-Bloch height of GKS(g1,92,93)y and the central derivative
L/(%,Ul X 09 X 0'3).

Now we discuss its connection with our case. Suppose that

(1) o3 is the theta lifting of 8 = p- | ]El/ ? for an automorphic character
p of A%, which is necessarily conjugate symplectic of weight one;

(2) for i = 1,2, the base change of o; to GLa(Afg), denoted by 1I;, has
trivial central character.

Then II; and Il; are both relevant; and we may take A, to be A3 ®r E.
Let V be the unique up to isomorphism totally positive definite (incoherent)
hermitian space over A g of rank 2 such that for every nonarchimedean place
vof I, V®a, F, is isotropic if and only if B ®a ,, F,, is split. We recall our
compactified unitary Shimura curve { X } x associated to V. For morphisms
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fi: Xk - A;®@p Efori=1,2and ¢: Xy — A, = A3 ®r E, we have the
Fourier—Jacobi cycle, which is essentially

FI(f1, f2:0)k = (f1 X f2 x $):A%Xc € CH1((A1 x A x A3) ®F E)g.

Conjecture 1.5 predicts a relation between the Beilinson-Bloch height of
FJ(f1, f2;¢)x and the central derivative L’(%,Hl x Ilyg ® p). It is possi-
ble to show a priori that the height of GKS(g1,¢2,93)u for some choice
of U, ¢g1,92,93 is related to the height of FJ(fi, f2; ¢)x for some choice of
K, f1, fa, ¢. This is not surprising as in this case we have the equality

L(s,01 X 09 X 03) = L(s,1I1 x IIs ® p)

between L-functions. In other words, our work in the special case where
n = 2 provides a relative trace formula approach toward the arithmetic triple
product formula in the situation where (1) and (2) are satisfied. However,
we point out that not all cases for U(2) x U(2) arise from the arithmetic
triple product formula in this way since II; and Il are not necessarily base
change from GLy(AF).

1.6. Structure of the article

The main part of the article contains five sections.

In Section 2, we study the Albanese varieties. In Subsection 2.1, we
introduce the Albanese varieties of proper smooth varieties over a general
base field, and study their polarizations. In Subsection 2.2, we generalize
the construction of Picard motives using not necessarily ample divisors as
cutting divisors, which will be used in Subsection 3.3.

In Section 3, we make some preparation for algebraic cycles and height
pairings for general varieties. In Subsection 3.1, we review the notion of
algebraic cycles and correspondences. In Subsection 3.2, we review the con-
struction of the Beilinson—Bloch height pairing and introduce our variant —
the Beilinson—Bloch—Poincaré height pairing. In Subsection 3.3, we discuss
the construction of some Kiinneth—Chow projectors for curves and surfaces,
which will be used in the modified diagonal A2 X later.

In Section 4, we construct Fourier-Jacobi cycles and state our main
conjectures. In Subsection 4.1, we construct the category of CM data for a
conjugate symplectic automorphic character p of weight one. In Subsection
4.2, we introduce our Shimura varieties and study their Albanese varieties; in
particular, we prove Theorem 1.1. In Subsection 4.3, we construct Fourier—
Jacobi cycles and show that they are homologically trivial. In Subsection 4.4,



Fourier—Jacobi cycles and arithmetic relative trace formula 19

we prove the remaining part of Theorem 1.3, and propose various versions
of the arithmetic Gan-Gross—Prasad conjecture for U(n) x U(n).

In Section 5, we discuss a relative trace formula approach toward the
arithmetic GGP conjecture for U(n) x U(n). In Subsection 5.1, we prove
the doubling formula for CM data in Theorem 1.7. In Subsection 5.2, we
introduce the global arithmetic invariant functional and its local version at
good inert primes for which we perform some preliminary computation. In
Subsection 5.3, we prove Theorem 1.8.

The article also contains four appendices.

In Section A, provided by Chao Li and Yihang Zhu, we confirm the
arithmetic fundamental lemma in the minuscule case.

In Section B, we prove some results about global theta lifting for unitary
groups, namely, Theorem B.4 and its two corollaries. Those results are only
used in the proof of Proposition 4.13. Thus, if the readers are willing to
admit these results from the theory of automorphic forms, they are welcome
to skip the entire section except the very short Subsection B.1 where we
introduce some notation for the discrete automorphic spectrum.

In Section C, we summarize different versions of unitary Shimura vari-
eties. In Subsection C.1, we recall Shimura varieties associated to isometry
groups of hermitian spaces, which are of abelian type; we also introduce
the Shimura varieties associated to incoherent hermitian spaces — they are
the main geometric objects studied in this article. In Subsection C.2, we
recall the well-known PEL type Shimura varieties associated to groups of
rational similitude of skew-hermitian spaces, and their integral models at
good primes, after Kottwitz. These Shimura varieties are only for the prepa-
ration of the next subsection, which are not logically needed in the main
part of the article. In Subsection C.3, we summarize the connection of these
two kinds of unitary Shimura varieties via the third one which possesses a
moduli interpretation but is not of PEL type in the sense of Kottwitz, af-
ter [BHK ™20, RSZ20]. In Subsection C.4, we discuss integral models of the
third unitary Shimura varieties at good inert primes and their uniformization
along the basic locus. The last two subsections are crucial to the discussion
in Subsections 5.2 and 5.3.

In Section D, we compute the cohomology of Shimura curves associated
to isometry groups of hermitian spaces of rank 2, as Galois—Hecke modules.
In Subsection D.1, we collect some results about local oscillator representa-
tions of unitary groups of general rank. In Subsection D.2, we recall some
facts and introduce some notation about cohomology of Shimura varieties
in general. These two subsections will be used both in Section D and in the
main part of the article. The last two subsections concern the cohomology of
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unitary Shimura curves, for the statements and for the proof, respectively.
These statements are only used in the proof of Theorem 4.15 and Theorem
4.18 in the main part of the article, and are probably known to experts. How-
ever, we can not find any reference for the proofs or even for the statements
themselves.

For readers’ convenience, we summarize the logical dependence of the
article in the following diagram.

1.7. Notation and conventions

General notation.

e For a set S, we denote by 1 g the characteristic function of S.
e Suppose that we work in a category with finite products. Then

— for a finite collection {X7, ..., X,,} of objects, the notation
Pabe-: X1 X -+ X Xy = Xg X Xp X Xo X -+

will, by default, stand for the projection to the factors labeled by
the subset {a,b,c,...} C{1,...,n};

— for an abject X and an integer » > 0, we denote A": X — X"
the diagonal morphism, and simply write A for A2.

e All rings are commutative and unital; and ring homomorphisms pre-
serve unity.

e For an abelian group A and a ring R, we put Az = A ®z R as an
R-module.

e For a field k£, we denote by k¢ an abstract algebraic closure of k.

e The bar ~ only denotes the complex conjugation in C. For example,
for an element x € C®qg E, T is obtained by only applying conjugation
to the first factor.

e We denote by C! the subgroup of C* consisting of z satisfying 2z = 1.
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Notation in number theory.

A reflex field is always a subfield of C.

Denote by A® = Zg the ring of finite adeles of Q, and put A :=
R x A,

For a number field k, we put A, = A ®qg k and AJ° = A® ®q k.

— Denote by | |g: Q*\A* — RZ, the character, uniquely deter-
mined by the properties that |x|g = |z| for z € R* and that | |g
is trivial on Z*. For every s € C, Put | |} == | [5,0Ny/q: F*\A; —

X
RX,.

— Denote by 9g: Q\A — C* the character, uniquely determined
by the properties that ¢g(z) = exp(2miz) for x € R and that ¢g
is trivial on Z. Put ¢, == 9g o Try /g k\Ag — C*, which we call
the standard additive character for k.

In local or global class field theory, the Artin reciprocity map always

sends a uniformizer at a nonarchimedean place v to a geometric Frobe-
nius element at v.

Notation in algebraic geometry.

For a scheme S and a rational prime p, we denote by Sch g the category
of schemes over S and by Sch/y the subcategory of those that are
locally Noetherian. If S = Spec R is affine, then we simply replace S
by R in the above notations.
We denote by Gy, := Spec Z[T, T~!] the multiplicative group scheme
over Z. For integers r,s > 1, denote by Mat, , the scheme over Z of
r-by-s matrices. For an integer n > 1, we put M,, := Mat,, 1 X Maty ;.
For a ring R, a scheme X in Sch/g, and a ring R’ over R, we usually
write Xp' € Sch/p instead of X Xgpec g SpecS.
For a ring R, a scheme X € Sch/p that is locally of finite type, a
homomorphism 7: R — C, and an abelian group A, we denote by
%J(X ,\) the degree i singular cohomology of the underlying topo-
logical space of X ®p , C with coefficients in A. When R is a subring
of C and 7 is the inclusion, we suppress 7 in the subscript.
For a ring R, we denote by DB(R) the bounded derived category of
R-modules whose cohomology consists of R-modules of finite length.
For F € DE(R), we have the Euler—Poincaré characteristic x(F) =
> ;(=1)*lengthr H'F. In general, for a (formal) scheme X over R and
an element F in the derived category of Ox-modules, we define its
Euler-Poincaré characteristic x(F) to be x(Rs.F) (resp. co) if Rs,F
belongs to DE(R) (resp. otherwise), where s is the structure morphism.
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2. Albanese variety

In this section, we study the Albanese varieties. In Subsection 2.1, we intro-
duce the Albanese varieties of proper smooth varieties over a general base
field, and study their polarizations. In Subsection 2.2, we generalize the con-
struction of Picard motives using not necessarily ample divisors as cutting
divisors.

Let k be a field. We work in the category Sch .

2.1. Albanese variety and its polarization

Definition 2.1. Consider schemes X,Y € Sch, of finite type.

(1) We denote by VX the smallest open and closed subscheme of X x X
containing the diagonal AX. For every morphism u: Y — X, u X u
restricts to a morphism Vu: VY — VX.

(2) We say that a field k' over k splits X if every connected component
of Xy is geometrically connected. For such £/, we regard mo(Xy)
as a scheme in Sch;,, which induces a factorization of morphisms
X — mo(Xp) — Speck’ in Sch,. In particular, giving an element
in X (mo(Xy)) is equivalent to giving an element in X;(k’) for every
connected component X; of Xj..

(3) Let f: VX — Y be a morphism. For every field k¥’ over k that splits
X and every element x € X (m(Xy)), we denote by

Jo: X — Yo

the morphism such that its restriction to a connected component X;
is the restriction of fi to X; X (x N X;) ~ Xj.

The following proposition on the Albanese variety without rational base
point is probably well-known. Since we can not find a precise reference for
it, we include a proof.
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Proposition 2.2. Let X be a proper smooth scheme in Sch . Consider the
functor Alby on the category of abelian varieties A over k such that Alby (A)
s the set of morphisms f: VX — A over k such that AX is contained in
f~104. Then Alby is corepresentable.

Proof. Let k' be a separable closure of k. Then k&’ splits X (Definition 2.1).
Put X’ := X},. We first consider the problem for X’. Pick an element z €
X (mo(X")), which is possible as X’ is smooth over £’. By Serre’s construction
[Ser59] of the Albanese variety (see [Wit08, Appendix A] for a version over
separably closed field), we have a morphism g¢,: X’ — Albyx/, universal
among all morphisms g: X’ — A to an abelian variety A over k' such that
g(x) = 04. Now it is easy to see that the composite morphism

Vi X! 222920 Alh s % Alby: —s Alby

does not depend on the choice of x, and corepresents the functor Alb y,. Here,
Vi X' is defined similarly as in Definition 2.1, but with the base field k’. As
(VX)) ~ Vi X', the statement for X then follows by Galois descent. [

Definition 2.3. Let X be a proper smooth scheme in Sch /.. The abelian
variety that corepresents the functor Alby is called the Albanese variety of
X, denoted by Albx. The canonical morphism, denoted by

ax: VX — Albx,

is called the Albanese morphism. For a morphism u: Y — X of proper
smooth schemes over k, we have the induced morphism Alb,: Alby — Albx
by the universal property, which satisfies Alb, cax = ay o Vu.

Lemma 2.4. Suppose that k has characteristic zero. Then

(1) for every homomorphism 7: k — C, we have a canonical isomorphism
HE  (Albx,Q) ~ Hp (X, Q);
(2) for every prime £, we have a canonical isomorphism H} ((Albx )gac, Q)
~ H} (Xpoe, Q) of Gal(k?®/k)-modules.
Proof. For (1), we pick an element z € X (mo(X ®g,, C)), which induces a
morphism
(ax)x: X Qk,r C — Albx ®k77(c
from Definition 2.3 and Definition 2.1. By the property of complex Albanese
varieties, the induced map

(aX);kt : H]13,7'(A]b7 Q) — H]13,'r (X7 Q)
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is an isomorphism; it is independent of the choice of x since translation acts
trivially on H]13,T(Alb, Q).

For (2), we extend the morphism ax to o/y: X x X — Albx by letting
X x X\ VX map to Oapp, . By the Kiinneth formula, we have the map

(0'x)™: Heg((Albx)gac, Qp) — Hig (Xpae, Qr) @, Hey (Xpoe, Q)
of Gal(k*®/k)-modules. Taking cup product, we obtain a map
O/)’( : Hét((Albx)kac, Qg) — Hét (Xkac,(@g)

of Gal(k*/k)-modules. It suffices to show that this is an isomorphism. Since
k has characteristic 0, by the Lefschetz principle and the comparison theorem
for singular and étale cohomology, oy, ®g, C via any embedding Q, — C is
isomorphic to the canonical map in (1). Thus, (2) follows. O

Now we study polarizations of Albx. Let k be an arbitrary field.

Proposition 2.5. Let X be a proper smooth scheme and A an abelian va-
riety, both over k. For every f € Alby(A) and every divisor D on X, there
is a unique homomorphism

Qf,D: AV — A

(over k) satisfying the following property: for every field k' over k, every
geometric point a of AV (k') corresponding to a line bundle L, on A’ :== Ay,
and every element x € X (mo(Xy)), we have

O.p(a) =Za (Cl(La)-fx*(DdimX_1)> )

where X 4: CHo(A") — A(K') is the (classical) Albanese map for A'. More-
over, 0r p is symmetric, depends only on the rational equivalence class of
D, and satisfies Ofnp = [ndimX—=1] o Or.p forn € Z.

This is previously known when D is a hyperplane section. See, for ex-
ample, [Mur90, Section 2].

Proof. The uniqueness is clear. Now we show the existence. We may assume
that k is separably closed. In fact, for every element z € X (m(X)), we are
going to define a homomorphism 6y p , satisfying the requirement in the
proposition. Then we will show that 8¢ p . does not depend on the choice of
x. Therefore, by Galois descent, we conclude for the general field k.
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We start from the construction of 0f p .. Let P be the Poincaré line
bundle on AV x A. Consider the following diagram of projection homomor-

phisms
(2.1) AV x AV x A
P12 p”’llp??’\
AY x AV AV x A A.

For every z € CH;(A), put

D = p12«(p13¢1(P)-pazc1(P) p32),
which belongs to CH'(AY x AY). Then we put £, := Ovxav(D.,). We show

(1) L, is symmetric, that is, £, is invariant under the obvious involution
of AV x AV;

(2) the restrictions of £, to 04v x AY and AY x 04v are both trivial;

(3) for every point a € AY(k), the restriction of £, to a x AV corresponds
to the point X 4(c1(Lg).2) under the canonical isomorphism AYY ~ A.

Part (1) is straightforward from the definition. For (2), it suffices to show
that the restricted line bundle £, |04v x A is trivial by (1). However, this
is a special case of (3).

Now we show (3). We expand the previous commutative diagram (2.1)
to the following one

AVx Amax AV x A2~ AV x AV x A

AY ~ax AY ! AY x AY AV x A A

in which the parallelogram is Cartesian. By [Ful98, Proposition 1.7], we have
(2.2) L.lax A ~i*L, ~ Ou (q1s5" (Pi3c1(P).pige1(P).p52)) -

We put go = pgoj: AY x A — A which is simply the projection to the
second factor. Since j*pj3P is isomorphic to g5 L., we have

(2.2) > Oav (q1:(g3¢1(La)-c1(P)-g22)) = Oav (q1:(c1(P)-g2(c1(La)-2))) -
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It remains to show that the line bundle £ on AV corresponding to the
point ¥ 4(c1(Lq).2) is Oav (qix(c1(P).¢5(c1(La).2))). Choose a representa-
tive ), m;a; of the O-cycle ¢1(Lg).z, which has degree zero since L, is alge-
braically equivalent to zero. Then we have

!~ @m;
C=@cim
[

where L, is the line bundle on AY corresponding to a; which, by the property
of the Poincaré bundle, is isomorphic to O v (qi«(c1(P).g5a;)). Thus, we have

£ R O la1- (1 (P)g50)*™ = O (qno(cr(Pas(er(La)-2))

hence (3) is proved.

By (1) and (2), the line bundle £, induces a symmetric homomorphism
0,: AY — A. Now taking z = f.DUmX~1 we obtain a symmetric homo-
morphism 6 p ,: AY — A satisfying the requirement in the proposition. To
construct 6 p, it suffices to show that 0y p, = 0 p, for any other choice
of y. This amounts to showing that

(2.3) 4 (q(La). fm*(DdimX_l)) — ¥, (cl(La). fy*(DdimX_1)> .

Put b := f,(y) € A(k). Then we have f, = t; o f;, where ¢, is the trans-
lation morphism on A by b. Since L, is algebraically equivalent to zero,
c1(La). fyu (DIMX=1) is a degree zero divisor. Thus, we have

4 (cl(La). fy*(DdimX_l)) — ¥, (t_b*cl(La). fm*(DdimX_l)) .

Again, since L, is algebraically equivalent to zero, we have t_p.c1(Ly) =
c1(L,) € CHY(A). Thus, (2.3) follows.
The last assertion of the proposition is already clear. O

In the case where (A4, f) = (Albx, ax), we will simply write
GX,D = aax,D: Alb}/( — Ale .

Remark 2.6. If dim X = 1, then 0x p is the canonical polarization of Albx
(which is simply the Jacobian of X), hence is an isomorphism and is inde-
pendent of D.

We have the following result on the functoriality of 0x p.
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Proposition 2.7. Letu: Y — X be a generically finite dominant morphism
of proper smooth schemes over k. Let D be a divisor on X. Then we have

[deg u]alby © Ox.p = Alb, ofy. < p o Alby .

Here, degu is regarded as a function on mo(X) whose value on a con-
nected component of X 1is the total degree of u over it; and if we write
X = [[Xi, then [degu]am, is the endomorphism [[;[(degu)(Xi)|amy, on
Alby ~[], Albx;,.

Proof. We may assume that k is algebraically closed and that both X and
Y are connected. Put d := dim X = dimY. Take points a € Alb% (k) and
y € Y(k). Put b := AlbY(a) € Alby (k) and x = u(y) € X(k). Put f ==
axg: X — Albx and g == ay,y: Y — Alby for short. By the functoriality
of Albanese morphisms, the following diagram

Y %~ Alby

u l l Alb,,

X T Alby
commutes. To prove the proposition, it suffices to show that
(2.4) [deg U]Albx (QX,D (a)) = Albu(ey’u*l)(b)).

By Proposition 2.5 and the projection formula [Ful98, Example 8.1.7], the
left-hand side of (2.4) equals

[deg u] alby <2Albx <01(La)-f*(Dd*1)>>
(2.5) = Sy (degu- o (Fer(La).D"))
Again by the projection formula, we have
degu - f*c1(Lq).DY Y = f*ei(Lg).uy (u* D7),
Repeatedly applying the projection formula, we have
(2.5) = Sam,y ( fi ( f*cl(La).u*(u*Dd’l)»
= Sawy (£ (e (w'Fer(La). (D))
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= Sas (Albu* O (g* Alb: cl(La).(u*D)d*))
= Alby (Samy (9 (°c1(Lo)-(w D))

= Alb, (Sam, (e1(Ls)-9.(w* D) "))

= Alb, (fyu-p(D)).

The proposition follows. O

Definition 2.8. We say that a divisor D on a proper smooth scheme X
over k is almost ample if there exists m € Z~q such that |mD)| is base point
free and that the induced morphism ¢,,p: X — P(|mD]|) is a generically
finite morphism onto its image.

Proposition 2.9. Suppose that k has characteristic zero. Let X be a proper
smooth scheme in Sch . and D a divisor on X such that D is almost ample.
Then the symmetric homomorphism 0x p: AlbY — Alby is a polarization.

Proof. Since k has characteristic zero, by the Lefschetz principle, we may
assume that k is embeddable into C. To check whether §x p is a polarization,
we may assume k = C and that X is connected. Since D is almost ample,
after replacing D by mD for some m € Z~(, we may assume that | D] is base
point free and that the induced morphism ¢p: X — P(|D]) is a generically
finite morphism onto its image.

Put A := Albx, d := dim X, and h := dim A for short. We choose a point
xz € X(C), and put f = axz: X — A. We have canonical isomorphisms

AY(C) = HY(A, 04)/H'(A,Z),  A(C) =~ H"(A, Q) /B (A, Z)
of complex manifolds. From the construction, the following diagram

Afec (D)1

H'(A,O,) HA (A, Q%7

| |

HU(A,04)/H! (4, Z) 2% Hh (A, Q1) /021 (A, Z)

commutes, where the vertical arrows are quotient maps. Here, ¢ (D) is re-
garded as the Chern class in H'(X,Qx). Then the symmetric homomor-
phism 0y p is a polarization if and only if for every nonzero d-closed smooth
(0,1)-form w on A, we have

/ WATA feer (D)1 > 0.
A(C)
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By the property that D satisfies, we may find a smooth hermitian metric
|| |p on Ox (D) such that its Chern (1, 1)-form ¢;(]| ||p) is semi-positive on
X (C) and strictly positive on a Zariski dense open subset. Therefore,

/ wAWA fee1(D / frwA frw A e (D)
A(C)
:/ FonFonall lp)™
X(C)

The proposition follows. O

Remark 2.10. There is a byproduct in proof of Proposition 2.9: For an almost
ample divisor D on a proper smooth scheme X over a field k of characteristic
zero, the degree of the top intersection deg D™ X ig strictly positive on every
irreducible component of X.

Remark 2.11. We are curious whether one can find an algebraic proof of
Proposition 2.9, and whether the proposition holds for an arbitrary field
k or a weaker condition on D. Note that if D is a hyperplane, then it is
previously known that 0x p is an isogeny for an arbitrary field &.

2.2. Picard motives via almost ample divisors

Let k be a field of characteristic zero. Let X be a proper smooth scheme in
Schy;. of pure dimension d > 1. For every almost ample divisor D on X, we
now define a correspondence ex p € CHY(X x X)g such that the induced
endomorphism

cir(ex.p) @HdR X/k) %@H (X/k)

on the de Rham cohomology of X is the projection onto Hiy (X/k). In par-
ticular, when X is projective, (X, ex p) is a Grothendieck motive, which is
a Picard motive for X. The construction generalizes the one in [Mur90, Sec-
tion 3]. We use such construction only in Subsection 3.3 when the Shimura
variety is a non-proper surface; so the readers may choose to skip this sub-
section for now.

Let 6 .= 0x p: AlbY — Alby be the polarization obtained from Propo-
sition 2.9. Let 9: Albxy — AlbY be an isogeny such that 6 o 9 = [n]a,, for
some integer n > 1. We obtain a morphism

Bi=Woax)xax: VX x VX — Alb¥ x Alby .
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Let P be the Poincaré line bundle on the target. We put
Ex.p = pous (B*cl(P).(Dd % X x D% x Dd*1)> e CHY(X x X)q,
where the intersection is taken in X x X x X x X, and

1
=———_FExpe CHYX x X)q,
€X,D n(deg D)2 X,D (X x X)g

where deg D¢ is understood as a function on my(X). We leave the readers
an easy exercise to show that ex p does not depend on the choice of 9.

Proposition 2.12. Let X be a proper smooth scheme in Schj, of pure
dimensiton d = 1, and D an almost ample divisor on X.

(1) The map clig(ex,p) coincides with the projection to Hig (X/k).

(2) Let u:' Y — X be a generically finite dominant morphism of proper
smooth schemes over k. Then u*D is an almost ample divisor on'Y,
and we have

(idy X u)*ey,u*D = (u X idx)*e)gp
in CHYY x X)q.

Proof. For both assertions, we may assume that k is algebraically closed and
X is connected.

For (1), recall that for every z € X(k), we have the induced morphism
(ax)z: X — Albx by restriction. Now take two arbitrary points z,zY €
X (k). We have the induced morphism

(90 (ax)av) X (ax)g: X x X — Alb% x Alby .

Put E = ((9 o0 (ax)s) X (ax)z)*c1(P).(X x D) € CHYX x X)qg. It
suffices to show that the induced map cljp (E) on the de Rham cohomology
of X is the projection onto H}y (X/k) multiplied by n.

As clar(c1(P)) € Hig(AlbY /k) @ Hig (Albx /k), we have clar(E) €
Hlp (X/k) @5 H2E (X /k), which implies that clig (E)|Hyg (X/k) = 0 unless
i = 1. It remains to show that clijy(E) acts on Hi, (X/k) via the multipli-
cation by n. By Lemma 2.4 and the comparison theorem, it suffices to show
that the correspondence

(0 x idamw, ) e1(P).(Albx x (ax)wD1) € CH*(Albx x Albx)g
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induces the multiplication by n on Hi (Alby /k), where h is the dimension
of Albx. This in turn is equivalent to that the correspondence

(Oxidam, )* (Oxidam, ) e1(P).(AlbY x (ax)DY 1) € CH"(AlbY x Albx)g

induces the map n - 0*: Hiz (Albx /k) — Hl (AlbY /k). However, we have
¢ 0 ¥ = [n] A1, , which implies ¥ 0 § = [n]ap,y , hence

(9 X idAle)*(ﬂ X idAle)*Cl(P) = ([n]Alb} X idAle)*Cl(P) =nNn- 01(73).

On the other hand, the construction of 8 in Proposition 2.5 implies that the
correspondence c;(P).(Alb% X (ax)z«D? 1) exactly induces the restriction
0*: His (Albx /k) — Hig (Alb¥ /k). Thus, (1) is proved.

For (2), the assertion that u*D is almost ample follows directly from
Definition 2.8. For the rest, we may assume that k(Y")/k(X) is Galois. In
fact, by the resolution of singularity, we can always find another generically
finite dominant morphism of connected proper smooth schemes v: Z — Y
such that k(Z)/k(X) is Galois. Now if (2) holds for v and wow, then it holds
for u. Thus, we may assume that k(Y)/k(X) is Galois with the Galois group
I.

Choose two arbitrary points y,y" € Y (k), and put x := u(y) and 2" :=
u(yY). Put

ﬁX = (aX):rV X (aX)x: X xX — Ale X A]bx,

and similarly for By. We choose a homomorphism 9x : Albx — AlbY (resp.
Py : Alby — Alb%) such that HX,D o¥x = [nx]Ale (resp. HY,u*D oy =
[ny]AlbY). Put

Ex = B (idamy x 9x)%c1(Px).(X x D),

Ey = By (idamy x dy)*e1(Py).(Y x u* D471,
where Py (resp. Py) is the Poincaré line bundle on Alby x AlbY (resp.

Alby x Alby.). Then the formula in (2) follows from the symmetry of
Poincaré bundles, and the identity

(idy X u)*Ey = Z—; . (u X idX)*EX

in CHY(Y x X)g. By the projection formula, this in turn follows from

(2.6) (idy X u)*B{/(idAlbY X ﬁy)*cl('])y)
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::%i-(uxidxfﬁ}(ﬁxxidAmecﬂFk)

Consider the following diagram

idarby XUy
Y x Y 22 Alby x Alby — =2 2 Alby x AIbY.
idy Xul \LidAlby XAlbu TidAlby XAlb\u/
ﬁ idAlby ><19X v
Y x X —— Alby x Alby Alby x Alby
uxidx l J{Albu Xidaib 5 lA]bu xidAlb}v{
idamb, XVx
X x X -2 Alby x Alby —" " Alby x AlbY
where = (ay)y X (ax),v. Note that squares involving the dash arrow

do not necessarily commute. By the isomorphism (Alb, xidapy )*Px =~
(idamb, % Alb))*Py, (2.6) is equivalent to

(2.7) (idy X u)*ﬁ;}(idAlby X 19}/)*01(775/)
n K[ K[ *
= é B (ldAlby X 29X) (ldAlby X Ale) Cl(Py).

By the projection formula, (2.7) is equivalent to that
degu-ny - (idAlby X 19}/)*61(733/) —ny - (idAlby X (Albq\; ol x OAlbu))*q(Py)

is contained in the kernel of (idy x u). o 8j.. Now the Galois group I" acts on
Alby via the homomorphisms v: Alby — Alby for v € I'. We have a similar
action on Alby- by duality, and the homomorphism ¥y is T'-equivariant since
the divisor u*D is I'-invariant. For a line bundle £ on Alby x Alby, we have
the trace line bundle

,CF = ®(idAlby X ’y)*ﬁ
yel’

Moreover, if Ly is torsion, then ¢;(£) is in the kernel of (idy x u)s 0 35.. We
define similarly Lr for line bundles £ on Alby x Alby.

In all, (2.7) will follow from the following claim: For P = Py on
Alby x Alby., the line bundle

(idamy x 9y)*PE™ @ (idamm, x (Alby o¥x o Alb,))*PE~"
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is torsion. An easy diagram chasing implies that the claim will follow if we
can show that the two homomorphisms

(2.8) AlbY ollx o Alby ofnylamy, Y 7" oy o [nx]amy
el

from Alby to Alby coincide. However, this can be checked on the level of
k-points as the base field algebraically closed of characteristic zero. Then we
have a homomorphism u,: Alby (k) — Alb¥% (k) induced by pushforward of
divisors along u: Y — X as we have Alb% =~ Pic% and Alby. ~ Pic).. By
the definition of pushforward, the diagram

Alb¥ (k

AlbY
U

ALbY (k) 2over ALbY (k)

commutes; and by the projection formula, the diagram

ALY (k) — 222 Alby (k)
u*l \LAlbu
ALY (k) — 22 Albx (k)

commutes as well. The two diagrams imply the coincidence of the two ho-
momorphisms in (2.8). Thus, the claim hence (2) follow. O

3. Algebraic cycles and height pairings

In this section, we make some preparation for algebraic cycles and height
pairings for general varieties. In Subsection 3.1, we review the notion of
algebraic cycles and correspondences. In Subsection 3.2, we review the con-
struction of the Beilinson—Bloch height pairing and introduce our variant —
the Beilinson—Bloch—Poincaré height pairing. In Subsection 3.3, we discuss
the construction of some Kiinneth—Chow projectors for curves and surfaces,
which will be used in the modified diagonal A% X later.
Let k be a field of characteristic zero. We work in the category Sch .
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3.1. Cycles and correspondences

Consider a proper smooth scheme X € Sch; of pure dimension d. Let Z'(X)

(resp. CH'(X)) be the abelian group of algebraic cycles (resp. Chow cycles)
on X of codimension i, with a natural surjective map Z*(X) — CH*(X). For
example, we have the diagonal cycle

ATX € Z(rfl)d(Xr)

for r > 1 as the image of the diagonal morphism A": X — X". We write
AX for A2X for simplicity.
We have the de Rham cycle class map

clar: CH'(X)q — Hir(X/k),

whose kernel we denote by CH!(X )9@ By various comparison theorems,
CHY (X )(% coincides with the kernel of the Betti cycle class map

clp;: CH'(X)g — HE (X, Q)
for every embedding 7: k — C, and the ¢-adic cycle class map
cly: CHZ(X)Q — Hzé(Xkac’ Qg(l))

for every rational prime ¢. Moreover, by the Hochschild—Serre spectral se-
quence, we obtain the f-adic Abel-Jacobi map

Al CHY(X)E — H (k, HE ™1 (Xpae, Qe(4))).

Definition 3.1. We put CHi(X)}@ =, ker AJy as a subspace of CHi(X)PQ,
where the intersection is taken over all rational primes ¢, and

CH'(X)% == CH/(X)% ®g R, CH'(X)% = (CH(X)%/CH!(X)}) ®g R

for every ring R containing Q. We call elements in CHZ‘(X)a2 natural cycles

(of codimension 1).

Remark 3.2. In [Bei87], Beilinson conjectures that ker AJ, = {0} for every
rational prime £ if k is a number field and X is projective, which implies
CH'(X)% = CH'(X)%,.

We introduce the following definition, which will be used in Section 5.
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Definition 3.3. We say that a formal series ), ¢;Z; with ¢; € C and
Z; € Z1(X) is Chow convergent if the image of {Z;}; in CH(X)c generates
a finite dimensional subspace, and the induced formal series in this finite
dimensional space is absolutely convergent. We denote by CZ!(X) the set
of Chow convergent formal series in Z(X), which is a complex vector space
and admits a natural complex linear map CZ‘(X) — CH!(X)c.

Now we recall the notation of correspondences. A (Chow self-)correspon-
dence of X is an element z € CHY(X x X). It induces a graded map

d d
= @ CeH(X) - P CH (X
i=0 1=0

sending « to pi«(z.p5a), where p;: X x X — X is the projection to the i-th
factor, a convention recalled from Subsection 1.7. On the level of various
cohomology, it induces graded maps

clig (2 @H (X/k) —>@H (X/k),

clfy (2 @H (X,Q) %@H (X,Q),
=0

and

SHE @H (Xkoe, Qu(j —>@H (Xgee, Qe(5))

=0 =0

for every rational prime ¢ and j € Z. They are compatible with each other
under various comparison theorems and cycle class maps. When we regard
the diagonal AX C X x X as a correspondence, we usually write it as idx.

3.2. Beilinson—Bloch—Poincaré height pairing

We review the theory of height pairing between cycles of Beilinson and
Bloch. Now suppose that k is a number field. Consider a projective smooth
scheme X € Sch;, of pure dimension d. Beilinson [Bei87] and Bloch [Blo84]
have defined, via two approaches, a bilinear pairing

(, R CHY(X)g x CHM'/(X)g — C.
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However, both approaches relies on some hypotheses that are still unknown
even today.

We review briefly Beilinson’s construction: For z; € CHY(X )(% and z9 €
CHd“*"(X)%, we choose their representatives Z; € ZY(X)g and Zy €
Zd+1_i(X )o that have disjoint support. For every place v of k, there is a
local index (Z1, Z2)x, on X, = X}, . For v archimedean, this is defined in
[Bei87, Section 3| via the potential theory on Ké&hler manifolds; it is un-
conditional. For v nonarchimedean such that X, has good reduction, this
is defined via intersection theory on an arbitrary smooth model of X, over
Oy, . For v nonarchimedean in general, the definition of (Z;, Zs)x, is con-
ditional: Choose a rational prime ¢ not underlying v and an isomorphism
w: C= Q% such that Hgé (Xgae, Q) satisfies the weight-monodromy conjec-
ture, which implies that the cycle class of Z; in the absolute étale cohomology
HZ!(Xy, Q¢(i)) vanishes (same for Z3). Then one can define (Z1, Z2)x, as a
“link pairing” valued in Q, followed by the map LE_I. See [Bei87, Section 2.1]
for more details. We then define

(3.1) (21, Z)R8 = r(v)- (21, Za)x,

v

where the sum is taken over all places v of k, and r(v) equals 1, 2, and
log ¢, when v is real, complex, and nonarchimedean (with ¢, the residue
cardinality of k), respectively.

For every intermediate ring Q@ C R C C, we obtain a pairing

(,)RB: CHY(X)% x CHAT{(Xx)% — C
BB

via R-bilinear extension. Beilinson conjectures that the pairing ( , )" is
independent of ¢ and the isomorphism ;.

Remark 3.4. As we have mentioned, if X, satisfies the weight-monodromy
conjecture for every nonarchimedean place v of k (for example, when X is a
product of curves, surfaces, or abelian varieties), then the Beilinson—Bloch
height pairing (, )52 is unconditionally defined (but may a priori depend
on the choices of ¢ and ¢7). When X is a curve, the Beilinson—Bloch height
pairing coincides with the Néron—Tate height pairing up to —1. When X is an
abelian variety, the Beilinson-Bloch height pairing coincides with the pairing
defined in [Kiin01]. In particular, in these two cases, the independence of ¢

and ¢y is known.
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Lemma 3.5. Suppose that the Beilinson—Bloch height pairing is defined
for X. Take Z € CHY(X)Y, for some intermediate ring Q C R C C. Then
we have

(Z1,2.22)RP =
for every Z; € CH/(X)% and Zy € CHI/(X)S,.

Proof. We fix an embedding k — C. Since Z is homologically trivial, it
is algebraically equivalent to zero; so is Z.Z. By [Bei87, Lemma 4.0.7], it
suffices to show that the image of Z.Zs under the complex Abel-Jacobi map
CHY1(X)% — J=+1(X¢) g is zero, where J9=1(X¢) is the (d—i+1)-th
intermediate Jacobian of X¢ (as an abelian group). We replace Z and Zs
by their representatives in Z'(X)x and Z%~*(X)g with proper intersection.
Since Za is homologically trivial, we may choose a (singular) chain Cyz, of
(real) dimension 2i+1 with boundary Z,. Then Z.Cy, is a chain of dimension
2i — 1 with boundary Z.Zs. It suffices to show that

/ w=20
Z.Cz,

for every closed differential form w whose class belongs to the Hodge filtra-
tion Fil’ H2Bi71(X, C). Since (the underlying cycle of) Z is homologous to
zero, we can take a (1,0)-form 7 such that dn is the class represented by Z
by the 90-lemma from Hodge theory. Thus,

/ w—/ dn/\w—/ d(n/\w)—/ nAw =0,
Z.022 Cz2 ng Z2

in which the last equality follows as we may take a representative of w as a
sum of (p,2i — 1 — p)-forms with p > i. The lemma follows. O

Recall that if A is an abelian variety over k of dimension A > 1, and Q C
R C C is an immediate ring, then we also have the Néron-Tate (bilinear)
height pairing

()N A(k)g x AY(k)g — C.

Composing with the Albanese maps CH"(A)% — A(k)g and CH"(AY)Y, —
AY(k)r, we may regard the above pairing as a map

(3.2) (0T CcHMA)Y x CHM (A, — C.
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Remark 3.6. The Néron—Tate height pairing (3.2) is related to the Beilinson—
Bloch height pairing via the following commutative diagram:

CH'(A)% x CHY(A)Y% SRE S,
CH'(A)% x CH'AY)Y LY ¢

in which CH!(A)% — CH"(AY)Y is the tautological map.
Now we will combine the Beilinson—Bloch height pairing on X and the
Néron—Tate height pairing on A to give a height pairing
(, )R8 CHMY(X x A)f x CHM (X x AV)% = C

using the Poincaré bundle, for every intermediate ring Q C R C C. The
process is easy: Let P be the Poincaré line bundle on A x AY. We have
projection morphisms

pr2: X x Ax AY 5 X x A, pig: X xAx AV - X x AY,
and recall the Fourier—-Mukai transform
p: CHM7(X x AV)% — CHY' /(X x A)%
sending z to p12+((X X ¢1(P)).pi32). We then define
{z1,22)X4 = (21, 0(22)) X -

Definition 3.7. We call ( , )§BF the Beilinson—Bloch-Poincaré height pair-
ing for (X, A).

Remark 3.8. The Beilinson—-Bloch—Poincaré height pairing is uncondition-
ally defined if X, satisfies the weight-monodromy conjecture for every nonar-
chimedean place v of k (but may a priori depend on the choices of ¢ and
t¢). When X = Speck (resp. h = 1, that is, A is an elliptic curve, hence is
canonically isomorphic to AY), the Beilinson—Bloch—Poincaré height pairing
for (X, A) reduces to the Néron—Tate height pairing (3.2) for A up to —1
(resp. the Beilinson—Bloch height pairing for X x A).
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Remark 3.9. The Beilinson-Bloch—Poincaré height pairing can be defined
more generally for an abelian scheme A of relative dimension A > 1 over X
as a pairing

()37 CH'™(A)f x CHMTH(AY)R — C

such that <zl,z2)EBP = <z1,p1*(01(2).p§,22)> , where p1: Axx AY — A
and po: A Xx AV — AV are projection morphlsms, and P is the relative
Poincaré bundle on A x x AV.

3.3. Kiinneth—Chow projectors

In this subsection, we will construct some Kiinneth—Chow projectors, which
will be used in Subsection 4.4. The readers may skip it at this moment.
Consider a proper smooth scheme X € Sch/;, of pure dimension d. Put

SN(X/k) = @D Hig(X/k), HEE(X/k) = D Hig(X/k).

i even i odd

Definition 3.10. We say that a correspondence z € CHY(X xX)g is an even
(resp. odd) projector if the map cljjg () is the projection map to Hi" (X /k)
(resp. HSS (X /).

We introduce the following convention: for a zero cycle D on X, we
regard its degree deg D as a function on 7o(X).

Lemma 3.11. We have

(1) Suppose that d = 1. Let D € CHY(X)q be a cycle such that deg D is
nonzero on every connected component of X. Then

1
zx,p = AX — D(XXD+DXX)

deg

is an odd projector for X.
(2) Suppose that d = 2. Let D € CH'(X)q be a cycle that is an almost
ample divisor (Definition 2.8). Then

— t
ZX,D = €x,p +texp

is an odd projector for X, where ex p s the correspondence in Propo-
sition 2.12 and eg(’ p 18 its transpose.
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Proof. Part (1) is obvious. Part (2) follows from Proposition 2.12(1). O
Lemma 3.12. Let z be an odd projector for X. Then

(1) the image of the induced map 2*: CHY(X)g — CHY(X)q is contained
in CH'(X)Q;
(2) the cycle

2XzXz4+z2X (AX —2) x (AX —2)+ (AX —2) X z x (AX — 2)
+(AX —2) x (AX —2) x 2

s an odd projector for X x X x X.

Proof. For (1), since clgr(Im 2*) C Im(cljr (2)) = HS34(X/k), we know that
the image of z* is contained in CHZ(X)%.

For (2), note that if z is an odd projector, then AX — z is an even pro-
jector. Thus, (2) follows from the Kiinneth decomposition for the algebraic
de Rham cohomology. O

Definition 3.13. Let z be an odd projector for X. We define
prl?l: CH'(X x X x X)g — CH'(X x X x X)%

to be the map induced by the odd projector for X x X x X as in Lemma
3.12(2).

4. Fourier—Jacobi cycles and derivative of L-functions

In this section, we construct Fourier—Jacobi cycles and state our main con-
jectures. In Subsection 4.1, we construct the category of CM data for a
conjugate symplectic automorphic character p of weight one. In Subsection
4.2, we introduce our Shimura varieties and study their Albanese varieties.
In Subsection 4.3, we construct Fourier-Jacobi cycles and show that they
are homologically trivial. In Subsection 4.4, we propose various versions of
the arithmetic Gan—Gross—Prasad conjecture for U(n) x U(n).

Let F be a totally real number field of degree d > 1, and E/F a totally
imaginary quadratic extension. We denote by

e c the nontrivial Galois involution of E over F,

e E~ the subgroup of E consisting of e satisfying e +e° = 0, and E' the
subgroup of £ consisting of e satisfying ee® = 1,

o by pg/p: F*\Ay — C* the quadratic character associated to E/F
via the global class field theory,
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e I, the base change F ®p F), for every place v of F,
o & the set of real embeddings of F'; @ the set of complex embeddings
of F, and 7: &g — ®F the projection map given by restriction.

Recall that a CM type (of E) is a subset ® of @ such that 7 induces a
bijection from ® to ®p.
In this section, we work in the category Schp.

4.1. Motives for CM characters

In this subsection, we generalize some constructions in [Den89, Section 2].

Definition 4.1. We say that an automorphic character p: E*\A 5 — C* is
conjugate self-dual if p is trivial on N /A, A7 We say that p is conjugate
orthogonal (vesp. conjugate symplectic) if pu| Ap, =1 (vesp. p| Ag = pp/p).

Remark 4.2. A conjugate self-dual automorphic character is necessarily
strictly unitary (Definition B.2). It is either conjugate orthogonal or con-
jugate symplectic, but not both.

For a conjugate symplectic (resp. conjugate orthogonal) automorphic
character i, there exist a CM type @, and a unique tuple w, = (Wr)red,
of odd (resp. even) nonnegative integers such that for every 7 € ®p, the
component fi;: (E ®@p, R)* — C* is the character

z > arg(z) ",

where we have identified (F®pR)* with C* via the unique element 7’ € ®,,
above 7. If w, does not contain 0, then ®,, is also unique. In what follows,
we put u¢ = poc.

Definition 4.3. Let u be a conjugate self-dual automorphic character.

(1) We call w,, the weight of u. If w, is a constant m, then we say that u
is of weight m.

(2) If w, does not contain zero, then we call ®, the CM type of u. Fur-
thermore, we denote by M, C C the reflex field of (E,®,), with the
induced CM type ¥,,.

Now let u be a conjugate symplectic automorphic character, which is

not algebraic. We put

—-1/2
e = | |

which is then algebraic. Denote by M,, C C the subfield generated by values
p?le(x) for x € (AS)*, which is a number field containing M.
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Remark 4.4. 1t is clear that u° is conjugate symplectic of the same weight
as pr. Moreover, we have M. = M, MIQ = M;/u and that W, is the opposite
CM type of ¥,,.

Definition 4.5. Let p be a conjugate symplectic automorphic character of
weight one.

(1) We denote by 1,: Resn, /o Gm — Resg/g G the reciprocity map,
and put

Ny = nL ¢} NMH/ML: RGSM‘L/Q Gm — ReSE/Q Gm

(2) We define a CM data for pu to be a quadruple D, = (A, iy, Ay, ), in
which

e A, is an abelian variety over E,
e i,: M, — Endg(A,)q is a CM structure such that

— for every x € M, the determinant of the action of i,(x) on
the E-vector space Lieg(A,) equals 7,(x),

— the associated CM character of A, with respect to the inclu-
sion M,, — C coincides with ple,

e N\t Ay — A) is a polarization satisfying A o i, (x) = i, (T)" o A
for every x € M,

e r,: M, ®g E — H{®(A,/E) is an isomorphism of M, ®q E-
modules satisfying that there exist an element 8 € M, and
an isomorphism c: HJR 4,(Au/E) — E of E-modules, such
that for every z,y € M, ®q E, we have c((r,(z),r,(y))x) =
Tt 1, 005/5(57), where (, )x: H{%(A,/E) x H{™(A,/E) —
HIR A, (A,/E) denotes the pairing induced by A.

(3) We denote by A(u) the category of CM data for p, whose objects
are CM data D,, and morphisms from D,, = (A, 44, Ay, 7) to DL =
(A}, i), Ay, 7,) are isogenies : A, — A, satisfying @oi,(z) = ij,(z)op
for every x € M, ¢¥ o X, 0o = c), for some element ¢ € Q*, and
Tl = Px O Ty

(4) From a CM data D,, = (A, iu, Ay, 1) for 1, we define another quadru-
ple Dy = (A}, iy, Ay, ry) in which (Ay, \Y) is simply the dual of
(Aus M), iy, is defined by the formula i) (x) = i,(x)" for x € M,
and 7 = (A\y)x 0 7y

Proposition 4.6. Let y be as in Definition 4.5.
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(1) The category A(p) is a nonempty and connected partially ordered set.
(2) The assignment sending D,, to D/\j induces an equivalence A(p)°P =
A(uc) of categories.

Proof. For (1), we first show that A(u) is nonempty. Take a finite abelian
extension E'/E such that the character '8’ := y»% o Np, /5; satisfies [Shi71,
(1.12) & (1.13)] for (K',@") = (E,®,), k = ', (K,®) = (M,,¥,) with
o1 the archimedean place of M, induced by the inclusion M), — C, and
a= OML' For example, we may take an open compact subgroup U of A%
on which g (hence p#) is trivial and take E’ to be the abelian extension
corresponding to U via the global class field theory. By Casselman’s theorem
[Shi71, Theorem 6], we have a pair (A’,4') where A’ is an abelian variety
over E" and i': M), — Endg/(A’)g is a CM structure such that

e the determinant of the action of i'(2’) on the E'-vector space Lieg/(A’)
is 7, (2") for every 2’ € M),

e the associated CM character of A’ with respect to the inclusion M //t —
C coincides with p#’.

By [Shi7l, Lemma 1 & Lemma 2], A’ is simple, hence 4’ is an isomorphism.

The same argument in [Den89, (2.1)] implies that there is an isogeny factor

A, of the abelian variety Resp/ /g A’ over E together with a CM structure

iy: M, — Endg(A,)q satisfying the conditions in the proposition. In other

words, we have obtained the part (A,,i,) for a CM data for p. By [Shi71,

Theorem 5], we know the existence of A,. The existence of r, is obvious.

Thus, we obtain an object D,, = (A, i,, A, ) of A(w)

The connectedness of A(u) also follows from [Shi71, Theorem 5|. Finally,
the compatibility condition r; = @, or, ensures that A(u) is a partially
ordered set.

Part (2) is clear from the definition. O

Remark 4.7. Let p be as in Definition 4.5. Although we will not use in the
main body of the article, we propose the definition of the motive for u, de-
noted by L, as a Grothendieck motive. For a CM data D, = (A, 4., Ay, 7u) €
A(p), let h'(A4,, M,) be the Picard motive of A, with coefficients in M,
and h'(D,,) the direct summand of h'(A,, M,,) on which the induced action
of M, via i, coincides with the underlying linear action of M. The assign-
ment D, — h'(D,,) is a functor from A(u) to the category of Grothendieck
motives over E. We put L, = @DHGA(H) h'(D,), which is of rank 1 with

coefficients in M,,. It follows from Proposition 4.6(1) that the canonical map
L, — h'(D,) is an isomorphism for every D, € A(u).
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To end this subsection, we construct a certain canonical projector on
A, which will be used in Subsection 4.3. Let p be as in Definition 4.5.
Denote by I, the set of all complex embeddings of M,. We take a CM data
D, = (Ap, iy Ay mu) € A(p) for p. For every element x € M, such that
iu(x) € Endg(A,), we denote by (x) the correspondence

) id

A, g g

of A,. In particular, (z)* = i,(z)«. For every 7/: E — C and every integer
0 < i< [M,:Q], we have a canonical decomposition

M,,:Q]—i M,,:Q]—i
Hyy 7400 = @ Hyr P 7 (Au O,
ICI, | I|=i

where Hg\/lﬁ@]_i(zﬁlu, C)r denotes the subspace on which clg .. ({z)) acts by
[I,c;t(x) for every & € M, satisfying i,(x) € Endg(A,). Let TE”TI be the
endomorphism of €, HiBJ,(A“, C) such that

e the restriction TE’T/ | HS (A, C) is zero if i # [M, : Q] — 1,

e the restriction TE’T/ | H%:Q}fl(Au,(C) is the canonical projection to

the direct summand H%:Q]fl(AM,C)II, where Iy C I, is the subset
consisting only of the inclusion M,, — C.

Definition 4.8. Let I C I, be a subset.

(1) We say that x € M, is an I-generator if x generates the field M, with
iu(x) € Endg(A,) such that

[1e@) # [T e@)
el eJ

for every J C I, other than I.
(2) For an I-generator x, we put

I Rt | TIC)
= My @) = ey o)

e CHM=U/2(4, x A,)c.

i
M

CHM=Q/2(4, x Ayu)m,, and moreover cl - (Tj) = TE’T/. In particular, the
numerical equivalence class of Tj; is independent of the choice of z, which

We now choose an Ii-generator z. It is easy to see that T% lies in
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we denote by T,"". Applying the main theorem of [0°S11]* to A4, x A,,, we

know that T;"™ has a canonical lift in CHIM-Q/2(4, x A,)u,, which we
denote by T

Definition 4.9. We call Tj™ € CHIM=Q/2( 4, x A, the canonical pro-
jector of A,,.

Lemma 4.10. For every 7': E < C, we have clf ., (Tj?) = TE’TI.

Proof. By part (iii) of the main theorem of [O’S11], we know that T;?" hence
T — Tj, commute with (y) for all y € M), such that i,(y) € Endg(A,).
Now we show that T?" — T}, is homologically trivial. If not, then there exist
some 0 <4 < [M, : Q] and a set I C I, with |[I| = [M, : Q] — i such that
the restriction clp ., (T — Tj) | HiB’T, (A, C)y is the canonical embedding.
Now we take an I°-generator y € M, where I¢ := I, \ I. Then the
cycle T}, (Definition 4.8) has nonzero intersection number with " =T
This contradicts with the fact that T;* — T}, is numerically trivial. Thus,
the lemma follows. O

4.2. Albanese of unitary Shimura varieties

Let n > 2 be an integer. Let 'V be a totally definite incoherent hermitian
space over A g of rank n (Definition C.3). We distinguish between two cases:

Noncompact Case: d = 1, and either n > 3 or n = 2 and the hermitian
space V ®a Q) is isotropic for every rational prime p.
Compact Case: if it is not in the Noncompact Case.

Let G := U(V) be the unitary group of V, which is a reductive group
over Ap. Let {Sh(V)k}x be the projective system of Shimura varieties
for V indexed by sufficiently small open compact subgroups K of G(A%)
(Definition C.6). Every scheme Sh(V)x is smooth, quasi-projective, and of
dimension n — 1 over Ej it is projective if and only if we are in the Com-
pact Case. In all cases, we have the compactified Shimura variety Sh(V)g
(Definition C.8). Put

Xk = Sh(V)g

for short. Then { X} i is a projective system of smooth projective schemes
in Sch, of dimension n—1. For K " C K, we denote the transition morphism

4The author states the theorem with coefficients in Q. However, by [0’S11, Corol-
lary 6.2.6], one may replace Q by any field of characteristic zero, for example, M,,.
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by u?: Xg+ — Xk, which is a generically finite dominant morphism. Put
Xoo = l&n XK

We denote by Ag the Albanese variety Albx, of X (Definition 2.3)
for short, and by

(4.1) O = X, VXK—>AK

the Albanese morphism (see Definition 2.1 for the meaning of V). By func-
toriality, we obtain a projective system {Ax}x. Put

Ay = @AK,
K

which is an abelian group pro-object in Sch,p. Then the Hecke correspon-
dences provide a homomorphism G(A%) = Autg(Ax).

To study isogeny factors of Ay, it suffices to study the L-function of
HY ((Ak)psc, Q) by Faltings’ isogeny theorem. We start from describing
its Betti cohomology H]137T, (Ag,C). For every embedding 7/: E — C, put

H]13,T’ (Ao, C) = hﬂ H]13,7'/ (AK? C)?
K

which is an admissible representation of G(A%). To study this representa-
tion, we need to recall the oscillator representations of unitary groups.

Definition 4.11. An adélic oscillator triple is a triple (u, €, x) consisting of

e a conjugate symplectic automorphic character (Definition 4.1) p =
Qpy: EX\AY — C* (whose value is necessarily in C),

e a collection ¢ = (e, € E;*/Ng /g, E)), for every nonarchimedean
place v of F such that ¢, € OEU Ng,/r, £, for all but finitely many v,
and

e an automorphic character Y = @y, : E'\(A¥)! — C* (whose value is
necessarily in C!).

For an adelic oscillator triple (u,e,x), the local oscillator representation
wW(y, €y, Xv) of G(Fy) introduced in Subsection D.1 is unramified for all
but finitely many v. Thus, it makes sense to define the adélic oscillator
representation attached to (u,e,x)

LL)(/,L, g, X) = ®/W(va Evy Xv)7

v

which is an irreducible admissible representation of G(A%).
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Definition 4.12. In an adelic oscillator triple (p,¢€,x), we say that e is
p-admissible if there exists some e € E*~ such that

e ¢, =eNg /p, E) for every nonarchimedean place v of F', and
e 7/(e) has negative imaginary part for every 7’/ € ®,,.

It is clear by Remark 4.4 that e is p-admissible if and only if —e is uS-
admissible.

Proposition 4.13. Suppose that n > 3. Then for every embedding 7' E —
C, there is an isomorphism

Hf; (Ao, C) = P wlp,e,x)
(1s8:%)

of C[G(AY)]-modules, where the direct sum is taken over all adélic oscillator
triples in which p is of weight one and € is p-admissible.

Proof. By Lemma 2.4, we have a canonical isomorphism

H 7 (Ao, €) =~ Hi 1 (Xeo, C) := lim H . (X, C)
K

of C|G(A®)]-modules. We regard E as a subfield of C via a fixed embedding
7' € &g and put 7 := 7' | F. We choose a CM type ® that contains 7.
Take a hermitian space V that is 7-nearby to V (Definition C.4). Put G :=
Resp/gU(V) and h = h?,@ for short. Then by Propositions C.5 and (C.2),
we have an isomorphism

H}, , (Xoo, €) ~ lim HE(Sh(G, h)x, C)
K
of C[G(A®)]-modules. By [MR92, Lemma 1], for every K, there is a canon-
ical isomorphism
HA(Sh(G,h) g, C) ~ IH'(SK(G,h)k, C),
where the right-hand side is the complex analytic intersection cohomology of

the Baily-Borel compactification Sh(G,h) of Sh(G,h)x. Combining (D.2)
and (D.1), we have an isomorphism

HBT 14007(C @mdlbc Hl gaKGaﬂ-OO) ®7TOO
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of C[G(A%)]-modules. We say that an irreducible admissible representation
7 of G(A) contributes to the Albanese if mgjs.(7) > 0 and H (g, Kg; Too) #
{0}. We determine all such 7 together with the value mgisc(7). By the proof
of [BMM16, Proposition 13.4] (withm =n,p=n—-1,¢g=1,a+b=1), we
know that there exists a strictly unitary automorphic character (Definition
B.2) u: EX\A} — C* such that the partial L-function L%(s,7 x p) has
a simple pole at sg with s9 > § where S is a finite set of places of F
containing all archimedean ones and such that for v € S, both m, and u,
are unramified.” We separate the discussion into two cases.

Case 1. Suppose that m contributes to the Albanese and mcysp(m) > 0.
Let Vi be a cuspidal realization of 7 (Definition B.1). By Corollary B.5,
sg 1s either ”TH or %, not both. If sg = 2L then Theorem B.4 implies

2

that @E’Z V)V(VTF) # {0}, where W is the zero skew-hermitian space. By

Corollary B.6(1), V, is a character, hence H!(g, Kq; moo) = {0}, which is a
contradiction. Thus, we must have so = 5. By Theorem B.4, we have a one-

dimensional skew-hermitian space W such that QYX,V),V(V”) # {0} and is

cuspidal. By Corollary B.6(1), we have V, = @@Vyljy_l)(ww). Note that the
central character y of 7 satisfies yoo = 1. In other words, there is a unique
element e € 7%/ Np,p £ determined by W such that 7°° =~ w(p, e, X),
where ¢, is the collection given by e.® To determine 7., we suppose that
®p ={m =7,72,...,7q} and ® = {r", ..., 7]} with n(7;}) = ;. Using @,
we obtain an isomorphism Gg ~ U(n — 1,1)g x U(n,0)g X --- x U(n,0)g,
and accordingly a decomposition 7y, = ®§l:17rooz-. Under the notation from
Subsection D.1, we have w01 =~ wzl_l’l’il’l and Too; ~ w;rf(")’i’l for i > 2, where
(mq,...,mq) is the weight of 1 and the sign in the parameter is the sign
of i~'7;"(e). By Lemma D.2, we know that u is of weight one and e, is u-
admissible. Moreover, H!(g, Kg; oo ) is of dimension 1. By Corollary B.6(3),
we have meysp(m) = 1.

Case 2. Suppose that 7 contributes to the Albanese and mgisc(m) —
Meusp(m) > 0. This might happen only when F' = Q. In this case, V has Witt
index 1. Write V = Vg @& D where Vj is anisotropic and D is a hyperbolic
hermitian plane. Let V; be a discrete realization (Definition B.1) of 7 that is
perpendicular to Lzusp(G). By Langlands theory of Eisenstein series [MW95],
there exist a strictly unitary automorphic character p: EX\Aj — C*, an
irreducible subrepresentation V;, C L2, (U(Vo)) of U(Vo)(AF) with the

cusp

SNote that 7 is assumed to be cuspidal in the statement of [BMM16, Proposi-
tion 13.4]. However, this step works for = discrete.

6Here, we have replaced p by its inverse to match notation in the statement of
the proposition.
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underlying representation 7, and a real number s; > 0, such that V; is
contained in Zs, (V, W p'): the space generated by residues of {&q(g; fs)| f €
I(V,,®u/)} at s = s1. Here, we adopt the notation in Subsection B.2.7 Since
L%(s,m) = L%(s — sy, p) - L%(s,mp), and L¥(s,my x p) can not have poles
at so > § by Corollary B.5, we must have s; = sop — 1 and u' = pt
Again by Corollary B.5, i/ is conjugate self-dual, so is u, and p' = p€. The
appearance of the residue implies that {&q(g; fs)|f € I(Vx, W)} has a pole
at so — 1. If s = ”T'H, then by the similar argument in Case 1, we conclude
that my is a character, so is m;. This contradicts with H!(g,Kq; 7o) #
{0}. Thus, s = 2 and s; = ;2. By Corollary B.6(2) and the similar
argument in Case 1, we conclude that V; = @@VYIW,I)(WW) for a unique
one-dimensional skew-hermitian space W and a unique character my; and
T =~ w(, e, x) in which p is of weight one and ¢, is p-admissible. Moreover,
we have meysp(m) = 1 and mgise(7) = 1 by Corollary B.6(3).

To summarize, we have shown that if an irreducible admissible repre-
sentation 7 of G(A) contributes to the Albanese, then 7> ~ w(u, e, x) for
a unique adelic oscillator triple in which p is of weight one and ¢ is u-
admissible, and mgsc(m) = 1. Conversely, for every such adelic oscillator
triple (u, €, x), there exists a pair (W, my ), unique up to isomorphism, such
that if we denote by 7 an irreducible subrepresentation of @XW)W(WW), then
w(p, e, x) is isomorphic to 7 and H'(g, Kq; 7o) # {0}. Moreover, by the
Rallis inner product formula,® Gszy)vW (mw) is contained in L% (G). Thus,
we may apply the above discussions to the representation 7 to conclude that
the dimension of H]13’T, (Aso, C)[w(p, €, x)] is 1. The proposition follows. [J

Remark 4.14. When n = 3, Proposition 4.13 can be deduced from [GR91,
Rog92].

Now we study the ¢-adic cohomology of A.,. Take an embedding 7/: E —
C, a rational prime ¢, and an isomorphism ¢¢: C = Q7. We have a canonical
isomorphism

Hi(Ax ®p, C, Q) = Hp - (Ak, C) ®c,, QF°
by the comparison theorem. Put

Hét(Aoo ®E,7'/ C7 Q?C) = %H}%(AK ®E,T’ (c’ @?C)7
K

"The pair (V, V) correspond to the pair (V1,V) in Subsection B.2.
8Note that the global theta lifting @XL ») w(mw) is always in Weil’s convergent
range.
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which is a Q¥°[Gal(C/7'(F)) x G(A%¥)]-module.
Suppose that n > 3 and consider an adelic oscillator triple (u, e, x) in
which p is of weight one and ¢ is p-admissible. Then

Homgge(g(az)) (16 0wk, e, x), Hi (As ® 5, C, Q)

is a representation of Gal(C/7'(E)) over Q}°. By Proposition 4.13, such
representation is an f-adic character, denoted by

pr e (by€,x): Gal(C/7'(B)) — (QF)™.
It induces, via the isomorphism ¢y, an automorphic character
pra(p,e,X): T/(E)X\A:,(E) — C*.

It is easy to see that the character p. ¢(u,€,x) does not depend on the
isomorphism of ¢y, which justifies its notation.

Theorem 4.15. Suppose that n > 3 and let (u,e,x) be an adélic oscillator
triple in which p is of weight one and € is p-admissible. Then we have

proe(pi €, x) 07 =

for every 7' € @, and every rational prime (.

Proof. We fix a rational prime ¢ and an isomorphism ¢,: C = Q7. We also
fix an element 7/ € ®,, and identify E as a subfield of C via 7". Let V be
the hermitian space that is 7-nearby to V as in the proof of Proposition
4.13, and Sh(G,h) the corresponding Shimura variety from Subsection C.1
with G = Resp/qg U(V) and h = h?,}CI,. Then in view of the discussion in
Subsection D.2, we have canonical isomorphisms

He (Ao ®B, C,Qf°) ®gge -1 C

~ H(y(Sh(G, h),C) ~ @HH' (g, Ka; L*(G(Q)\G(A), X)).
X

For every orthogonal decomposition V = V, @ V& of hermitian spaces
such that Vi is totally positive definite, we have similarly the Shimura
variety Sh(G,,h,) together with the morphism Sh(Gy,h,) — Sh(G,h) over
E. For an element e € E*~, we choose a maximal isotropic F-subspace V¢ of
the symplectic space (Resg/p V, Trg/re(, )v). Then V¢ = VeNResg/r Vs
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is a maximal isotropic F-subspace of (Resg/p Vi, Trg/pe( , )v,). Denote
by V(u,e) C €°(G(Q)\G(A),C) the subspace of theta functions

05(9) = > (wue(9)9)(v)

veVe

on G(A), where ¢ is in the Schwartz space .(V¢(Ar)) in which we use
the Fock model at archimedean places. Similarly, we define the subspace
Vil ) € 6°°(Go(Q)\Ga(A)).

We claim that the map °°(G(Q)\G(A),C) — € (G+(Q)\G,(A),C)
induced by the inclusion G, — G sends V(u,e) to Vi(u,e). In fact, we
can find finitely many pairs (¢, ¢3;) with ¢.; € Z(V¢(AR)) and qﬁti €

*,0

S (Vy¢(AF)), where Vi := V¢ NResp/p Vi, such that
D0 vy) = Y builva) - d(vy)

for every v, € VI¢(Ap) and v} € V¢(Ap). Then for g, € G,(A) C G(A),

we have

0;3(9*) = Z Z (@Wp,e () Pai) (1) Z Qﬁz(vi)

i \wv.eve vievie
=2 D gnilen) | 0 (9
i vieVike

Thus, the claim follows.

To prove the theorem, note that for every class ¢ € H%2)(Sh(G, h),C),
using the same proof of [MR92, Proposition 6], one can find a decomposition
V = V, @V} as above with dimV, = 2 such that the image of ¢ under
the restriction map H%z)(Sh(G, h),C) in HL(Sh(G,, hy), C) is nonzero.” We
denote such image of ¢,, and note that ¢, actually belongs to (the image of)
HL (Sh(Gy, hy), C). Then the theorem follows from the above claim, Remark

D.5, and Theorem D.6(1). O

9Although [MR92, Proposition 6] only implies the existence of such V, with
dim V, = 3, its proof actually shows the existence of such V, with dimV, = 2 by
only changing the term n — 2 to n — 1 in the proof of Lemma B. The authors of
[MR92] presented their argument for dim V, = 3 simply because the property they
aimed to reduce does not hold when dimV, = 2.
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Definition 4.16. Let u: E*\ A} — C* be a conjugate symplectic character
of weight one. For every object D,, = (A, i, Ay 1) € A(p) (Definition 4.5),
the Q-vector space Hompg(Ax, Au)g is an M, [G(A%)]-module, where M,
acts via i, and G(AP) acts M,-linearly via its action on A. Put

Qp) = lim Homp(Ax, Au)o
Dy, eA(u)

in the category of M,[G(A%)]-modules.

Remark 4.17. It follows from Proposition 4.6(1) that for every object D, =
(Apyip, Ay, ry) € A(p), the canonical map Hompg (Ao, Ap)g — Q(p) is an
isomorphism.

Theorem 4.18. There is an isomorphism

Q(M) ®Mu C~ @@W(M7E7X)
e X

of C|G(AP)]-modules, where the direct sum is taken over all €,x such that
€ 15 p-admissible. Moreover,

(1) For every object D,, = (Ap, iy, Ay, ry) € A(p), we have a canonical
isomorphism Q(u)% ~ Hompg(Ax, Au)g for every sufficiently small
open compact subgroup K C G(AF).

(2) The C[G(AY)]-modules in the direct sum in Theorem 4.18 are mutu-
ally non-isomorphic.

(3) For every given e that is pi-admissible, the subspace P, w(p, e, x) is
stable under the action of Gal(C/M,).

Proof. Take an arbitrary object D, = (A, iu, Ay, 7ry) € A(p) and identify
Q(p) with Hompg (A, A,)g by Remark 4.17.

Take an embedding 7: E — C in ®,. It is clear that the maximal
subspace of the complex vector space HII3 (A, C) over which M, acts via
the inclusion M, < C has dimension 1. We choose a basis a of this subspace.
Then we obtain a map Q(p) — H]I_D)J, (Aso, C) by pulling back «, which is
C[G(AP)]-linear. It canonically extends to a map

(4.2) Q1) @21, C — Hb (A, ©).

To compute this map, we choose a rational prime ¢ and an isomorphism
te: C = Q¥°. By the comparison theorem, (4.2) induces the following map

Q) @, Qf° = Hiy (Ao @1, C,Q7°)
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by pulling back «, as a class in Hc}t(Au ®p,~ C,Qf°). By Faltings’ isogeny
theorem [Fal83], we have a canonical isomorphism

Q1) ., Q7 = Homgye gaiie/r () (QF° - @ Hey (A ®p.00 C, Q5°)) -

However, by Definition 4.5(2), the action of Gal(C/7/(E)) on the line Q3°- o
spanned by « is given by the automorphic character

o o (7)1 ()AL ) - (@)

When n > 3 (resp. n = 2), by Proposition 4.13 (resp. Proposition D.4(1)
with Remark D.5) and Theorem 4.15 (resp. Theorem D.6(1)), we have an
isomorphism

Homgse Gai(c/r(p)) (QF° - o, Hy (A, ®p.~ C,Q5))
~ PP wpe x) @c., G
e X

of Q|G (A% )]-modules induced by pulling back «, where the direct sum is
taken over all €,y such that € is p-admissible. Thus, we obtain an isomor-
phism as in the theorem, which depends only on «, not on ¢, ¢, and 7’.

The additional statement (1) follows from the above discussion as well.
Statement (2) follows from Lemma D.1.

Now we consider statement (3). Since Gal(C/M),) stabilizes ;1 and by (2),
it suffices to show that for every rational prime p, the image of Gal(C/M,)
under the p-adic cyclotomic character x,: Gal(C/Q) — Z,; is contained in
ZyNN Ey/Fy E, for every prime p of F' above p. This only becomes a problem
if p is ramified in E. To ease notation, we suppress the subscript p. So we
have a ramified quadratic extension E/F', where F'/Q, is a finite extension.
Put Ug/p = Z, NN p £, which we may assume a subgroup of Z; of
index 2. Denote by Mp,p C C the subfield corresponding to the kernel of
the composite homomorphism Gal(C/Q) % Zy — Z, /Ug/p, which is a
quadratic field. Thus, our goal is to show that Mg, p is contained in M.

We first assume p odd. Then the residue extension degree f of F/Q,
must be odd. Write E = F(y/u) for a uniformizer u of F. Then pu(y/u)? =

2
u(vu”) = p(—=Ng/pu) = p(=1).
e If y(—1) = 1, then —1 is a quadratic residue modulo p, hence Mg /p =

Q(/p). On the other hand, since u(y/u) = £1, we have p*8(\/u) =
+pf/2. Thus, M, contains /p as f is odd.
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o If u(—1) = —1, then —1 is not a quadratic residue modulo p, hence

Mg/ = Q(v/—p). On the other hand, since u(/u) = £v/—1, we have
P8 (\/u) = ++/—1p//2. Thus, M,, contains \/—p as f is odd.

We now assume p = 2. Write vp: F — Z U {oo} for the valuation
function on F. We choose an Eisenstein polynomial X2 + aX + b for E/F
with vp(a) > 1 and vp(b) = 1. Put d :== min{2vp(a) — 1,vp(4)}, which is
an invariant of E//F. There are three cases.

e Suppose that Mg p = Q(v—1). Then U p = 14 4Z. If d = vp(4),
then by [BHO6, Proposition 41.2(2)], 3 is contained in Ng,p E*, which
is a contradiction. Thus, we have d < vp(4). Then we can find u € O
such that E = F(y/u). It follows that u(y/u)? = u(—1) = —1 since
—1 ¢ Ug/p. Thus, 18 (y/u) = £y/—1 is contained in M,

e Suppose that Mg /p = Q(v/2). Then Ug/r = 1 + 8Zy. In particu-
lar, Ug/p does not contain 5, hence the residue extension degree f of
F'/Q2 must be odd. Moreover, by [BH06, Proposition 41.2(2)] again, we
must have d = vp(4), hence vp(a) > vp(2)+1. Then we can find a uni-
formizer u of F such that E = F(y/u). We have u(y/u)? = p(—1) =1,
and ;8 (\/u) = £2//2. In particular, v/2 is contained in M,,.

e Suppose that Mg, p = Q(v/—2). Then Ug/r = +1 + 2+ 8Z3. In par-
ticular, Ug,r does not contain 5 or —1. The remaining discussion is
same as the above case, which we omit.

Statement (3) is proved. O

Theorem 4.18(2,3) allows us to make the following definition.

Definition 4.19. For every collection ¢ that is p-admissible, we denote by
Q(p, ) the unique M, [G(A%)]-submodule of (1), such that Q(u,e) @7, C
is isomorphic to €, w(u, e, x) as a C[G(AF)]-module.

Corollary 4.20. Take an arbitrary object D, = (Au, iy, Ay, mu) € A(p).
For every sufficiently small open compact subgroup K of G(A%), there is
an isogeny decomposition

Ax ~ H AZ(“’K), resp. A‘}?d ~ H AZ(“’K)
I I

of abelian varieties over E when n > 3 (resp. n = 2), where the product
is taken over representatives of Gal(C/Q)-orbits of all conjugate symplectic
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automorphic characters of A}, of weight one. Here, A‘;?d 1s the endoscopic
part of A when n = 2, defined in (D.3), and

d(p, K) =Y Y dimcw(p,e,x)",
e X

where the sum is taken over all €,x such that € is p-admissible.

It is clear that the integer d(u, K) depends only on the Gal(C/Q)-orbit
of u.
Proof. This is a direct consequence of Theorem 4.18. O

Remark 4.21. Corollary 4.20 has a very interesting implication. Namely, if
n > 3 and Xg has exotic smooth reduction, that is, Xx has proper smooth
reduction at some nonarchimedean place of E that is ramified over F', then
Hlp (Xk/FE) = {0} since A, cannot have good reduction at such a place.

At the end of this subsection, we will construct a canonical pairing
(4.3) (2 s Q) x Q) = M,

that is M,,-bilinear, non-degenerate, and G (A% )-invariant.
Definition 4.22. We define

(1) the Hodge divisor D on X, as an element in CH!(X)q, to be

o the usual Hodge divisor on the Shimura variety Sh(V) g if Sh(V) g
is proper (Compact Case),

e the canonical extension of the usual Hodge divisor on Sh(V)g to
X if Sh(V)k is not proper (Noncompact Case).

(2) the canonical volume of K to be

1

vol(K) := —
deg D} - |mo((XK) Bee)

)

in which deg D?{l is regarded as a constant positive integer by Lemma
4.23(4) below.

Lemma 4.23. We have

(1) The Hodge divisor D is almost ample (Definition 2.8).
(2) For every transition morphism u¥ : X — Xy, (ul)*Dy is ratio-

nally equivalent to Dy .
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(3) For every g € G(AR), Ty Dk is rationally equivalent to Dyk -1, where
Ty: Xgrg— — X is the Hecke translation.
(4) The degree function deg D%fl is a constant positive integer on wo(Xg).

Proof. Consider (1) first. If n = 2, then (for sufficiently small K) X has
genus at least 2. Since Dx has positive degree on every connected compo-
nent, it is ample, hence almost ample. Now suppose that n > 3. If we are in
the Compact Case, then the usual Hodge divisor is already ample. If we are
in the Noncompact Case, then Dp is the pullback of the Hodge divisor on
the Baily—Borel compactification of Sh(V)g. Since the latter is ample, Dg
is almost ample (and in fact, not ample).

For (2,3), since Dk is the (canonical extension of the) usual Hodge
divisor of Sh(V)g, it is functorial under pullbacks and Hecke translation.
For (4), the positivity follows from (1) and Remark 2.10; the constancy is a
consequence of (2,3). O

Thus, by Proposition 2.9, we obtain a polarization
QK = 9XK7DK: AVK — AK

Now we define the pairing (4.3). We choose an object D,, = (A, iu; Aps7p) €
A(p), which induces the object D) = (A}, 47, Ay, my) € A(u). Then we
have Q(u) = Homp(As, A4,)g and Q(u°) = Hompg (A, A))g. It suffices to
consider elements ¢ € Hompg(As, Ay,) and ¢ € Homp(Ax, Al\j) Since both
A, and A, are of finite type, we may choose some K such that both ¢ and

¢ factor through Ag. The composite map

Ay~ A = (A)Y 25 A% 05 4k S 4,
belongs to Endg(A,)q = i,(M,). Now we define

(¢, ¢c)y = vol(K) i, (¢ 0 0k 0 6) € M.

For sufficiently small K and K’ C K, the degree of the transition morphism
uf equals vol(K) - vol(K')~! by Lemma 4.23(2). Thus, by Lemma 4.23(2)
and Proposition 2.7, we know that (¢, d)c)ff does not depend on the choice
of K, which we define as (¢, ¢c),. It is clear from the construction that (4.3)
is bilinear, independent of the choice of D,, non-degenerate since 0k is a
polarization for every K, and G(A%)-invariant since {Dg } i is functorial
under Hecke translations.
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4.3. Construction of Fourier—Jacobi cycles

Let V be a totally definite incoherent hermitian space over Ag of rank
n > 2, with G := U(V). From now on to the end of Section 5, we

e fix a conjugate symplectic automorphic character p: EX\Aj — C*
of weight one, and

e will only consider sufficiently small open compact subgroups K C
G(AY) that are decomposable, that is, K can be written as [[, K,
when v runs over all nonarchimedean places of F'; we call such K a
level subgroup.

Let R be a ring containing Q. Let
Hr =C°(G(AF),R)

be the full Hecke algebra with coefficients in R, whose multiplication is given
by the convolution with respect to the canonical volume (Definition 4.22(3)).
It is known that J#% is an R[G(AY) x G(A%)]-module via left and right
translations. For g € G(A%), we denote by L, and R, the left and right
translations on J¢%, respectively.

For a level subgroup K C G(AY), we have the Hecke (sub)algebra
Hx r = C]°(K\G(AY)/K, R), which admits an R-linear map

Tk: t%ﬂKyR — Znil(XK X XK)R

sending f to the Hecke correspondence T{(, normalized by vol(K). For exam-
ple, if f = T, then T = vol(K) - AXg € Z" (X x Xg)g. The induced
map (with the same notation)

Tk L%ﬂKJ{ — CHn_l(XK X XK)R

is a homomorphism of R-algebras. It is clear that % = hg X HK R-

Definition 4.24. Let II be a relevant representation of GLy,(Ag) (Defini-
tion 1.2). We define @y to be the set of isomorphism classes of pairs (V, 7>°),
where

e V is a totally positive definition incoherent hermitian space over Ag
of rank n,
e 7 is an irreducible admissible representation of G(A%’) such that

— for a nonarchimedean place v of F either split in F or at which
75° is unramified, we have BC(7{°) ~ II,,
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— 7w appears in HiB’T,(é\lr/l(V),(C) as a subquotient representation
of G(AY) for some i € Z and some place 7': E — C.

Proposition 4.25. Let I be a relevant representation of GL,(AEg). For
(V,7%°) € @1, we have for every 7': E — C that

(1) 7 appears in H%vr,(gﬁ(V), C) semisimply for every i,

(2) ™ does not appear in HZ’BJ,(é\J(V),C) ifi#n—1,

(3) Hy _(Sh(V),C)[x] = IH}.(Sh(V),C)[7>] for every i.

Proof. Put 7 := 7' | F, and fix a hermitian space V that is 7-nearby to
V (Definition C.4). Put G := Resp/q U(V), and identify Sh(V) ®g . 7'(E)
with the (compactified) Shimura variety Sh(G,hy ) under the notation in
Subsection C.1.

- We first note that 7° is not a constituent of the quotient representation
H% (Sh(G, hy ), C)/IH5(Sh(G, hy ), C), since otherwise II will have two
isomorphic cuspidal factors under Definition 1.2(1), which can not happen
by Definition 1.2(2). Then (1) and (3) follow by the discussion in Subsection
D.2.

If 7°° appears in IH"B(Sh(G,hVJI),C), then there is an automorphic
representation 7o @ 7 of G(A) with mgise(Too ® #°) = 1 such that
H'(g,Kq; mo0) # {0}. By [Car12, Theorem 1.2], we know that II is every-
where tempered. By Arthur’s endoscopic classification [Art13], which has
been worked out in [Mok15] and [KMSW] for tempered representations for
unitary groups, we know that the local base change of m, must be I,
which implies that 7 is a discrete series representation. In particular, ¢ has
to be the middle degree n — 1. Thus, (2) follows. O

Definition 4.26. Let I and (V,7>) be as in Proposition 4.25. Let K C
G(A%) be a level subgroup. We say that a function f € J#% 1, where L is
some subfield of C, is a test function for n°°, if the element

I~ (Tf) € HY'2*(Sh(V) ke x Sh(V), C)
belongs to the subspace
HE 2 (Sh(V) k., ©)[(7>) ] @c Hy 2 (Sh(V) x, ©) (7)) ]

under the Kiinneth decomposition for every 7': E — C.

Now we start to construct the Fourier—Jacobi cycles. We fix two relevant
representations II; and IIy of GL,(Ag), and consider pairs (V,7{°) € @,



Fourier—Jacobi cycles and arithmetic relative trace formula 59

for i = 1,2 with the same V. Let . C C be a subfield containing M, over
which II$° and IIS° (hence 77° and 75°) are both defined. In what follows,
we will regard 7{° and 75° as irreducible L|G(A%)]-modules. Take a CM
data D, = (Au, iy, Ay, ) € A(p).

Let K C G(A%) be a level subgroup; and we now write X for é\}/I(V)K
as in Subsection 4.2.

Step 1: We start from the cycle
ASXK X D%il € CHg(n_l)(XK X XK X XK X XK)Q,

where we recall that Dy is the Hodge divisor on Xg (Definition
4.22(1)). Put

(A3X e x DEYY = A3X e x DN Xpe x Xpe x VX

as an element in CH3 "V (X x X x VXg)g (see Definition 2.1 for
the meaning of V).

Step 2: Choose an element ¢ € Hompg(Ag, A,). We push the above cycle
along the morphism

idXKXXK X (¢OO¢K): XK XXK X VXK—>XK XXK XA“
to obtain a cycle

(idyexxy X (¢oak))(A3Xg x DEHY

where we recall that a is the Albanese morphism (4.1).

Step 3: To proceed, we need to homologically trivialize the cycle in Step 2.
Heuristically, the Chow group CH" ' [M.iQl/2 (X 5 X e x Au)% should
be encoded in the “motive” H2M=D+MuQ=1(X ;- x X x A,). The
motive we study comes from the product Iy x Ils ® u, which appears
in H"1(Xg) ® A" H(Xg) @ HMeQ-1(4 ) as a direct summand of
the previous cohomology by a suitable Kiinneth decomposition. To
make sense of it, we need to introduce certain correspondences serving
as projectors to the correct piece of cohomology. For the factor A,,
we use the canonical projector T in Definition 4.9. For Shimura
varieties, we choose test functions f; and fo in % 1, for 7{° and 75°
(Definition 4.26), respectively. Put

FI(f1, f2;0)k
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= |7T0((XK)Eac)
(Thethe T (idx xx, X (60 ax)) (AP X x D )Y

as an element in CH"fH[M“:Q]/Q(XK X Xg X Ay)L.

For i € 7, we denote by CHY( Xy x Xg x A“)E[iu] the subspace of
CH (X x Xk x A#)]uL on which i, (M,) acts via the inclusion M, — L.

Proposition 4.27. Let the notation be as above.

(1) The cycle FI(f1, fa; )i belongs to CH? 1 HMuwQ/2( X Xpe x AL
(2) The image of FJ(f1, f2; ¢) i in CH"fH[MM:Q]ﬂ(XK x X X AM)E be-
longs to the subspace CH" 1 HMuQl/2( X1 5 X pe x AM)E[iu] and depends

only on the homological equivalence class of T{é ® Ty

Proof. Take an embedding 7/: E — C.

For (1), we realize that the image of clj ., (Tf() for i = 1,2 is contained in
Hg_Tl, (XK, C), while, by Lemma 4.10, the image of clf; ., (T;*") is contained in
Gaig[M“:Q]—l HZBJ,(AH, C). Thus, FJ(f1, f2; @)k is homologically trivial.

For (2), by construction, it is clear that the image of FJ(f1, fo; )k
belongs to CH™ 1 MuiQl/2(x 1« Xp x Au)i[iu]. For the other part, we pick
another pair of test functions (f{, f}) such that Tf}, ® T}% is homologically
equivalent to T{é ®T{§. By (1), it suffices to show that for every rational prime
¢ and every isomorphism t,: C = Q3¢, the pullbacks (Tf; ® T;? ®@T;*)" and
(T%@T{é ®T;")* induce the same map from CH 1+ IMaQ/2(X e X e x AL
to

(4.4)
HY (B, BT (e X % A e, Q3 (0 — 1+ (M, £ Q1/2)))

We denote the difference by (y. Again, since TQ ®T}£§ QT and Tfé ®T§®Tff“
are homologically equivalent, the kernel of ¢; contains CH”~ 1+M.:Ql/ 2(Xg %
Xx X A#)E‘. Thus, (; induces a complex linear map from

(4.5)
CHn—l—‘r[MM:Q]/Q(XK X XK X Au)(C/ CH’VZ—I‘i'[MuIQ]/?(XK % XK X AN)?C

o (4.4). We now explain that such map must be zero.
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In fact, let 3 be a finite set of places of F' such that for v &€ ¥, K, is
hyperspecial maximal. Let ,%”EZC be the partial Hecke algebra away from X.
Then %”K%C ®c %”KE’C acts on both (4.4) and (4.5) via the factor Xx x Xk,

under which (y is equivariant. In other words, (; is a map of %I?C Rc %”I?(C—
modules. Since f; and fy are test functions for 7 and 75°, r’espectively,
the image of (, is isomorphic to a finite copy of (WTO’E)KE ®c (TrSQ’Z)KZ as
an %‘%C Qc %”I?’C—module. Therefore, by Proposition 4.25(2), ¢, must factor

through the image of the cycle class map from (4.5) to

(HE" V(X % X))o, QFF (0 — 1) & HRP (4, e, Qi (1M, Q1/2))
®Q?C7L£—1 C.

However, (; also commutes with the action of M, through the factor A, by
the functor]iality of T, As the actions of Qj°[M,] on HQJ“:Q} ((Ap) gee, Q°)
M,:Q]—1

and H ((Ay) Eae, QF°) have disjoint support, we conclude that ¢, must

be zero. O

Definition 4.28 (Fourier—Jacobi cycles). We call FJ(f1, f2; ¢)x a Fourier—
Jacobi cycle for 11y x Ils ® p. We call the image of FJ(f1, fo;¢)x in
CHPHIMeQ/2(X 0w X g x Au)i[iu], denoted by FJ(fl,fg;(b)l}(, a natural
Fourier—Jacobi cycle for 111 x Ily ® .

The following lemma states that Fourier-Jacobi cycles are compatible
with changing level subgroups.

Lemma 4.29. We have
(1) Let K' C K be a smaller level subgroup. Then we have

(ul x ull xida,)* FI(f1, fo; 0) i = FI(f1, fo; ) icr-

(2) For g € G(AY), we have

(Tg x Tg xida, )" FI(f1, f2;0) xk = FJ(RgLg f1, RgLgf2; 90)grg-1,

where Ty: Xyxqg-—1 — Xk 15 the Hecke translation.

Proof. For (1), put u := u? : X — Xk for short. Note that by definition,

we have
vol(K)
vol(K")

(u x u)*T{( = T{(
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for ¢ = 1,2. Thus, for every a € CH"*H[M“:Q}M(XK/ x X x Au)g, we have

(TR, ® T2, @ T)*a

- (1211((??))

2
) (wxu x idg, ) (TR @ T @ T (u x u x ida, )sa

by a standard computation of correspondences. Therefore, it suffices to show
that

(ux uxida,)(idx,, xx, X (0 ag))(A3X g x DRV
_ vol(K) deg Dyt
- VOI(K/) deg D?{_l

(idx e xxe X (@0 ar))«(A3Xg x DEHY.

This is an easy consequence of the equality axoVu = ag . Thus, (1) follows.

Part (2) follows from the same argument for (1), together with the re-
lations Tj f; = RyLgyf; for i = 1,2, ¢ o Albr, = g¢, and |mo((Xk)pgac)| =
1m0 ((Xgrg—1)Eae)l- O

For ¢ € Z, put

CH'(Xoo X Xoo X Ay) = lim CH' (Xxe x X x Au)f
K

for 7 =0, . The above lemma implies that we have well-defined elements

FI(f1, fa; ¢) € CHPHIMAZ(X 5 Xoo x AL,
FJ(f17f2;¢)h € CHn_l—HM’L:Q]/Z(Xoo X Xoo X AH)JHL[’LN]

Lemma 4.30. For every elements g, g1, g2 € G(AY), we have

FJ(Rg1flaRng2§¢) = (Tg1 X T92 X idA,L)* FJ(flaf27¢)a
FJ(Lgfl,Lng,g¢) = FJ(flaf25¢)7

where Ty: Xoo — Xoo denotes the Hecke translation by g.

Proof. The first equality is obvious. For the second one, we have
FJ(RngflaRngf2§g¢) = (Tg X Tg X idAu)* FJ(Lgthgf%gd))

from the first one. Thus,

FJ(Lgfla Lgf25g¢) = (Tg*1 X Tg-1 X idA“)* FJ(RngflngLgf2§g¢)
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= (Ty-1 X Tgo1 X ida,)*(Ty X Ty x ida,)* FI(f1, f2; ¢)
:FJ(f17f2a¢)7

in which the second equality is due to Lemma 4.29(2). O
4.4. Arithmetic Gan—Gross—Prasad conjecture

We first summarize the construction of the natural Fourier—Jacobi cycles in
a more functorial way. Let II;, IIs, (V,7(°), (V,75°), and L be as in the
previous subsection.

Similar to Definition 4.16, for i € Z, we put

(4.6) CH(Xoo X Xoo)l = limy CH' (Xoo X Xoo X Ay): i)
D, =(Au i, 5 ) EA()

in the category of L|G(A%) x G(A%)]-modules. It follows from Proposition
4.6(1) that the canonical map CH(X oo X X0 X Au)i[iu] — CHL(XOO X Xoo)]ti
from (4.6) is an isomorphism for every object D, € A(u), similar to Remark
4.17.

Then it is clear that the assignment (fi, fo, ) + FJ(f1, f2, ¢)? defines
an L-linear map

FIF: 06, oL A @ar, Qu) — CHIHMEQ2 (X X )

which is independent of the choice of D, € A(u).
The Hecke actions induce canonical surjective maps

(4.7) A, — 7° @ (17°)Y

of LIG(AY) x G(A%)]-modules for i = 1,2. Proposition 4.27(2) implies
that FJ? factors through the quotient

(r1° &L (71%)") @ (73° L (13°)") @, Q).

Together with Lemma 4.30, we conclude that FJ? is actually an L-linear
map

FJ%: 75° @ 75° @, Q)

— Homy j(az)«a(az) ((77°)" @ (75°)", CHE MU X))



64 Yifeng Liu

which is invariant under the diagonal action of G(A%) on the left-hand side.
For every p-admissible collection & (Definition 4.12), we denote by

FJ2: 750 @ 75° @, Qu,€)

— Homyg(az)«aag) ((759)" @ (15%)", CHHIMO/2(X o x Xo0)f )

the restriction of FJ% to n° @p m5° ®um, Qu,€) (Definition 4.19).

Conjecture 4.31 (Unrefined arithmetic Gan—Gross—Prasad conjecture for
U(n) x U(n)). Let II; and Iy be two relevant representations of GL,,(Ag)
(Definition 1.2). Let p: EX\Aj — C* be a conjugate symplectic automor-
phic character of weight one, and € a p-admissible collection. Let . C C
be a subfield containing M, over which both 1I3° and 1IS° are defined. For
pairs (V,m5°) € &1, and (V,73°) € Oy, the following three statements are
equivalent:

(a) We have FJE # 0.
(b) We have FJ% # 0, and that

Homy g (az)xaaz)) (7)Y @1 (7)Y, CH M2 (X X2 )

has dimension 1.
(¢c) We have L' (3,111 x Il ® p) # 0, and that
Homy (g (asy (777 ®L 757 @, Qu,€), L)
18 monzero.
Remark 4.32. We have the following remarks concerning Conjecture 4.31.

(1) The equivalence between (a) and (b) can be regarded as a generaliza-
tion of Kolyvagin’s theorem for Heegner points.
(2) The assertion FJ2#0 immediately implies

Homy [g(as) (777 ®L 757 @, Qp, €), L) # {0}
(3) By the multiplicity one part of the local Gan—Gross—Prasad conjecture,

which is proved in [Sun12] for our particular Fourier—Jacobi model, we
know that

dimy, Homygasy (777 @1 757 @, Qp, ), L) < 1.
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(4) By the (refined) local Gan—Gross—Prasad conjecture, which is proved
in [GI16] for our particular Fourier—Jacobi model, we know that if

(4.8) dimy, Hom]L[G(A}i?)} (71'?0 QL 7'1'5O M, Q(,U,,é‘),]L) =1

from some p-admissible collection e, then the global root number of
IT; x Iy ® p is —1, that is, L(s,II; x II; ® p) has odd vanishing order
at the center s = % Moreover, we have

e If n is even, then the triple (V, 7%, 75°) is uniquely determined;
but € could be an arbitrary p-admissible collection.

e If nis odd, then V could be arbitrary; but once V is chosen, 77,
m5°, and € are uniquely determined.

In other words, in both cases, once ¢ is given, the triple (V,77°, 73°)
is uniquely determined.

Now we state a refined version of the arithmetic Gan—-Gross—Prasad
conjecture for U(n) x U(n). We assume that all height pairings are defined.
Take a level subgroup K C G(A%). For every object D,, = (A, i, Ay, 7p) €
A(p) and every p-admissible collection e, put

Hompg(Ag, Ay, €) = Hompg(Ak, Au) N Qu, €),
HOmE(AK, AZ, —E) = HOmE(AK, Al\j) N Q(/LC, —5).

Conjecture 4.33 (Refined arithmetic Gan—Gross—Prasad conjecture for
U(n) x U(n)). Let the setup be as in Conjecture 4.31. Moreover, let K C
G(AP) be a level subgroup, and Dy, = (Au, iy, Ay, mn) € A(p) a CM data for
w (Definition 4.5). For every test functions fi, fy, fo, fs € Hk 1 for w3°,
(m$2)Y, w52, (w§°)Y, respectively, and every elements ¢ € Homp(Ak, Ay, €)
and . € Homp(Af, A, —¢), the equality

(4.9) VOl(K)? - (FI(f1, f2: )i, FICAY 153 6 ) Ko xe
_ | L(iaﬁ‘iE/F) _ L3010 x Iy ® p)

25 +s() 1 p 11, AsCD"Y) - L(1, T, AsCD™)
. ﬂ(flv f1\/7 f27 f2\/7¢7 ¢C)

holds. Here, s(11;) has appeared in Definition 1.2; As™ stand for the two
Asai representations (see, for example, [GGP12a, Section 7]); and B is a
certain normalized matriz coefficient integral defined immediately below.
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For ¢ = 1,2, we have L-linear maps
M, — 1° @ (17°)Y = L(C C),

in which the first is (4.7) and the second is the evaluation map. For every
f € 4 and g € G(AY), we denote by ev(7m°(g), f) the image of L, f under
the above composite map. In particular, the assignment g — ev(7$°(g), f)
is a matrix coefficient of 73°.

Consider a finite set X of nonarchimedean places of F' such that K, is
hyperspecial maximal for v ¢ X. Let dy be the unique Haar measure on
G(Fx) under which the volume of Ky equals 2vol(K). For fi, f/, fa, [y €
A, ¢ € Qp,e) and ¢ € Q(u, —¢), we define

,BE(fl, flva f2a f2va ¢7 ¢c)
n . -1
. H Hi:l L(ZMUE/FW) 'L(%vnl,v X HQ,v@Nv)
vorvpy LTIy, AU L(1, Ty, AsCD")

| evao) st 1) ev(m(o), g £) - (90,60 - dso,
G(Fx)

in which

e f!is the transpose of f;, that is, ff(g) = fi(g™}),

e fIx fY denotes the convolution product in % .,

e (, )y is the pairing (4.3).
By [Xuel6, Proposition 1.1.1(1,3)], the value of Bx(f1, f\, fo, f5, @, dc) is
finite and stabilizes when ¥ is large enough; and we denote the stable value

by B(flaflv’f27f2vv¢a¢c)-

Remark 4.34. We have the following remarks concerning Conjecture 4.31.

(1) The left-hand side of (4.9) is independent of K. More precisely, if we
take a smaller level subgroup K’ contained in K, then the left-hand
side of (4.9) is equal to

VOl(K')? - (FI(f1, a1 )i FICAY L 55 0 i Yo x 0

by the projection formula.
(2) The refined Gan—Gross—Prasad conjecture for the central value for-
mula in this case is formulated by Hang Xue [Xuel6, Conjecture 1.1.2].
(3) It is known by [Xuel6, Proposition 1.1.1(2)] that (4.8) holds if and
only if £ is nonvanishing as a functional.
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At the end of this subsection, we state a variant of Conjecture 4.33.
The following definition (with slightly different terminology) is taken from
[RSZ20].

Definition 4.35. We say that a collection of correspondences z = (zx €
CH" (X x Xg)o)x is a Hecke system of projectors if

(1) zx is an odd projector (Definition 3.10) for every K,

(2) we have (idXK, X ugl)*ZKf = (uﬁ/ X idXK)*ZK € CHnil(XK/ X XK)Q
for every transition morphism u? Xk — Xk,

(3) for every g € G(A¥), we have T;zx = 2zgx4-1 where Tg: Xy —
Xk is the Hecke translation.

Remark 4.36. We have the following remarks concerning the existence of
Hecke system of projectors.

(1) If n =2, then z = (2x,,p, )k constructed in Lemma 3.11(1) is a Hecke
system of projectors by Lemma 4.23.

(2) If n =3, then z = (2x,,p, ) k constructed in Lemma 3.11(2) is a Hecke
system of projectors by Lemma 4.23 and Proposition 2.12(2).

(3) If n > 4 and F # Q, then odd projectors exist by [MS19, Theorem 1.3].
Note that since we consider trivial coefficients, there is no need to
require the Shimura data to be of PEL type in that theorem; see
[MS19, Remark 2.7].

(4) If n > 4 and F = Q, then one probably needs to use projectors for
intersection cohomology; see [MS19, Theorem 1.4].

Now take a Hecke system of projectors z = (zx)x. We will use z to
modify Step 1 in the construction of FJ(f1, fo; ¢) k. Namely, we consider

A3 X = pri A3 X € CHXM D (X x X x Xi)Q,

where pr,[z?’j( is defined in Definition 3.13. Then we replace A3Xy by A3 X

in every later step, and denote the final outcome by
FJ(f1, fo; ¢)i € CHYHHIMQ2 (X0 e Xpe x A,)Y.

Conjecture 4.37 (Refined arithmetic Gan—Gross—Prasad conjecture for
U(n) x U(n), variant). Let the setup be as in Congjecture 4.33. Take a Hecke
system of projectors z = (zx ) k. Then the equality

(4.10) Vol(K)? - (FI(f1, f2:0)ic, FI(AY L s 0e) i) Ko e,
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_ [Tz L(i7/j’iE‘/F) L’(%,Hl x Iy ® )

9s(I1)+s(IT2) L(1,11, AsCD™) - L(1, T, As(-D™)
'/8<f17fi/7f27f2\/7¢7 ¢C>

holds.
Remark 4.38. We have the following remarks concerning Conjecture 4.37.

(1) We have a similar statement for FJ(f1, fo; ¢)% as in Lemma 4.29. In
particular, the left-hand side of (4.10) is independent of K.

(2) By a similar argument for Proposition 4.27(2), one can show that the
image of FI(f1, fa2;¢)% in CHY FIMeQ/2( X x Xpe x AM)E equals
FJ(f1, fo; gb)uK This is why we expect the variant conjecture to hold
as well, in view of Remark 3.2.

(3) One of the advantages of introducing the auxiliary projector z is that
one can show that the left-hand side of (4.10), regarded as a functional
in (¢, ¢c), factors through the map

Hompg(Ax, Ay, €) HomE(AK,AlVL, —e) = Qp, €) @n, Aps, —¢)
and becomes M-linear. See Remark 5.11.

5. Arithmetic relative trace formula

In this section, we discuss a relative trace formula approach toward the
arithmetic GGP conjecture for U(n) x U(n). In Subsection 5.1, we prove the
doubling formula for CM data. In Subsection 5.2, we introduce the global
arithmetic invariant functional and its local version at good inert primes
for which we perform some preliminary computation. In Subsection 5.3,
we prove the formula for the orbital decomposition of the local arithmetic
invariant functional.

We keep the notation from Section 4. We fix a conjugate symplectic
automorphic character p: E*\ A% — C* of weight one, and a p-admissible
collection e (Definition 4.12).

From now on, we will restrict ourselves to the Compact Case. We will
identify E as a subfield of C via a fixed complex embedding 7/ € ®,. Put
7= 7" | F, and fix a hermitian space V that is 7-nearby to V (Definition
C.4). In particular, V is anisotropic. Put G = Resg/g U(V), and identify
Xk with the (proper) Shimura variety Sh(G,hy )k under the notation in
Remark C.2.
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5.1. A doubling formula for CM data

We start by performing some preliminary computation of the Beilinson—
Bloch—Poincaré height pairing

(5.1) vOl(K)? - (FI(f1, f2:0)ic. FICR L £ 06) %) R xc

for a level subgroup K C G(A*) and a CM data D, = (A, iu, Ay, 7y) €
A(p), as in Conjecture 4.37.

Consider an intermediate number field £ C E' C C such that E’ splits
Xr (Definition 2.1). Put X} = (Xg)m, A = (Ax)p, 4, = (A)E,
¢ = o¢p, and ¢L. == (¢c)p. We will suppress E’ in the fiber product X x g
Y of schemes if X and Y are obviously over E’. For every element P €
Xk (mo(X%)), we have the induced morphism

ap = (aK)p: X}{ — A/K
from Definition 2.3 and Definition 2.1. We put

Af’PXK — (1dX}<><X}( X (¢, @) OCP))*AEXK

€ CHM MW@ (X7 5 X x A,
AP X = (idxy xxy ¥ (dh 0 ap))AZ Xk

c CH”’H[M“:Q]/Q(X}( X Xp X AQ/)%.

Lemma 5.1. Suppose that E' is sufficiently large such that D?(_l can be
represented by a finite sum Yy, ¢;P; with ¢; € Q and P; € Xg(mo(X))).
Then we have

1
(5.1) = — CiCj
[E' : E](deg D 1)2 z]: o
(TR OTEOTE) APP X, (TF o @) SR X1 BF o ..

Proof. This follows immediately from the definition of FJ(fy, f5; ¢c)3 and
Definition 4.22(2). O

Let P, € CH'(A, x AY) be the Poincaré class on A, x AY. Put

O = (T @ TE) P, € OH' (A, x AV,
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and for P,Q € Xk (mo(XY%)), put
Q05 = (¢ o ap x ¢, 0 )" Qu € CH! (X} x Xf)u,
Lemma 5.2. For P,Q € Xk (mo(X})), we have
<(Tf1 ® Tf2 ® Tzan)*A?PXK, (T{g & T{?V & TZ%H)*AquXKbB(ZiX}{,AL
5 c7P7 *
= (Pl A Xk, (Xjg x X X Qﬁ?{ Q)'p124A§,ff*f1V,fg*f2VXK>)B(]}3(><X;{><X}( x X'

where A3 . o Xy = (T @TH ®idx, )" Al X € CHX" D (Xje x X g x X))

forflanE%KIL

Proof. Consider the following commutative diagram of in the category Sch g

Xie X Xje X Xpe x X3

Xje x Xje x Xje x A XAXXAXA’XXA
X x Xje x X} X x Xje x Al x A o x Xje x XGe
KX Xje x A, X x Xje x AY

in which all diamonds are Cartesian, and a; = idx; xx; X (¢' o ap), g
4 / . .
idxs «x; X (9L 0 ag), q1 = p123, G2 = P124.

Put P, = (Xj x X3 ) x Py and Q) = (X x Xj) x Q.. By the definition
of the Beilinson—Bloch—Poincaré height pairing, we have
(TR @ TE @ TS ALY X, (T © T @ Ti)* ALCX)RIY . 4
<<Tf1 Q sz ® Tzan)*Af,PXK,
ql*(P/ -42 (T;é ® T{(% ® T;%n)*A?C’QXK»)B(z XX x Al
(5:2) = (qi(T} ® TR @ TP") AT X,
N S * s BB
Pras(Ti @ T @ T AL VX i) s xy s wa
where we have used [Bei87, 4.0.3] for the last equality. Note that we have
G (TR @ TR @ T ALY X = (TR @ T @ TS @ iday ) ' qf AP X
= (TR ® TR @ T @ iday ) qion AR Xk
= (TR ® T @ T @ id )" Brar AL X i,
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and similarly
(Tfl ® sz ® Tz%n)*Afc’QXK — (Tf1 ® T ® ldA/ Q Tcan) 52*T2A Xy
Then it follows that (5.2) equals

(5.3)
* * A3 * * A3 BB
(TR Brari A7 4 1, Xi, Pl (Tia) Bawr3 A7 po XK)X1 x x5, X AL XA 5

where we have suppressed the expression id» in the notation of correspon-
dences as it is clear which factor the correspondence acts on. Using [Bei87,
4.0.3] again, we further have

( ) /31*7"1 Zf1 fQXKv Q 52*T2 zfl, ZVXK>X}(><X’ X Aj X ALY

(

<’Y§7’ikAz,fl,f2XK75 QM-VTTSAz,f{,fQVXK>X}(><X}{><X}(><X}{
* % * * % BB

< 1A3XK75 Ql ")/17“2A§ JExfY fz*ngK>X’ X X x X4 x X

=

P123A X, 6" Q P124Az JERfY  fix ;XK>X' XX 4 X X4 x X *

The lemma follows by noting that

d=Prom =Proye =idx, xx; X (¢ cap) x (¢ 0 ag). O

Lemma 5.2 suggests us to compute Qi:fé’P’Q € CHY (X} x X} )m,, or
rather its homological equivalence class by Lemma 3.5. To do this, we first
review the doubling construction and Kudla’s generating series of special
divisors which was introduced by Kudla [Kud97] in the context of orthogonal
Shimura varieties.

Definition 5.3. Let V(E)* C V(FE) be the subset consisting of x such
that (z,z)v is totally positive. Take z € V(E)*, and denote its orthogonal
complement in V by V*. For g € G(A*°), we have the composite morphism

x Ty
Sz,g- Sh(G 7hvw77-/)gKgflmGz(Aoo) — Sh(G,hV’T/)gKg—l = XgKg—l — XK,

where G* := Resp/g U(V¥), and the first arrow is induced by the inclusion
V# C V of hermitian subspaces. The morphism s, g4 is finite and unramified.
We define

Z(x,9)K = (82,9)+ Sh(G", hye ) gk g-10Gr (A>)

as an element in Z'(X).
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We denote by .(V(A%)) the space of complex valued Schwartz func-
tions on V(A%), which admits an action by G(A>) via the variable. For

every ¢ € S (V(AY)), we define the generating series of special divisors
attached to ¢ (of level K) to be

+ Y ey > o9~ '2)Z(x, 9)K

zeU(V)(F)\V(E)* 9eG(A=)N\G(A>)/K

as a formal series in Z'(Xg)c, where Dy is (some representative of) the
Hodge divisor (Definition 4.22).

Lemma 5.4. The generating series of special divisors Z(¢)x is Chow con-
vergent, that is, an element in CZ'(Xf) (Definition 3.3).

Proof. This is [Liulla, Theorem 3.5(2)] (with g = 1), together with the fact
that CH (X )c is of finite dimension. O

We study the relation between generating series of special divisors and
the spaces Q(p,e) and Q(u¢, —¢). Choose a nonzero element « (resp. o)
in HO(A,,(C), Q") (resp. H(A}/(C), Q")) on which M,, acts via the inclusion
M,, — C, such that under the canonical pairing H}(A,,C) x Hllg(Ax, C)—
C, o and @¢ pair to one. It is clear that for ¢ € Q(u,e) and ¢ € Q(u, —¢),
the (1,1)-form

¢ 0 g =P N Pl

on Xg(C) does not depend on the choice of the pair («,ac), which is
moreover in H3(Xg, M,(1)). By [BMM16, Proposition 5.19] and [Liul4,
Lemma 5.3], ¢o¢. is a Kudla—Milson form which, in the notation of [BMM16,
(8.8)], equals 6, (-, 1), where

=110 ® o | @
2r\{7}

for a unique ¢ € .7(V(A%)) as in [BMM16, (8.9)]. The assignment (¢, ¢.) —
¢ gives rise to a map

(5.4) 2: Q) @ar, kS, ) @ur, € = F(V(AF)).

Lemma 5.5. The map 0 (5.4) is an isomorphism of C[G(A>)]-modules.
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Proof. For g € G(A™), we have
g © gpe = T, (¢<>¢c) = g 1/’F7M ¢( 71) = 9¢F7H,T;§~b(_’1)'

On the other hand, we have

Tp=v10| Q) |98
er\{7}

Thus, 0 is G(A*)-equivariant. The map ? is apparently injective, so is sur-
jective by [Liul4, Lemma 5.3]. The lemma follows. O

Lemma 5.6. We have

(1) The cohomology class CIB(Q¢¢ PQ) € H3(Xk x Xk, C) depends only
on (¢ @ ¢c).

(2) There is a unique C-linear map
Q. x: L(VIAE))T — B3 (XK x Xk, C)
¢ QY

such that

(a) for every pair (¢,¢.) € Homp(Ak, Ay €) x Homg(Ag, Ay, —¢)

and every elements P,Q € X (mo(XY)), we have CQ ¢®¢c) _
clB(Qﬁ:fé’P’Q),

(b) A*CQ¢K:CIB(Z(¢)K) €H3(Xg,C) for every ¢ € S (V(AF))E

Proof. The class clB(Q¢ 2P0y ¢ g2 5 (XK x Xg,C) is given by the (1,1)-

form pj¢*a A piyoiac on XK(C) x Xk (C). Part (1) follows immediately.
For (2), by (1) and Lemma 5.5, there is a unique C-linear map cQ, x
satisfying (a). However, it also satisfies (b) due to [BMM16, Proposition 8.3].
O

Remark 5.7. The maps {cQ, x}k in Lemma 5.6 are clearly compatible
under pullbacks, hence induce a C-linear map

cQu: S (V(AF)) = HE(Xoo X Xoo, C) = lim H (Xk x Xk, C).
K
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Definition 5.8. We say that an element Zx € Z'(Xk x X )c is a doubling
divisor (of level K ) for an element ¢ € % (V(AR))X if clg(Zk) = CQZ)K,
and Zi has proper intersection with AXg.

Lemma 5.9. For every element ¢ € ./ (V(AX))X, there exists a doubling
divisor of level K.

Proof. By linearity, it suffices to consider the case ¢ = d(p®R¢.) for (¢, ¢c) €
Homp(Af, Ay, €) x Homp(Ag, Aj, —¢). Take an intermediate number field
E C E' C C such that E' is Galois over E, splits X, and satisfies
Xk (mo(X})) # 0. We choose an element P € X (mo(X})). Then

1
. § : ¢,¢e,0P,0 P
K= 5 g Qi
ceGal(E'/E)

is an element in Z'(Xx X Xg)u, such that clg(Zg) = CQZ)K by Lemma
5.6(2). By Chow’s moving lemma, we may replace Zx by another ratio-
nally equivalent cycle that has proper intersection with AXg. The lemma
follows. O

Now we can state and prove our doubling formula for CM data.
Proposition 5.10. Put f; = f!* f' for i = 1,2. If we write f; =
> dsl -1 gt as a finite sum with ds € L and g5 € U(V)(AR),'0 then

(5.1) = st ) <PT35A2XKS7 (AXg, x Tlféffz X Z%S)-P&GA?XKS)})S(?(S
S
holds, where Ks .= K N gsKg; ', and Zy € 7N X x XK)c is an arbitrary
doubling divisor for 0(¢p ® gs¢pc) (which exists by Lemma 5.9).

Proof. To shorten notation, we put dx = (deg D% )~
By Lemma 5.1 and Lemma 5.2, (5.1) equals

(5.5)
52 . o Pi, P; *
ﬁZ €ic; (Plaa AL X, (X X Xje x Q™) plaa A 1, 1, Xu) ¥y 0
i?j

10Tt is elementary to see that every element in % 1, can be written in this way.
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By Remark 4.38(1), we may replace K by K’ = (1,(¢95'Kgs N K;) and
possibly enlarge £’ to obtain

62 ’ *
(55) = s g7 2 Cics Pl ALK
1:7j
) c7P£7Pj *
(X}{/ X X}(/ X Qﬁ,}b(’ )'pl24A§7.f1)f2XK/>](3)]?;<’)4
d2 !’
(5.6) = [E’KE] Z cicjds(piog Al Xk,
©,4,8
,be, Pi, Pj *
(X x X X Qﬁ; )-P124A§,1Lg;1,mkg;17f2XK'>}(3)}?}</)4'

Since Lg 1 -1 jer o=t = Lgny kg = 1k., by Lemma 4.30, we have

62, .
(66 = ' g > cicids (Pias AL X,
i,j,S
¢795¢67Pi57Pj5
(X x X x Qe )P1aal e 1, £, XK (K )
ds - 6%, «
(5.7) = Z [5, - Z] Zcicj (Pias A2 X s,
s ]
P;,P; BB

¢7gs¢ca * 3
(X x X % QM,K’ )-P124Az,11K5,LgszXK’>(X;(,)4-
For each individual s, we may descend the corresponding term down to X }(
again by Remark 4.38(1). Choose a representative ), ci P} of D%:l with

)

c; € Q and P € X, (mo(X )). Moreover, by Lemma 3.5 and Lemma 5.6,

s c»P’Syfjl‘g
we may replace QZ"[;'(? by Zi @ E’. Then we have

(5.7) =) ds- 0%,

* * BB
: Z CfC§<P123A§XKSa (X, X Xk, ¥ Zf{,g)-P124A§,nKs ,LgsszKs>(XK5)4
2%
=) dy (P A Xk, (XK. x X Z3: ) .plog A2 Xy BB
s\P1232AKH (AK, X AR, X 2 )-P12482 14, Ly, oMK ) (X i )b

S

where in the second equality, we use the fact that ), ¢; = deg D}Zl = (5;(1
The proposition then follows by [Bei87, 4.0.3]. O
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Remark 5.11. Proposition 5.10 implies that, for given data f1, fa, fy/, f5, 2,
the assignment

Hompg(Agk, Ay, €) HomE(AK,Ax, —)—=>C
(6, 6c) = vol(K)* - (FI(f1, fa; 0)ie, FIY S 155 66) i) Vo xe

factors through Q(u, €) @7, (1, —¢) and extends uniquely to an M,,-linear
map
Qu,€) @m, Qp,—e) = C

by considering all level subgroups K.
5.2. Arithmetic invariant functionals

In view of Proposition 5.10, we need to study global arithmetic invariant
functionals defined as follows.

Definition 5.12 (Global arithmetic invariant functional). Let K C G(A™)
be a level subgroup. For test functions f € #x ¢ and ¢ € .7 (V(AX))E, we
define the global arithmetic invariant functional to be

Ti(f. ¢) = (Plas A2 Xk, (AX ke X T, x Zi) phagAIX k) RE,

where Z € Z' (X x X[ )c is an arbitrary doubling divisor for ¢ (Definition
5.8, linearly extended to coefficients in C).

We introduce two important conventions, which will be adopted from
now on.

(1) We will regard T{( as an algebraic cycle, rather than a Chow cycle, on
X K X X K-

(2) Whenever we have two cycles A and B in a regular scheme X that have
proper intersection, A.B will be regarded as the cycle ) m¢c (4, B)-C
(rather than the associated Chow cycle), where the sum is taken over
all irreducible components C' in AN B with mc(A, B) the intersection
multiplicity.

Definition 5.13. Let K C G(A*) be a level subgroup. For a doubling
divisor Zx € Z'(Xk x Xk )c for ¢ € S (V(AR))E, we put

73 = Zic — py(AX k. Zc — Z()).

where we regard AXy.Zk as in Z'(Xg)c and recall that pe: X x X —
X is the projection to the second factor.
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It is clear that Z;? € CZ'( Xk x Xg) (Definition 3.3), AXK.ZIQ? =
Z(¢)k, cl(Zy) = clp(Z) by Lemma 5.6(2), and

(58)  Ti(f.¢) = (PlssASX Kk, (AXKk x T x 7)) phagA3X )32

by Lemma 3.5.
To proceed, we introduce the notation of (relative) regular semisimple
elements.

Definition 5.14. Consider a field extension F'/F and put E' .= E ®@p F'.

(1) We say that a pair of elements (£,2) € U(V)(F') x V(E') is regular
semisimple if the vectors {€x |i = 0,...,n — 1} span the E’-module
V(E).

(2) The group U(V)(F”) acts on U(V)(F")x V(E') via the formula (£, z)g=
(97 '¢g,g7'x), which preserves regular semisimple pairs. Denote by
[U(V)(F') x V(E")] the orbits of U(V)(F’) x V(E') under the above
action, and by [U(V)(F’) x V(E")];s the subset of regular semisimple
orbits.

(3) We say that a function on U(V)(F’) x V(E') is regularly supported if
its support consists of only regular semisimple pairs.

(4) We say that a function F' on U(V)(A%) x V(AY) is reqularly supported
at some nonarchimedean place v of F' if we can write F' = F* ® F,, in
which F, as a function on U(V)(F,) x V(E,), is regularly supported
in the sense of (3).

Proposition 5.15. Let K, f, ¢, Zx be as in Definition 5.12.

(1) The cycles AX g X T{{ X Z}? and ph, A3 X i intersect properly in XS

(2) If f ® ¢ is regularly supported at some nonarchimedean place v of
F, then pi3sA3X g and (AXg X T{( X Z7)).p5usA3 X have empty
intersection on X%.

Proof. For (1), we have to show that every irreducible component C' of
the intersection of AXg X T{{ X Z;? and p3,sA% Xk has dimension 2n — 3.
However, it is easy to see that C' is a closed subscheme of the fiber product

ASXK X(XKXXKXXK) (XK XY x Z) ~Y XXK Z,

where Y (resp. Z) is an irreducible component in the support of T{( (resp.
Zg). But then the morphism Y — X is finite étale, and Z has dimension
2n — 3. Thus, C has dimension at most 2n — 3. On the other hand, since
P31 A% Xk is a regular subscheme, the dimension of C is at least 2n — 3.
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For (2), it is clear that the statement is equivalent to that AX g ﬁT{(ﬂZg
is empty in Xg X Xg. As AXg N Z;? = Z(¢)k, we have to show that

T{( N Z(¢)k = 0, which can be checked on X (C) x X (C). By complex
uniformization, we have

Xr(C) =UV)(F\ (D x U(V)(AF)/K),

where D is the corresponding hermitian domain of dimension n — 1.

If f =0, then there is nothing to prove. Otherwise, we have ¢(0) = 0.
Thus, we need to show that for every z € V(E)"™ and g,h € U(V)(A), if
f(R)p(gtz) # 0, then Trpx N Z(x,9) = 0 in X (C) x X (C). We prove
by contradiction. Let D* C D be the subdomain that is perpendicular to z.
I Tk NZ(z,g) # 0, then we may find z; € D, g1 € U(V)(AY), h € KhK,
2y € D*, g, € U(V®)(AY), and £ € U(V)(F), such that (2, 929) = (21,91)
and (2, 9z9) = &(21,91h). These relations imply that z, = £z, and ¢,9 =
£gzgh. The second equality implies that hig=lz = g~lg 1¢~x for i > 0.
Now since z, = £z, the vectors {z, & 1z, ..., "Dz} C V(E) are linearly
dependent. In particular, the pair (hy, g, 'x) € U(V)(F,) x V(E,) is not
regular semisimple, which is a contradiction. Thus, (2) follows. O

We would also like to know whether one can choose a cycle represen-
tative of zx such that pi3s A3 X and (AXf x T}; X Z;?).pg%-AgXK have
empty intersection as well. At this moment, we do not find a uniform an-
swer to this question. On the other hand, the contribution of the difference
A3 Xy — A2 X in the height pairing should be negligible in the comparison
of relative trace formulae. In what follows, we will only consider A%X in
the decomposition into local heights, suggested by Proposition 5.15. More-
over, in this article, we only consider the local heights at good inert primes,
which we now explain.

Definition 5.16. We say that a prime p of F' is a good inert prime (with
respect to K, f, ¢) if

e p is inert in E,

e the underlying rational prime p is odd and unramified in F,

e if we denote by p the set of all primes of F' above p that are inert in F,
then there exists a self-dual lattice A, C V(Fy) for every q € p such
that

- K=KEx]]
qep,
_ f:f£®®qegfq in which f, = 1k,

acp K, in which K is the stabilizer of A for every
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— 6= PO ®ep b in Which ¢, =1,

We fix a good inert prime p. From now on, we work in the category
SCh/OEp .

Let Xk be the canonical integral model of Xk over Og, (Definition
C.21), which is a proper smooth scheme in Sch /O, of relative dimension

n—1. Then the Zariski closure of T{( in X X Xk is an étale correspondence,
which will be denoted by the same notation. Let Zx (resp. Z(¢)x) be the
Zariski closure of Zg (vesp. Z(¢)x) in Xi x X (resp. Xi). Similar to Zy,
we put

(5.9) ZY0 = Zg — p5(AXK.Zx — Z(P)K),

which is a formal series of divisors on X', whose generic fiber is ZIQ?.
From now on, we work in the category Sch/oEp.

Definition 5.17 (Local arithmetic invariant functional). Let K, f, ¢, Zx
be as in Definition 5.12 such that f ® ¢ is regularly supported at some
nonarchimedean place v of F,'' we define the local arithmetic invariant
functional at (a good inert prime) p to be

IK(.f) ¢)P
= 210g [0r/pl - X (O(piss A i) 9, O(DXic X Th x 27) P316A X ) )
where x denotes the Euler—Poincaré characteristic (see Remark 5.18 below),

and for a formal series Zj ¢jZ; of cycles on X9, we put O(Zj cjZj) =
Zj c;jOz, as a formal series of (9/'\g}s<—modules.12

Remark 5.18. For a Noetherian scheme X, we denote by Dsoh(X ) the bound-
ed derived category of Ox-modules with coherent cohomology. By Proposi-

tion 5.15(2),

O(pias A Xir) @, O((AXi X T x Z).p31s A’ Xic)

b L (XS @7 F,), which implies that its Euler-Poincaré
characteristic is a formal series in C.

is a formal series in DP

HTt is clear that v can not be in p.

12The reason we add the factor 2 in front of log |OF /p| is the following: Zx (£, D)y
is supposed to “approximate” the local term of Z% (f, ¢») at the unique place w of
E above p, hence the factor ¢(u) in (3.1) is log |Og/pOg| = 21log |Or /p|.
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Proposition 5.19. In the situation of Definition 5.17, we have
Tic(f, 9)y = 2log O /o] - x (O(Th) 95, OAZ(@)x))-

Proof. First, by the same argument for Proposition 5.15(1), we know that
AXg X T{( X ZIQ? and pj,s A3 Xk have proper intersection on Xf(. Since AXf,
every component of T{(, and Zg are all Cohen—Macaulay schemes, we have

O((AXg x TH x Z7) piis A Xk)
= O(AXg X Tf X Z7) ®0,, O(PhieA* )
= O(AXg x TS x 27)) @%X% O(phie A3 Xrc).
Thus, we have
O(plasA’Xir) @6, O((AXi X T x Z7).p345A° Xic)
= O(pi354° k) ®](L9X§( O(AXg x T x Z) ®H(5X§( O(p346A° Xk
= (O(pi5A* k) 9, O(PreA X)) ©b,, O(AXk x T x Z7)
= O(A* (XK x XK)) @5, ., O(AXk x Th x Z).
Restricting to X [2(, we have

Tic(£.9)y = 2log [Or /o] - x (O(A%i) ©f,, O(1h) €6, O(27)).

By (5.9), AXx and Z;? have proper intersection. Since both have Cohen—
Macaulay components, we have

O(AXK) ®p ., O(Z) ~ O(AXK) ®0,; O(2))
= O(AXK N ZY) = O(AZ(¢) k).
The proposition then follows. O

5.3. Orbital decomposition of local arithmetic invariant
functionals

To further study the intersection number in Proposition 5.19, we need a
certain moduli interpretation of the integral model Xx and Z(¢)x. We
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will follow the discussion and notation in Subsection C.4. In particular, we
denote by Spl, the set of primes of F' above p that are split in E.

Definition 5.20. A frame for the (good inert) prime p (with the underlying
rational prime p) contains the following

e an isomorphism between the two E-extensions C and Eg°,

e a CM type ® of E containing the fixed embedding 7/, such that ele-
ments in ® inducing the same prime in Spl, induce the same prime of
E (under the above isomorphism between C and Ep°),

e a rational skew-hermitian space Wg§° over A% of rank 1 such that
W(Wg°, ®°) is nonempty and that W§° ®a~ Q, admits a self-dual
lattice,

e asufficiently small open compact subgroup Lo = Lfx (L), of Hi°(A>)
in which (Lg), is the stabilizer of a self-dual lattice in W§° @~ Qp,
where Hg® is the group of similitude of Wg°,

e apoint P: SpecOpy — M(V, W§°, @), asin (C.8), whose reduc-
tion is in the supersingular locus, where E;‘;r is the maximal unramified
extension of Ey contained in Eg°.

Now we take a frame. Put k := Opy @z F), and X = Xx ®0,, Opy.
By Remark C.22, the point P provides us with a Cartesian diagram

(5.10) Xlré-r Spec OExp]r

| Jawer

M(V,WOO, (I))nKr,Lo Ao /\/l( 807 (I)C)LO ®OE¢,,(p) OEST

of schemes over Opy:. In particular, for every locally Noetherian scheme
S over Opyr, the set X (S) consists of equivalence classes of nonuples
(Ao, io, Ao, mh; A, 1, /\,np,nfgpl) in which (Ao, ig, Ao, 75) is the base change of
(Ao, 1:0, AQ, ’I”[g) to S.

We introduce the moduli interpretation of integral special divisors.

Definition 5.21. For z € V(E)" and ¢ = (¢*, gq|q € Spl,) € U(V)(A%2),
we define a relative functor

Sz, g’ Z(xmgg)rll(lf — Xfrér

in the way that the fiber over a point (Ao, ig, Ao, 75 A, i, A, 7P, n;,pl) € XF(S)
consists of

p € Homg((Ao,i0), (4,i4)) ®0, OF )
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such that for every geometric point s of S,

e the element p, € Hompg,a~»(H{ (Aos, A®P), HS Ay, AP)) belongs
to 177((g?) '),
e the element P« € HqESplP HomOEq, (AOS[(q_)OO]’ AS[(q_)OO]) ®0Eq,Eq7

1 _
belongs to 1,” ((gg ' #)qespl, )-

Proposition 5.22. For z € V(E)" and g2 € U(V)(A¥®), we have

(1) The relative morphism Sg, g0 15 Tepresentable, finite, and unramified.
(2) There is an isomorphism

nr
Sz.g2 B0y Ly

= H Sx,(g%,g4]acp) OF I
(9q419€D),9a €UV) (F\U(V)(Fq)/Kq,9q ‘zEAq

of relative functors over X ®p EJ*, where s
Definition 5.3.

(3) For every point z € Z(z,g)p(k), the induced ring homomorphism
R, — R, is surjective whose kernel is a principal ideal that is not
contained in pR,. Here R, (resp. Ry) denotes completed local ring of

X (resp. Z(x,9)%) at z (resp. y =8, »(2)).

2,(g%.9q]0€D) s defined in

Proof. Part (1) follows from the same argument in the proof of [KR14,
Proposition 2.9].
For (2), put Xy == Xk ®p, E,". For every point

P = (AOafL'O,AOang;A’i7>‘anpa77;pl) € X?g(S),

we will construct a functorial bijection s_!, P = [], s;.P between the
z,g% g g
fibers.

For the forward direction, take an element p as in Definition 5.21. Let
A,,i,) be the quotient abelian scheme (A/p(Ap), %), which is naturally an
psp p Y
(E,sigy ¢ — ®°)-abelian scheme (Definition C.10). Denote by o: A — A,
the quotient homomorphism, and define a homomorphism pg = cAy Lo
pYoXi A — Ay for some ¢ € Z(Xp ) Then we obtain a prime-to-p isogeny
(0,p0): A — A, x Ag. Let A, be the induced p-principal polarization of
(Ap.ip). Choose a representative 7)? in its KP-class such that p.onP((¢g*) 'z)

is the zero map. We define 7)) to be the composition

VI (ARP) > V(AZP)
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2, Hom gy aer (H (Ags, A7), HE (A,, A®P))

2% Hompgyawr (HS (Ags, AP), H (A s, AP)).

Let b : A% Px — Hompggax~. (H{(Ags, A°P), H{*(4gs, A>P)) be the ho-
momorphism sending = to ¢ - (x,z)y. Then we have (1) @ nb) o (¢?)~! =
(0, p0)« ©nP. We have a similar construction for 77,5};,1, whose details we omit.
Finally, we obtain (Ao,z'o,/\o,ng;Ap,ip,)\p,ng,n;EI) together with the Op-
linear prime-to-p isogeny (o, p0): A — A, x Ag, which provides an element
in the fiber s, P, where g = (g%, g4 | q € p) is (a representative in) the
unique double coset in the disjoint union satisfying g, 'y = p, under any
isomorphism Aq ~ Homo,, (TqAgs, TqAs) of hermitian lattices over Of,,
where T denotes the g-adic Tate module.

For the backward direction, take an element in the fiber s, P for g in
the disjoint union, given by data

(A()a 10, )‘07 7787 Ala 7;/7 )‘/7 77p/7 n;pll) € Sh(Gx7 hV””,T’)gKgflﬂGI(Aoo) (S)

together with an Op-linear prime-to-p isogeny p': A — A’ x Ay satisfying
relevant properties. We just take p as the composite homomorphism

>\ /\/A\/ )\71
Ap 2oy gy P, gy ATy

for some c € O; (p)" It is straightforward to check that the above construc-

tions are inverse to each other, hence (2) is proved.

For (3), let I be the kernel of R, — R.. To show that I is principal, we
follow the strategy in the proof of [Howl5, Proposition 3.2.3] for the case
F = Q.'3 Let (Ao, i0, Ao, 7h; A, 5, A\, P, n]sjpl) be the universal object over R,
which is equipped with the universal Og-linear homomorphism p: (Ag)r. —
Ap.. It suffices to study the obstruction to lifting p to a homomorphism
Aps — Ag where S := R,/mI with m the maximal ideal of R,. Note that
the Hodge exact sequence

0 — FilHI®(4) — H{®(Ag) — Lie(4g) — 0
splits into a direct sum of

0 — FilHR(Ag)q — HIR(Ag)q — Lie(Ag)q — 0

13Note that [How15] considers all residue characteristics; while we only consider
p that is unramified in F.
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indexed by primes q of F' above p, in which H?R(Ao)q is the direct summand
of H{®(Ag) on which O F,(p) acts via the prime q. We have a similar splitting
for A. Moreover H{®(Ap)q (resp. H{®(A)q) is a free Op, ®z, Ry-module
of rank 1 (resp. n). By the signature condition, the obstruction to lifting
p coincides with the obstruction for the canonical lifting f.: H{®(Agg), —
HCIIR(AS) p to respect Hodge filtration. The remaining argument is then same
as [How15, p.668] by taking j == 7 ® lg — 1 ® mg for some 7 € ng NE,.
Note that, j. Lie(Ag) is always nonzero in our case.

Finally, we show that I is not contained in pR,. If it is, then by (1)
the image of s, ;» contains the entire connected component of (X%)x at
y. Thus, for every k-point (Ao,io,)\o,ng;A,i,)\,np,n;pl) in this connected
component, there exists a nonzero homomorphism from (Ag, i) to (A,7). In
particular, (A,4) is not p-ordinary, which contradicts to the main theorem
of [Wed99] saying that p-ordinary locus is dense. Here, we apply [Wed99]
to the PEL type moduli scheme in Remark C.13 parameterizing (A, i, A, )
where 7P is an away-from-p level structure induced from Aj and 7P. Thus,
(3) is proved. O

By the above proposition, (s, 4»)«Z(x, g%)¥ is a relative divisor on Ag'.

In what follows, by abuse of notation, we denote the cycle (s, »)«Z(x, g2)}

again by Z(z, g®)}. The following corollary is immediate.

Corollary 5.23. Let p be a good inert prime. If ¢(0) = 0, then we have

Z2(9)k ®0oy, Opy
— Z e—27r~TrF/Q(x,a:)v
zeU(V)(F\V(E)*

> P2((¢2)'2) Z(x, ¢P)K

gPeU(V)(AF 2N\U(V)(AFR)/KE

as a formal series in Z1(X%¥)c.

Proof. By Proposition 5.22, the relative divisor Z(x,¢2)% is the Zariski
closure of

> ] 14, (95 "2) - Z(z, (9. 90 |4 € P)ic

(9ala€p),9a €U(V) (Fa)\U(V)(Fq)/Kq 9ER

in X}¥. The corollary follows since ¢ = LR in which ¢, = 1a,. U

qep d)q
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Lemma 5.24. Let K, f, ¢ be as in Definition 5.12 such that f ® ¢ is reg-
ularly supported at some nonarchimedean place v of F. For a point y €
X (), if (y,y) belongs to both T{( and the support of AZ(¢p)x, then y is
supersingular (Definition C.24).

Proof. By Corollary 5.23, it suffices to consider Txpx N Z(z, g)% for some
g,h € U(V)(AXE) and = € V(E)" such that (hy, g, 'z) is regular semisim-
ple for some nonarchimedean place v ¢ p. We only consider the case where
v is not above p, and leave the similar case where v € Spl, to the reader.
Let (y,y) be a k-point in Tgpx N Z(x,9)%, with y as in the lemma
represented by the object (Ao,io,)\o,ng;A,i,/\,np,nls,pl) € X (k). By the
moduli interpretation, there is a coprime-to-p isogeny {: A — A such that
&P = nP o hP, and an element p € Homy((Ao,10), (4,1)) ®0, OF,p) such
that the element p, € Hompg,a~»(H{ (Ag, AP), H{'(A, A®P)) belongs
to n((gP?)~'x). Consider the situation at v. We may choose a representation
Ky in the K,-class of n} such that p., = 1} (g, 1x). Possibly replacing h, by
some element in K,h,K,, we have (& o p)., = nh(hig, tx) for every integer
i > 0. Since (hy,g,'z) is regular semisimple, the set {(£% 0 p)yy,i > 0}
generates Homp, (T,Ag, TyA)g as an E,-module, where T, denotes the
v-adic Tate module. In particular, Homyg((Ao, %), (4,7))p has dimension n
over E. Thus, A[p®™] is isogenous to Ag[p>°]®", hence is supersingular. [

In Subsection C.4, we define the supersingular locus M(V, W§°, CD)??'J Lo

For a level subgroup K as above, we define M(V, W§° ,(ID)? L, to be the
image of M(V, W, (ID)?W 1, under the natural quotient morphism

M(V7W803¢)K£,Lo —)M(V,WSO,(I))K,LO.

Define X}¥ to be the preimage of M(V, Wg°, <I>)§§ 1, under the left vertical
morphism in the diagram (5.10), which is a Zariski closed subset of X} ®0o ey

k. Finally, let XIS(S’/\ be the completion of Ag" along X7°. Proposition C.26
provides us with the following uniformization isomorphism

(5.11) 22N = UV)(F)\ (N x U(V)(AFP)/KP)

depending on the frame we chose,'* in particular, the point P. Here, K* =
KP® x qug\{p} K4, where K2 = K® under the isomorphism ¢p and Kj is

the stabilizer of Aq in Lemma C.25(6). The uniformization isomorphism is

4However, one can show that the supersingular locus X5 itself is intrinsic, which
does not depend on the choice of the frame.
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functorial in K® and under Hecke translations. We recall the new hermitian
space

V = Homy ((Ao, tor), (Ak, ik))o

equipped with the hermitian form (C.11), satisfying Lemma C.25, which is
“p-nearby to V”. In particular, we have an isomorphism

V ®@p F, ~ Homy (X ok, k), (X, ik))o-

Applying the constructions from Subsection 1.3,'® we have for every LONZEro

z € V(E,), a sub-formal scheme Z(z) of N; and for every g € U(V)(F}),

an isomorphism g: N' — N with its graph I'y C N? := N x 0y, N. Now we
p

arrive at the theorem on the orbital decomposition.

Theorem 5.25. Let K, f,¢ be as in Definition 5.12 such that f ® ¢ is

regularly supported at some nonarchimedean place v of F. For a good inert
prime p, we have

IK(f: d))P

= 2log |Or/p| - Z e~ 2 Trra(@2)v Orb(f*, ¢"; €, 7)
(€2)E[UV)(F)xV(E))]:s

X (C'Jrg R, OAZ(i))

after choosing a frame (Definition 5.20). Here, we define the orbital integral
as

Orb(F", @€, 7) — / PGt da,
U(V)(AF)
where

o fF=fF'w ®iq€g\{p} fq in which FE = f* under the isomorphism vp
(C.13), and fq=1g,,
o o' =¢'® ®q€£\{p} éﬁq in which ¢* = @2 under the isomorphism vp,

and (2)q = ]l/-\q ,
e dg is the Haar measure on U(V)(AS®) such that K* has volume
vol(K).

In particular, the Euler—Poincaré characteristic appearing in the formula is
finite for every regular semisimple pair (&, ).

'»Comparing the notations with those in Subsection 1.3, we have (X, ix, Ax) =
(Xnstn, An), N =N, and V@p F, =V,,.
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Proof. We choose a representative z € V(FE)™T in the coset U(V)(F)\V(E)*.
We first compute

(5.12) > PE((92) " 2) Z (2, gB) K",
9%=(97,9419€5plL,, ) €U(V")(AF 2)\U(V)(Ag 2)/KE
where Z(x, gﬂ)i?A is the formal completion of Z(xz, g2)} along the supersin-
gular locus. Let S be a connected scheme in Sch//Onr on which p is locally
Ep

nilpotent, and take a point (Ag, g, Ao, 7h; A, 1, )\,np,n;pl) € Z(x, ") (S).
Then we can choose an element € V and an E-linear quasi-isogeny p: A —
Aj, X S over S such that

e the image of p;! o Z, in Hompgya=»(H{ (Ags, AP), HS (Ay, AP))
belongs to n”((g?)~‘x),
o the image of p; 1o i [T, sy Homo,,_(Aosl(a)%, Al(a™) )90,

Eq- belongs to nls’pl((gq_lx)CIGSplp)a
e ploz lifts to an Op-linear homomorphism A[q™] — A[q>] for every
qe€p.

Here, we note that (Ao, %0, Ao,7h) is identified with the base change of
(Ao, 20, Ao, 1) to S. By Proposition C.26, p is given by an element g° €
U(V)(A%®) on S. In particular, we have (Z,z)y = (z,2)v. Choose a rep-
resentative z in the coset U(V)(F)\V(E) of this norm. Then under the

isomorphism (5.11), we have

(5.12) = > o’ ((3")'2) - [2(2), ),

gPeU(Vo) (A PN\U(V)(AFP)/KP

where [Z(Z), g"] denotes the corresponding double coset in the right-hand
side of (5.11).
By linearity, we may assume f = Lgpx for some h € U(V)(AY) with

hy = 1. In particular, T{( = vol(K)Tkpk. By Proposition C.26, the formal

completion of Tipx in ()([S(S’/\)2 is simply the set-theoretical Hecke correspon-
dence Tjgpjs gr under the isomorphism (5.11) by Proposition C.26, where
h = 1for g € p\{p}. We first analyze the intersection T gppe go NA[Z(Z), g7].
If the intersection is nonempty, then [Z(Z), gPhP] and [Z(Z), g*] are in the
same connected component. By (5.11), there exists £ € U(V)(F) such that
EGPKP = gPhPKP | that is, 1 nr((g°)"1€gP) = 1. Moreover, if we fix a set

of representatives of the orbits of U(V)(F) under conjugation, then one can
always choose £ to be one of the representatives. Now we think conversely,
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for any such representative £, the cosets gF K* satisfying £GP KP = gPhP KP
are those satisfying 1 ((g°)"'€gP) = 1. In this case, the intersection
Trenege N A[Z(Z), gP] is isomorphic to the image of ' N AZ(Z) under the
quotient morphism N? — (C\N)? for some subgroup C' C U(V)(F,) acting
on N discretely.

Now we claim that I'¢NAZ(Z) is a proper scheme in Sch ;. By definition,
we have £Z(z) = Z(£x). Tt follows that PgNAZ(z) is isomorphic to a closed
sub-formal scheme of ﬂ?z_ol Z(€'7), whose underlying reduced scheme is a
proper scheme in Sch/, by [KR11, Theorem 4.12] for F,, = Q, and [Cho]
in general. Thus, the underlying reduced scheme of I'e N AZ(7) is of finite
type over k. By the previous discussion, it suffices to show that Tgzpze g» N
A[Z(Z),g"] is a scheme of finite type over k. However, this follows from

Lemma 5.24. As a consequence, X ((’)pg ®H@N2 OAZ(;E)) is finite. Moreover,

it is equal to x (C’)Tmnpm ®H@N2 OA[Z(@)@;)]). Therefore, the theorem follows
from (5.12) and Lemma 5.24. O

Remark 5.26. We believe that a more general notion of good inert prime,
for which a result similar to Theorem 5.25 holds, should just be a prime p
of F' that is inert in F, and such that there is a self-dual lattice A, C V(F})
satisfying

e K = K? x K, in which K, is the stabilizer of A,,

e f=f"®f,in which f, =1k,

o =" ® ¢, in which ¢, = 1,,.

In the formula for Zx (f, ¢), in Theorem 5.25, the orbital integral has
the decomposition

Orb(f¥, ¢%;&,2) = Orb(f2, ¢% &, 7) - [[ Orb(ig,, 15,:€,2),
gep\{pr}

in which we decompose the Haar measure on U(V)(A$?) such that K, has
volume 1 for every q € p \ {p}.
We now compare the term

2log [Op/p- [] Orb(lg,,15,:62) - x (Org ©0,2 OAZ(:E))
aep\{p}

with the orbital integrals on the general linear side. Recall the notations
Mat, s and M,, from Subsection 1.7, and denote by S,, the Op-subscheme of
Reso, /0. Maty,», consisting of matrices g satisfying g - g¢ = I,.
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Definition 5.27 ([Liul4, Section 5.3]'¢). Consider a field extension F’/F
and put £ = FE Qp F'.

(1) We say that a pair of elements (¢,y) € Sp(F') x My (F") is regular
semisimple if the matrix (yggi+j_2y1)zj:1 is invertible in E’, where
we write y = (y1,y2) for y1 € Mat, 1(F’) and yo € Maty ,(F").

(2) The group GL,(F’) acts on S,(F') x M,(F’) via the formula
(¢, y1,92).9 = (97*Cg, 97 y1, y2g), which preserves regular semisimple
pairs. Denote by [S,,(F’) x M, (F")] the orbits of S, (F") x M,,(F’) un-
der the above action, and by [S,,(F’) x M, (F")]ss the subset of regular
semisimple orbits.

(3) Suppose that F’ = F;, for some place v of F. For a regular semisimple
pair ((,y) € Sn(F') x M, (F"), we define its local transfer factor to
be wy(¢,y) = pg/r(det(yr, Cyi, - - -, ¢"191)). We denote by [S,(F') x
M, (F")]E the subset of [S,(F') x M, (F')];s of orbits (¢,y) such that
ME/F(det(y24i+j_2yl)2j:1) ==*L

(4) We say that two regular semisimple orbits (,y) € [Sp(F") X My, (F)]rs
and (§,7) € [U(V)(F') x V(E")];s (Definition 5.14) match if

e ( and £ have the same characteristic polynomial as elements in
Mat,, ,(E'),

o y2Ciyy = (€2,) for 0 < i <n—1.

Corollary 5.28. In the situation of Theorem 5.25, suppose that for every
orbit (£,7) € [U(V)(F) x V(E))ls, Conjecture 1.9(2) for Eq/Fy for every
g€ p\{p} and Conjecture 1.12 for E,/F, hold. Then we have

Ik (f, ®)p
— _ Z e*27l"TI‘p/@(Zf,i)\7

ED)E[UNV)(F)xV(E))]rs

o op - d
Orb(fp7 ¢p;€7x) : & qu(<7 y) OI‘b(S; ILS,,L(Opq)v ]lM,,L(OFq); C7y) )

s=0 qEE

where (¢,y) € [Sn(F) x My,(F)lys is the unique orbit that matches (£,7).

Proof. Tt suffices to note that Orb(0; LS, (0r,)> I, (05, )3 6 y) = 0, which is
Conjecture 1.9(1) and is known (see Remark 1.10). O

16Note that we have changed the roles of rows and columns from [Liul4], in order
to match the convention of generating series.
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Remark 5.29. To obtain a global result, we would like to find test functions
f— ¢— on the general linear side, in order to obtain some matching relation
with the local intersection number Zx (f, @), at every place v of F. If v is
split in F, then it is expected that Zx (f, ¢), vanishes, and the matching
test functions fv, qbv are be obtained from f,, ¢, by an elementary way as
in [Liul4, Proposition 5.11]. If v is neither split nor a good inert prime, then
we do not know what to do at this moment.

Appendix A. Proof of the arithmetic fundamental lemma in
the minuscule case (by Chao Li and
Yihang Zhu)

The purpose of this appendix is to prove the arithmetic fundamental lemma,
for U(n) x U(n), namely, Conjecture 1.12, in the minuscule case. We follow
the setup and notation in Subsection 1.3.

A.1. Derivatives of orbital integrals via lattice counting

We take a regular semisimple orbit ((,y) € [Sn(F) x My, (F)], where y =

(y1,y2) € Mat, 1(F) x Maty ,(F). Let (§,2) € [UV,)(F) x V,, (E)]:s be
the unique orbit that matches (¢, y). By definition, ¢ and £ have the same
characteristic polynomial; and we have

(A1) yollyy = (€'x,z), i=0,...,n—1.

Recall that we have put v((,y) = val(det(yl,g“yl,...,C”_lyl)) and de-
fined the transfer factor to be w(¢,y) == (—1)¥¢¥). We also put A(¢,y) =

(=
det(y2™ 2y1);_y and 8(C, y) = val(A(C, ). As (¢ y) € [Sa(F)x M, (P,
we know that 6(¢,y) is odd.

Define two Og-lattices

Ly = Ley, = Opy1 ® OpCy1 ® --- @ OpC™ 'y; C Mat, 1 (E),
Ly = L¢y, = Opya & Opyal & - © Opya¢"~ ' C Maty o (E).

For every integer ¢ > 0, we define the set

MZ(C, y) = {OE—lattice A Q Matml(E) | L1 Q A, LQ Q Av, AC = A, CA = A,
lengthy (A/Ly) = i},

where V denotes dual lattice under the standard sesquilinear form

(A.2) Mat, 1(E) x Maty (E) = E, (z1,22) — x5 - 7.
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Lemma A.1. We have

ds

S=

= —2logq- w(¢,y) Y _(~1)"(v(¢,y) — 1) - #Mi(C.y)-

i>0

d
— Orb(s; 1g, (0,)> In, (0x); €5 ¥)
0

Proof. By definition, we have
Orb(s; 1s, (0,), Im, (OF); ¢, )

= / Is, 00 (97" Co) M, 00) (9 Y1, y29) 115/ p(det g)| det g|dg.
GL,.(F)
Notice that (g~ 'y1, y29) belongs to M,,(OF) if and only if y; € g Mat,, 1(OF)
and y2 € Maty ,,(Op)g~! hold. We also notice that g~1(g belongs to S, (OF)
if and only if (gMat,1(Org) = gMat,1(Og) and Maty,(Og)g~1¢ =
1\/[a‘517n(OE)g_1 hold. Moreover, the Og-lattice g Mat,, 1 (Op) is invariant un-

der the involution c, and is dual to Mat; ,,(Og)g~! under the pairing (A.1).
It follows that the assignment

g+ A= A(g) = gMat,,1(Op)
induces a bijection between the set
{g € GLu(F)/ GLA(OF) | (g7 "1, 429) € Mn(OF), 9~ '¢g € Sn(OF)},
and the set
{Og-lattice A C Mat,, 1 (E) |y1 € A,y2 € AV, A=A, (A=A}
in which the latter is equal to
{Og-lattice A C Mat,, 1(E) | L1 € A,Ly €AY, A° = A, (A = A}

It is clear that the above bijection further induces a bijection between such el-
ements g with val(det g) = 7 and such Og-lattices A with lengthy (A/L1) =
i, namely, the set M;((,y). Now notice that we have

val(det g) = length,_(Mat,, 1(Og)/L1) — lengthy (A/Ly)
and

lengthOE (Matn,l(OE)/Ll) = Val(det(yla Cyla L) Cn_lyl)) = ’U(C7 y)
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It follows that if length, (A/L1) = 4, then we have

pp/r(detg) = (—1)°CV 7 = (=1)"-w((,y)

and
d s .
3| ldet(g)lp = —2logq - (v(C,y) ).
S1s=0
The lemma is proved. O

Define two isomorphisms of E-vector spaces
¢1: Mat,1(E) =V, (E), Cyrv &2, i=0,....,n—1,

and
p2: Maty ,(E) =V, (E), '+ &2, i=0,....,n—1.

By (A.1), the standard sesquilinear form (A.2) transfers to the hermitian
form on V (E) under ¢; X ¢o. It is clear that under ¢, the unique F-
linear involution Mat,, 1 (E) — Mat, 1(F) sending a - (‘y; to a® - (¢))°y; =
a® - ("'y; for every a € E and i = 0,...,n — 1 transfers to the unique F-
linear involution 7: V. (E) — V,, (E) satisfying 7(a - £'z) = a® - ¢z for
everya € Fandi=0,...,n—1.

Define the Og-lattice

L=1L¢y =O0pr®Opér® - ®Opt" 'z CV, (E).

Then we have ¢;(L(¢,y;)) = L for i = 1,2. For every integer ¢ > 0, we define
N;(¢,y) to be the set

{Op-lattice A C V,, (E) | L CAC L*,6A = A, A™ = A, lengthy, (A/L) = i},

where x denotes the dual lattice under the hermitian form on V_ (E).

Proposition A.2. We have

d
P Orb(s; 1, (04), I, (04)3 €5 ¥)
Sls=0

N 5(¢ |
= —2logq-w(C,y) Y (=1)' (=) - #Ni(¢,y)-

2

&
&

Il
o
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Proof. Notice that the isomorphisms ¢; and ¢2 induce a bijection between
the sets M;(¢,y) and N;((,y) for every 4. As lengthy (L*/L) = 6(C,y), we
know that NN; is empty unless 0 < i < §((,y). Moreover, the assignment
A — A* induces an isomorphism between N;((,y) and Ns( ,)—i(¢,y). Since
d(¢,y) is odd, we have

5(

¢v)

<

(—=Dv(¢y) = 0.

~
Il
o

Thus, we have

6(C.y) A 5(¢,y) .
(=1)"(v(¢y) —4) - #Mi(Cy) = D (=1)" (=) - #Ni(C, ).
i=0 i=0
The proposition then follows from Lemma A.1. ]

Remark A.3. There seems to be a sign error in [RTZ13, Corollary 7.3(2)],
which is corrected in the more general Proposition A.2.

A.2. The minuscule case

Choose a uniformizer w of F'. From now on we assume that (£, z) is minus-
cule, namely, we assume

wl* C L C L,

where L = L¢, as we recall. In this case, L*/L is a vector space over the
residue field kg = Fg of E, which is equipped with an hermitian form
induced from V. Since £ € U(V,,)(F) stabilizes L and L*, we know that &
induces an action £ on L*/L, which is an element in U(L*/L). We denote
by P(T) the characteristic polynomial of & on L*/L. Since ¢ belongs to
U(L*/L), we know that P(T') is self-reciprocal. Here we recall that for a
polynomial

R(T) = a}T* + -+ a1 T + ap € kp[T]

with agar # 0, we define its reciprocal polynomial as
RY(T) = (a§)~" - T"- R(1/T)%;

and we say that R(T') is self-reciprocal if R(T) = R*(T).

Now for every irreducible factor R(T) of P(T), for P(T') defined above,
we denote the multiplicity of R(T") in P(T") by m(R(T)). Since P(T) is self-
reciprocal, if R(T) is an irreducible factor of P(T), then R*(T) is also an
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irreducible factor of P(T'). Thus, taking reciprocal R(T") — R*(T') induces
an involution on the set of irreducible factors of P(T). We denote by NSR
the set of all orbits of non-self-reciprocal monic irreducible factors of P(T)
under this involution.

Lemma A.4. If P(T) has a unique self-reciprocal monic irreducible factor
Q(T) such that m(Q(T)) is odd, then

5(¢.y) A
D (1) (=i) - #Ni(C,y)
1=0
—degQ(r) MC@IDEL T (1 (Re)).

2 {R(T),R*(T)}eNSR
Otherwise, we have

5(¢y) ‘
(=1)"(—4) - #Ni(¢,y) = 0.
i=0
Proof. This follows from the same proof as [RTZ13, Proposition 8.2]. O

Put A := L*. Since (£, x) is minuscule, we know that A is a vertex lattice,
namely, it satisfies wA C A* C A. Let V(A) be the Deligne-Lusztig variety
associated to the vertex lattice A as in [LZ17, Section 2.5] and [RTZ13,
Section 3], which is a smooth projective variety over k, where k is the residue
field of F as in Subsection 1.3.

Lemma A.5. We have a canonical isomorphism

TeNAZ,(z) = V(A)*

of k-schemes.

Proof. Notice that we have a canonical isomorphism I'¢ NAZ,, (z) = Z,,(x)N

./\/'5 Let Ny C N, be the closed Bruhat-Tits stratum associated to the
vertex lattice A as in [LZ17, Section 2.6]. Then by definition, we have

Za(x) NNE = NS

By [LZ17, Corollary 3.2.3 & Section 2.6], we have N = V(A). The lemma
then follows. O
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Lemma A.6. We have that V(A)¢ is empty unless P(T) has a unique self-
reciprocal monic irreducible factor Q(T') such that m(Q(T)) is odd. Assume
that V(A)$ is non-empty. Then V(A)S is an Artinian k-scheme, and

x(Or, ®H(9N% Onz,(2))
= length,, V(A)E

—degQ(r)- MCQIDEL T (1 (re)).

2 {R(T),R*(T)}NSR

Proof. The result follows directly from Lemma A.5, [LZ17, Corollary 3.2.3],
[RTZ13, Proposition 8.1], and [HLZ19, Lemma 5.1.1 & Theorem 4.6.3].
Strictly speaking, these references assume F' = Q,, but the same proof works
for general F' as long as one replaces the results related to the Bruhat—Tits
stratification and special cycles by the more general ones in [Cho]. O

Theorem A.7. Conjecture 1.12 holds when (&, ) is minuscule.

Proof. This follows immediately from Proposition A.2, Lemma A.4, and
Lemma A.6. O

Appendix B. Poles of Eisenstein series and theta lifting for
unitary groups

In this appendix, we prove some results about global theta lifting for unitary
groups, namely, Theorem B.4 and its two corollaries. These results are only
used in the proof of Proposition 4.13. Thus, if the readers are willing to
admit these results from the theory of automorphic forms, they are welcome
to skip the entire section except the very short Subsection B.1 where we
introduce some notation for the discrete automorphic spectrum.

B.1. Discrete automorphic spectrum

We recall some setup about the discrete automorphic spectrum.

Let G be a reductive group over a number field F'. Let Z¢ be the center
of G. For an automorphic character x: Zg(F)\Zg(Afr) — C*, we denote
by L2(G(F)\G(AF),x) the space of measurable complex valued functions
f on G(F)\G(AF) satistying f(gz) = x(2)f(g) for z € Zg(AF) and such
that |f(g)x'(g)|* is integrable on G(F)\G(AFr)/Zg(AF) for some (hence
every) character y': G(F)\G(Ap)— C* such that x - (X' | Zg(AF)) is uni-
tary. The group G(Ar) acts on L%(G(F)\G(AF),x) by the right trans-
lation. Denote by L3. (G(F)\G(AFr),x) the maximal closed subspace of

disc
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L2(G(F)\G(AF), x) that is a direct sum of irreducible (closed) subrepre-
sentations of G(Ar). We put

L(ziisc @ LdlSC \G(AF) )

Where X runs through all automorphic characters of Zg(Ar). Finally, denote

by L2, (G) the subspace of L% (G) consisting of cuspidal functions. Both
L3.(G) and L2, (G) are representations of G(A ) by the right translation.

Definition B.1. Let 7w be an irreducible admissible representation of G(Ar).

(1) We define the discrete (resp. cuspidal) multiplicity mdlsc(ﬂ') (resp.
Meusp(m)) of 7 to be the dimension of Homga (7, L3 (G)) (resp.
HomG(A )(W7Lgusp<G)))'

(2) We define a discrete (resp. cuspidal) realization of m to be an irre-
ducible subrepresentation V; contained in L% (G) (resp. LZ,,(G))
that is isomorphic to .

It is known that 0 < Mmeusp () < Maise () < 00.
B.2. Main theorem and consequences

Now we let F' be a totally real number field, and E/F a totally imaginary
quadratic extension. Denote by ¢ the nontrivial involution of E over F'.

Definition B.2. We say that an automorphic character p: E*\Aj — C*
is strictly unitary if f1oo takes value 1 on the diagonal AF" Q]RX C (RZ, )[F Ql
as a subgroup of EX C A%.

Remark B.3. It is clear that a strictly unitary automorphic character is
unitary. For every automorphic character p of A%, there exists a unique
complex number s such that p| |} is strictly unitary.

Let V, (, )v be a (non-degenerate) hermitian space over E (with respect
to c) of rank n and let W, (, )w be a (non-degenerate) skew-hermitian space
over E (with respect to c) of rank m. Let G := U(V) and H := U(W) be
the unitary groups of V and W, respectively. We form the symplectic space
Resg/p V ®@r W, and let Mp(Resg,p V ®g W) be the metaplectic cover
of Sp(Resg/r V @p W)(AF) with center C'. Then we have the oscillator
representation w of Mp(Resg,r V ® W) with respect to the standard ad-
ditive character ¥ p.'7 Let i = (pv, pw) be a pair of splitting characters for

1"In this article, we will always use 1z to form oscillator representations. Thus,
in the sequel, we will no longer mention the dependence of r when discussing
oscillator representations.
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(V, W), that is, (uy, pw) is a pair of automorphic characters of A7, satisfy-
ing py | Ap = Wy e and pw | AL =l /- Then it induces an embedding
tp: G(AF) x H(AF) = Mp(Resg/p V®@g W). By restriction, we obtain the
WEeil representation

(B.1) w/Y’W =wouy

of G(Ar) xH(AFp). It induces the global theta lifting map GXY\,: For an irre-
ducible smooth subrepresentation V C L2, (G) of G(AFr), we obtain a sub-

cusp

representation @XYV(V) C € (H(F)\H(AF),C) of H(AF). More precisely,
there is a space of theta functions 0,(9,h) on G(F)\G(AF) x H(F)\H(AF),

which is an automorphic realization of wZ’W. Then @E/V(V) is spanned by

B / (0.1 (9)dg
G(F)\G(AFr)

on H(F)\H(AF) for f € V. Similarly, we have the reverse global theta lifting
@V
map O yy.

functions

We consider an automorphic representation m of G(Ar) and a strictly
unitary automorphic character p: E*\A} — C*. We study three objects
associated to m and u as follows.

e Let S be a finite set of places of F' containing all archimedean ones
and such that for v € S, both m, and p, are unramified. We then have
the partial standard L-function L(s, 7 x ).

e Let G be the unitary group of the hermitian space Vi := V@D, where
D is the hyperbolic hermitian plane, let Q be a parabolic subgroup of
G stabilizing an isotropic line in D, and let K C G;(A ) be a maximal
compact subgroup such that the Cartan decomposition Gi(Ap) =
Q(Ar)K holds. Let V; be a cuspidal realization of w (Definition B.1).
Let I(V; X p¢) be the space of functions f on Gi(Ap) such that for
every k € K the function p — f(pk) is a K N Q(Ap)-finite vector
in Vi X (u - | \g+1)/2).18 For every f € I(Vx W u°), we can form
an Eisenstein series &q(g; fs) normalized such that Re(s) = 0 is the
unitary line (see [Sha88, Section 2| for details). By Langlands theory
of Eisenstein series [Lan71, MW95], &q(g; fs) is absolutely convergent

n+1

for Re(s) > ™3= and has a meromorphic continuation to the entire

complex plane.

8Here, we regard vectors in V, X (u® - | |§;+1)/2) as functions on Q(A ) via the

Levi quotient map.
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e Let V; be a cuspidal realization of m (Definition B.1). Then we have

the global theta lifting @YZ ») v (Vz). We will adopt the convention that
if p| Ay # ,ug/F with m = dimg W, then @?}Z’V)yv(Vﬂ) =0.

We have the following theorem, which is the unitary version of a weaker
form of [GJS09, Theorem 1.1].

Theorem B.4. Let 7 be an irreducible admissible representation of G(Ar),
let Vx be a cuspidal realization of m (Definition B.1), and let p: EX\Aj —
C* be a strictly unitary automorphic character. We have

(1) For so € C with Re(sog) > 0, consider the following statements:

(a) L5(s,mx u)-L°(2s, 1, AsCD™) has a pole at so, where As™ stand
for the two Asai representations (see, for example, [GGP12a, Sec-

tion 7]).

(b) {&q(g; fs) | f € (VxR u®)} has a pole at s+ j for some integer
j=0.

(c) @YX V) v(Vz) # 0 for some skew-hermitian space W of dimension

n+1—2sy and some v with v | A5 = M%/F-w

Then (a) = (b) = (c).

(2) The skew-hermitian space W in (1c) is unique up to isomorphism.
We will prove the theorem in Subsection B.3.

Corollary B.5. Denote the set of poles of L°(s,m x ) - L5(2s, ju, Ast=D")
in the region Re(s) > 0 by Poliu. Then

(1) If p is not conjugate self-dual, then Pol;iu is empty.
(2) If v is conjugate orthogonal (Definition 4.1), then Pol;?}u is contained

in the set {2t o=t ndl oy
(3) If p is conjugate symplectic (Definition 4.1), then Poliu is contained
in the set {2,252, ... 2 — |21}
Proof. This is a direct consequence of Theorem B.4. O

Let V; be a cuspidal realization of 7, and suppose that {&q(g; fs) | f €
I(Vz ® )} has the largest pole at spax. By Theorem B.4, there is a skew-
hermitian space W of dimension n + 1 — 2s,x, unique up to isomorphism,

such that @yx 0 v (V) is nonzero.

19This property is independent of the choice of such v since changing v results
in a twist of @(Wu ),v(Vx) by a character.
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Corollary B.6. Let the notation be as above. Suppose that @Yzju)jv(Vﬂ) is
cuspidal. Then

(1) The space @yz ) v (V) is an irreducible representation of U(W)(Ar);
and

(B.2) Ve =00, 1,1y _w(O0 ) v(Vr)),

where —W, (, )_w denotes the skew-hermitian space W, —( | )w, and
we naturally identify U(W) with U(—W).

(2) The space Xs,,, (Vx B u°) generated by residues of {&q(g; fs) | f €
I(Va R u®)} at s = smax s an irreducible representation of G1(Ar);
and
(B3) R (Ve R =0V, 1 (OF,, (V).

(3) In the situation of (1) (resp. (2)), let mw (resp. 1) be the underlying
(irreducible) representation of @yx’y)’v(Vﬂ) (resp. s, (Ve R uc)). If
mw has a unique realization as a subquotient in the space of automor-
phic forms on U(W), then meusp(m) =1 (resp. meusp(m1) =0).

Proof. Put m :=n + 1 — 2syax for simplicity.

For (1), the irreducibility follows from [Wul3, Theorem 5.3], and (B.2)
follows from [Wul3, Theorem 5.1].

For (2), since the space generated by the constant terms of forms in
HKs,,..(Vx R pu®) is an irreducible representation of Mq(A ), where Mq is the
Levi quotient of Q, the space Zs,,, (Vz X u°) is an irreducible representation
of G1(A). Then (B.3) follows from [Wul3, Proposition 5.9].

For (3), we first study meusp(m). Let V. be an arbitrary cuspidal real-
ization of w. By Theorem B.4, there exists a skew-hermitian space W’ of

the same dimension m such that 62]/\;/'/) v(Vi) # 0. As m < n, by the local

theta dichotomy [SZ15, Theorem 1.10],2° we have W ~ W. By the Howe
duality [GT16, Theorem 1.2], the underlying representation of @EX,/V),V(V?;)
must be isomorphic to a finite sum of myw. Then the assumption of Ty im-
plies @?Z’V)’V(Vﬂ) = @E}Z:V)N(Vé)' Thus, V; = V/ by [Wul3, Theorem 5.1].
In particular, meusp () = 1.

Then we study meusp(71). Let Vi, be a cuspidal realization of ;. By the
identity L°(s,m1) = L°(s,m) - L%(5 — Smax, 1), we know that L(s, 71 x p)
has a pole at spax + 1. By Theorem B.4, there exists a skew-hermitian space

20 At a nonarchimedean place, the local theta dichotomy is also proved in [GG11].
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Wi of dimension (n 4 2) + 1 — 2(Spmax + 1) = m such that @Xz,lu),w (Vi) #
0. Again by the local theta dichotomy and the Howe correspondence, we
have W; ~ W and that the underlying representation of @XZ}V)N(VM) must
be isomorphic to a finite sum of myw. Then the assumption of 7w implies
O v, (Ve) = O ) y(Va). Thus, Vi, = O, 1) w(OF ) (Vx)) by
[Wul3, Theorem 5.1], which is simply % . (V; X u) by (B.3). This is a

contradiction. Therefore, meysp(m1) = 0. O

Remark B.7. In fact, in Corollary B.6, the space @XX ») v (Vx) is always cus-
pidal, which follows from an analogous statement of [GJS09, Theorem 5.1],
whose proof can be adopted to the unitary case as well. Since we do not

need this fact, we will leave the details to interested readers as an exercise.
B.3. Proof of Theorem B.4

We follow the strategy in [GJS09]. We first prove the following proposition,
which is a part of Theorem B.4.

Proposition B.8. Suppose that u¢ = p~'. Let s1 be the mazximal positive
real pole of {&q(g; fs) | f € I(Vz B puc)}. Then

(1) There is some skew-hermitian space W of dimension n+ 1 — 2s1 such

that @XX v (Va) #0.
(2) All other positive real poles of &q(g; fs) have the form si — j for some

integer 5 = 0.

Part (1) of this proposition is the unitary version of [GJS09, Theo-
rem 3.1]. The proof is very similar to the argument in [Moeg97, Section 2.1]
and [GJS09, Section 3], which are for orthogonal groups. We will only sketch
the proof with necessary modification for the unitary case.

We first introduce some notation. Fix a polarization D = 6T @& §~ of the
hyperbolic hermitian plane D. For an integer a > 0, put 6 = (67)%* and
Vo =Va& (s, ). Put G, = U(V,) and let Q, C G, be the parabolic
subgroup stabilizing the subspace ;. In particular, we may identify Q
with Q. Note that the Levi quotient of Q, is isomorphic to G X Resg,r GLq.

In particular, we have the space of functions V; X (uc - | ‘gwa)/ 2) o det,
on Qu(Ar), where det,: GL, — Gy, is the determinant map. Similar to
I(Vz ® p¢), we have the space I,(V; X u°) of functions on G,(Ap); and
for f, € I,(Vx X ), one can form the Eisenstein series &q,( ; fa,s) on
Gq(AFp), which is absolutely convergent for Re(s) > "$%. In particular,

Li(Ve ®p®) = [(Vr B uc). Let Pol,(Vx B 1) be the set of positive real
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poles of &g, ( ; fa,s). Then s; is the largest number in Poly (V; X 1) by our
assumption.

Lemma B.9. Let sy be an element in Poly(Vy X u°) such that so + j &
Poly (Vz & u€) for every integer j > 0. Then s + aT_l lies in Pol, (Vz B u®).

Proof. This is the unitary analogue of [Mceg97, Remarque 1.1] and [GJS09,
Proposition 1.1]. The argument for [Mceg97, Remarque 1.1] works in the uni-
tary case as well. However, we would like to remark that in [Maeg97, Remar-
que 1.1], the author assumes that sg is the maximal element of Poly (VX pu°).
This is unnecessary since the argument only uses the fact that so + j ¢
Poly (Vz ® u¢) for every integer j > 0. O

Now we recall the generalized doubling method for unitary groups. Again
let —V be the hermitian space with the negative hermitian form on V. Let
V® be the doubling space V @& (—V). For an integer a > 0, put

Ve =Va@ (6] ®0,) =V, @ (-V).
Via this decomposition, we have a canonical embedding
t: Gg x G = U(Vy),

where we have identified G with U(—V). Put V¥ := {(v,+v) € V°|v € V}
and VI := V¥ @ §F. Let P, be the parabolic subgroup of U(V?) stabilizing
the maximal totally isotropic subspace V; of V. Then the Levi quotient

of P, is isomorphic to Resg/p GLpni,. We have the space of degenerate
(VZ)(AF)(Mc )
o(AF)
| I°) odetyiq- Let f7 o be a standard section in Jo(s, p1¢). Then we can form
the Siegel-hermitian Eisenstein series &p,( ;f5 ) on U(Vy)(Ap), which
is absolutely convergent for Re(s) > 3%, See [Tan99, Section 1] for more
details.

Now for a standard section fy ; € Ja(s, 1) and a cusp form ¢ € V., we
have the function

series Jo(s, pu¢) as the normalized induced representation Indg

(B.4) o) = /G o ol D)ot

on G4(AFr). The following lemma is analogous to [GJS09, Proposition 3.2].

Lemma B.10. Suppose that | Ay = ,uiE/F fori e {0,1}. We have
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(1) The poles of the Siegel-hermitian Eisenstein series &p,( ;fq ) in
the region Re(s) > 0 are all simple, and are contained in the set
Nl I

(2) The integral (B.4) is absolutely convergent for Re(s) > 42,

(3) The function ff;;f has a meromorphic continuation to the entire com-
plex plane, whose poles in the region Re(s) > 0 are contained in the
set {45t — 1.}

(4) If s is not a pole of fgf, then fqo'd is a section in the mormalized

induced representation Indgzgig Ve B (- | |3) o det,.

Proof. Part (1) follows from Main Theorem of [Tan99]. The proof of (2—
4) is same as in [Maeeg97, Section 2.1]. In particular, the poles of fgjf are

contained in the set of poles of the Eisenstein series ép, (g; fs|G(AFr)). Thus,
(3) follows from Main Theorem of [Tan99]. O

The following lemma is analogous to [Moeg97, Proposition 2.1] and
[GJS09, Proposition 3.3].

Lemma B.11. For a standard section fg, € Ja(s,u®) and a cusp form
¢ € Vi, we have the identity

/ &, (L(d. 9); fo)b(g)n(det g)dg = &g, (95 F2)
G(F)\G(Ar)

for g € G,(AFr), as meromorphic functions in s away from the poles of fgf

Proof. The proof is almost same to the argument on [Maeg97, p. 214-215].
We will sketch the process. To ease notation, we identify G, x G as a subgroup
of U(V?) via . We consider the double coset

(B.5) Po(FNU(VE)(F)/Ga(F) x G(F).

We identify P,(F)\U(VS)(F) with the set of maximal isotropic subspaces
of V¢. Let L be such a subspace. Put dy, := dimg(L N (=V)). Then L and
L’ are in the same double coset of (B.5) if and only if d, = dy,. In other
words, we have a canonical bijection between (B.5) and {0,1,...,r} where
r is the Witt index of V. Moreover, the identity double coset corresponds to
0. For every d = 0,1,...,r, we fix a representative 4 of the corresponding
double coset (we take vy to be the identity matrix). Then for ¢’ € G,(AF),
we have

/ Sp. (g 9): £2 )6 (9 uldet g)dg
G(F)\G(AFr)
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- Z/ G(F)\G(Ar)
> fas(va('g',79))¢(9)u(det g)dg

(VM€Y "Pa(F)1aN(GaxG)(F)\(Ga X G) (F)

- >

V€75 Pa(F)aG(F)NGa(F)\Ga (F)

/ 12 (a7 9))6(g)(det g)dg.
G(F)Ny; 'Pa(F)v4\G(AF)

It is easy to see that, since ¢ is cuspidal, the integration vanishes unless
d = 0. Thus, we have

/ &p, (g, 9); fa ) o(g)u(det g)dg
G(F)\G(Ar)

M

/ £2.(va('d' 9))dlg)uldet g)dg
G(AF)

V' EP o (F)G(F)NGo (F)\Gy (F)

M

/ £2.((g7'd 1)e(g)dg
G(AFr)

V' €P(F)G(F)NGa (F)\Ga(F)

- > | e
7/ €PL (F)G(F)NG. (F)\G, (F) Y G(AF)
= 8. (91 120).
Here, the last equality is due to the fact that P,(F)G(F) NGy (F) = Qa(F).
The lemma follows. O

The following lemma suggests that sections of the form f§;§’ detect poles
of &g, when a is sufficiently large.

Lemma B.12. There exists an integer ag depending only on Vi and p such

that for every integer a = ag, if s is not a pole of {fi;f}, then the functions

{fo2) for all standard sections fg s € Ja(s,u) and ¢ € Vi span the whole
Ap

space IndS EA ;V B (1€ - | |%) o detq.

Proof. This follows from the same discussion after [GJS09, Proposition 3.3].
O

Proof of Proposition B.8. Let sy be an element in Poly (V; X 1) such that
so 4+ 7 & Poli(Vy X ) for every integer j > 0. Put s, = sg + 4=. Let
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a be an integer such that s, > % and a > ag, where ag is as in Lemma

B.12. By Lemma B.10, f5¢ is holomorphic at s = s,. By Lemma B.9 and
Lemma B.12, we may find some standard section fg ; € Ju(s, u°) and ¢ € V;;

such that &g, ( . f2) has a pole at s = s,. By Lemma B.11, we know that
&p,( ;fas) has a pole at s = s, for such f7 .. Therefore, sp has to be the
maximal element in Poly (VX ), that is, sp = s1. In particular, (2) follows.

We continue for (1). By Lemma B.10(1), the pole must be simple, that is,
Ress=s,6p,( ; fas) # 0. Put m == n+1-2s; and m, := 2(n+a)—m. Let W¢
be a skew-hermitian space over E of rank m,. We have a Weil representation
of U(VE)(AFp) x UW*)(AF) on the Schwartz space . ((V} @ W*)(AF)),
and a U(V?)(Ar)-equivariant map

£0: F (Vi 25 W(AR) = Indl (R e ) o detgg

sending @ to fg“), which is known as taking Siegel-Weil sections. For more
details, see, for example, [Ich04]. Since m, > n + a, by [KS97, Theorem 1.2
& Theorem 1.3] and [Lee94, Theorem 6.10], the map

£ @A (VE ©p W (AR)) = Indp G (- | ) o det i,
Wa

by considering all possible skew-hermitian spaces W® of rank m, up to
isomorphism, is surjective. Thus, there exist some W® in the above direct
sum and an element ® € . ((V} @ W?)(AF)) such that féf“') = f° . hence

a,s’
Res;—s, &p, ( ;fés“)) =% 0. In particular, the Witt index of W is at least
mg — (n + a). Now by the main theorem on [Ich04, p.243], we have the
identity

Ress:sa éapa( ) fc%sa)) =cC- / H(MC,I)( ; h)dh
UW)(FNU(W)(AF)

as functions on U(V¢)(Afr). Here, ¢ is a nonzero constant; W is a certain
skew-hermitian space of rank 2(n + a) — m, = m determined by W¢; and
0(,,1) 1s a certain theta series on U(Vg)(Ar)x U(W)(A ) with respect to the
pair of splitting characters (u°, 1) in which 1 denotes the trivial character.
By Lemma B.11 and our choices of f7 ; and ¢, the integral

(B.6) / / 0e1) (10" 9). W) (g)u(det g)dhdg
G(F)\G(AFr) JUW)(F)\UW)(AF)
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is nonzero for some ¢’ € G,(Ar). Now we need to separate the variables ¢’
and g in the above theta series. Choose an arbitrary automorphic character
v of A}, such that v | Aj = % /- We have two embeddings

/= 1 idy ) Ga X G x U(W) < U(VE) x U(W),
" Gy x G x UW) = (G, x UW)) x (G x U(W)),

in which the second one is induced by the diagonal embedding of U(W). It
follows from [HKS96, Lemma 1.1] that

VW ( V., W ®wvw ) o
(pe,1) = W) P9 e )

for the restriction of Weil representations (B.1). Therefore, without lost of
generality, we may assume that there exist finitely many pairs (9(1) ol )

(ne,ve)? 7 (e )
in which HE g ) (resp. GE] )) is a theta series on G,(Ar)x U(W)(AFr) (resp.

G(AF) x ( J(AFR)) with respect to (u€,v°) (resp. (uc,v)) such that
]
9(# 1) ZH(M ve g h )(97 h)a

and that (B.6) is nonzero for some ¢’ € G,(Ar). Then we have

(B.6) = / / 6,((d'9), h)b(g)(det g)dhdg
G(F)\G(AFr) JUW)(F)\UW)(AF)

/G(F)\G(AF) /U(W)(F)\U(W)(AF)
S0 g (9. )b (g)u(det g)dhdg

-y 0y 0 1)
i JUW)(F)N\U(W)(AF)

ol h det g)dg | dh
X (/ . (9, h)(g)p(det g) g)
=3 [ oo e 1)
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In particular, there exists some 7 such that

00, (9: ) é(g)dg # 0.

/G(F)\G(AF)

In other words, @XZ ) v(Vz) #0, and (1) follows. O

Proof of Theorem B.4. By the Langlands—Shahidi theory, the poles of the
Eisenstein series ég( ;fs) are controlled by its constant term, which in
term are control by the intertwining operator attached to the longest Weyl
element in Q\G;/Q. By the Gindikin—Karpelevich formula, we know that
the poles of the L-function

L5(s,m x p) - L%(2s, p, AsC=D")
LS(s+ 1,7 x p) - LS(2s + 1, i, AsC-D™)

(B.7)

in the region Re(s) > 0 are contained in the set Pol; (V; X 11¢). See the proof
of [GJS09, Proposition 2.2] for a similar discussion in the orthogonal case.

We first consider the case where u¢ # p~'. Then LS(s,,u,As(_l)n) has
no pole for Re(s) > 0. On the other hand, by [Kim99, Corollary 2.2], the set
Pol; (Vi X 1i¢) is empty. Thus, it follows easily that L(s,7 X u) has no pole
for Re(s) > 0 as well. Theorem B.4 is proved in this case.

Now we assume that u¢ = p~1. In other words, u | A% = MjE/F for a
unique element i € {0,1}. Part (2) is a consequence of the local theta di-
chotomy [SZ15, Theorem 1.10]. It remains to consider (1). Let sy be a pole
of L%(s,m x ) - L5(2s, 11, AsC"V") as in (a). Let j > 0 be the largest non-
negative integer such that s+ j is a pole of L3 (s, 7 x ) - L5 (2s, ju, Ast=D").
Then the L-function (B.7) has a pole at sop + j. Thus, we have sg + j €
Poly (Vx X ), and (b) holds. For the implication (b) = (c¢), by Rallis’ tower
property for the global theta lifting, we may assume that j = 0 in (b) and
so +J & Poli (VX u¢) for every integer j > 0. Then by Proposition B.8(2),
so = s1. Then (c) follows from Proposition B.8(1). O

Appendix C. Shimura varieties for hermitian spaces

In this appendix, we summarize different versions of unitary Shimura vari-
eties. In Subsection C.1, we recall Shimura varieties associated to isometry
groups of hermitian spaces, which are of abelian type; we also introduce
the Shimura varieties associated to incoherent hermitian spaces. In Subsec-
tion C.2, we recall the well-known PEL type Shimura varieties associated
to groups of rational similitude of skew-hermitian spaces, and their integral
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models at good primes, after Kottwitz. These Shimura varieties are only
for the preparation of the next subsection, which are not logically needed
in the main part of the article. In Subsection C.3, we summarize the con-
nection of these two kinds of unitary Shimura varieties via the third one
which possesses a moduli interpretation but is not of PEL type in the sense
of Kottwitz, after [BHK ™20, RSZ20]. In Subsection C.4, we discuss integral
models of the third unitary Shimura varieties at good inert primes and their
uniformization along the basic locus.

Let F be a totally real number field of degree d > 1, and E/F a totally
imaginary quadratic extension. Denote by c the nontrivial involution of F
over F'. Denote by ®r the set of real embeddings of F' and by ® the set
of complex embeddings of E. Let N[®g] be the commutative monoid freely
generated by ®g. The Galois group Gal(C/Q) acts on ®g, hence on N[®g].
We have the projection map 7: & — P given by restriction. Recall that
a CM type (of E) is a subset ® of &g such that 7 induces a bijection from
® to p. For a CM type @, put ¢ := &g \ @, which is again a CM type.

C.1. Case of isometry

Let V be a (non-degenerate) hermitian space over E (with respect to c) of
rank n > 1, with the hermitian form (, )v: V x V — E that is E-linear in
the first variable. For every 7 € ®p, let (p;, ¢-) be the signature of Vg . R.
We take a CM type ® C . Then we have two elements

(C.1) sigy ¢ = Z prT T+ Z -7, sig{hq> = Z qr7

TEDR TEDR TEDR

in N[®g|. Here, 7~ (resp. 71) is the unique element in ® (resp. ®°) whose
image under 7 is 7.

Definition C.1. We define the reflex field (resp. reduced reflex field) of the
pair (V, ®) to be the fixed field of the stabilizer in Gal(C/Q) of the element
sigy ¢ (resp. sig@@), denoted by Ev, ¢ (resp. E'\’,@).

Let U(V) be the unitary group (of isometry) of V, that is, the reductive
group over F' such that for every F-algebra R, we have

U(V)(R) = {g € GLR(V F R) | (gﬂﬁ,gy)v = (%y)v for all T,y € \Y KF R}

For every 7 € ®p, we may identify V®p .- C with C#", hence U(V) ®p, R
is identified with the subgroup of Resc g GL; of elements preserving the

hermitian form given by the matrix <I’” 1 )
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Put G := Resp/g U(V). We define the Hodge map
hgf’q,: Resc/r Gm — Gg

to be the one sending z € C* = (Res¢/r Gm)(R) to

(" ) (7 o, ) o

where we identify Gr(R) as a subgroup of GL,(C)¢ via {r;,...,7; }. Then
we obtain a Shimura data (G, hQ,@). It is of abelian type but not Hodge type;
and its reflex field coincides with E{,@. The theory of Shimura varieties
provides us with a projective system of schemes {Sh(G, h{,,q)) K} K, quasi-
projective and smooth over Ev o of dimension ) _ co, Prqr, indexed by neat
open compact subgroups K of G(AOO) =U(V)(AP).

Remark C.2. Suppose that there is an element 7 € ®p such that V has
signature (n — 1,1) at 7 and (n,0) at other places. Then the Hodge map
h?,ﬁp hence the Shimura variety Sh(G, h?,@)K depend only on ®N7~ 17, that
is, the unique element contained in ® above 7. Thus, for an element 7/ € ®p
above 7, we may write hy » and Sh(G, hy /) for those ® containing 7. In
particular, the reflex field of hy , is 7/(E). The Galois group Gal(C/7'(E))
acts on the set of connected components of Sh(G,hy )k ®,(g) C via the
composite homomorphism

Gal(C/r'(E)) "% 7/ (B) \(A%)* T E\(AF)

« e—efe

—— E\(A%),

where rec is the global reciprocity map for the number field 7/(FE).

Now we would like to attach Shimura varieties to an incoherent hermi-
tian space, a concept originated from [KR94] in the orthogonal case and
explored in [Zhal9]. This observation generalizes the case of Shimura curves
n [YZZ13], and has already appeared in some old work [Liulla, Liullb],
with more details explained by Gross [Gro21] recently.

Definition C.3. An incoherent hermitian space over Ag is a free Apg-
module V of some rank n > 1, equipped with a non-degenerate hermitian
form (, )v: V xV — Apg with respect to the (induced) involution ¢ on
A such that its determinant belongs to Ay \ F* Na,/Ar A% We say that
V is totally positive definite if for every 7 € ®p, V ®AF,T R is positive
definite.
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Let V be a totally positive definite incoherent hermitian space over Ag
of rank n > 1, and let G := U(V) be its group of isometry, which is a
reductive group over Ap.

Definition C.4. For 7 € &, we say that a hermitian space V over E is
T-nearby to Vif Vo AT, ~ V®a, AT, and V®r R has signature (n—1, 1).

It is clear that for every 7 € ®p, there exists a hermitian space that is
T-nearby to V, unique up to isomorphism. We fix such a space V(7). Put
G(7) == Resp/g U(V(7)). We fix an isomorphism V®a , AYP ~ V(7)0F A%,
hence an isomorphism G(AY) ~ G(7)(A>).

Proposition C.5. There is a projective system of schemes {Sh(V) g}k over
E indezed by sufficiently small open compact subgroups K of G(A%F), such
that for every T € ®p and every 7' € ®g above it, we have an isomorphism

{Sh(V)k ®@p 7'(E)}k =~ {Sh(G(7), hy(r) ) K } K

of projective systems of schemes over 7' (E). Here, we use the fived isomor-
phism G(AY) ~ G(7)(A™®) to regard K as a subgroup of G(7)(A>).

Proof. See [Gro21, Section 10]. O

Definition C.6. We call the projective system of schemes {Sh(V)x } x over
FE in Proposition C.5 the Shimura varieties associated to V.

Remark C.7. One can also interpret Proposition C.5 in the following way:

The scheme
H H Sh(G(T)7 hV(T),T’)K

T€Pp T'ET T

H H SpecT'(E) = H Spec ' (E)

TEQE T/ET T T'edg

over

descends to a scheme Sh(V)g over Spec E, where the above fiber products
are taken over Spec Q.

The scheme Sh(V)g (for K sufficiently small) is quasi-projective and
smooth over E of dimension n — 1. It is projective if d > 1 or n = 1. In
all cases, we denote by Sh(V)x the Baily-Borel compactification of Sh(V)g
over E. Then Sh(V)x \ Sh(V)x is either empty or consists of isolated singu-
lar points. Let éTl(V)K be the blow-up of Sh(V)x along Sh(V)x \ Sh(V)g.
If Sh(V)k is proper, then §B(V)K = Sh(V)k. Otherwise, we must have
d =1, that is, F' = Q. In this case, there is only one choice for 7 € &, for
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which we will suppress from various notation like V(7), G(7), etc. However,
there are still two choices of ®, say, {7*} and {7~ }. We have isomorphisms

(C.2) Sh(V)k @pr+ 75(E) = Sh(G, hy -+ )k

extending those in Proposition C.5. Here, §E(G,hV7T¢)K is the unique to-
roidal compactification of Sh(G,hy )k over E [AMRT10, Pin90].

Definition C.8. We call the projective system of schemes {,S\H(V) K } K over
E the compactified Shimura varieties associated to 'V (even when Sh(V)g
is already proper).

Remark C.9. The boundary Sh(V)x \ Sh(V)x is a smooth divisor.
C.2. Case of similitude

In this subsection, we recall the notion of Shimura varieties attached to the
group of similitude of a hermitian space, which are of PEL type. They will
not be used in the main part of the article, but it is instructional to introduce
them for the later discussion.

Let
U= Z p77—++ Z QT

TE':DF 7'€<I>F

be an element of N[®g] such that p; + ¢ = n for every 7 € ®p. Let Ey be
the fixed field of the stabilizer of ¥ in Gal(C/Q).

Definition C.10. Let S be an Ey-scheme.

(1) An (E, V)-abelian scheme over S is a pair (A4,17), where A is an abelian
scheme over S, and i: £ — Endg(A)g is a homomorphism of Q-
algebras such that for every e € FE, the characteristic polynomial of
i(e) on the locally free sheaf Lieg(A) on S is equal to

II (@77 () (T = (e))* € Os]T].
TEDR

(2) A polarization of an (FE,¥)-abelian scheme (A,) is a polarization
A: A — AV satisfying Ao i(e) = i(e®)V o \ for every e € E.

Definition C.11. For a ring R containing Q, a rational skew-hermitian
space over F ®g R of rank n is a free F ®g R-module W of rank n together
with a R-bilinear skew-symmetric non-degenerate pairing

<,>W:WXW—>R
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satisfying (ex,y)w = (x, e°y)w for every e € E and x,y € W. We say that
two rational skew-hermitian spaces W and W’ over E®q R is similar if there
exists an isomorphism f: W — W’ of E®g R-modules such that there exists

some v(f) € R* satistying (f(z), f(y))w = v(f){x,y)w for every z,y € W.
We take a rational skew-hermitian space W™ over A% = E ®g A™ of
rank n. Let H*® be the group of similitude of W, which is a reductive

group over A*°. We denote by W(W ) the set of similarity classes of
rational skew-hermitian spaces W over E of rank n such that

e W®g AY is similar to W as a rational skew-hermitian space over
AY = FE ®gp A™ (and we fix a similarity isomorphism),

e the signature of the hermitian form ( ,i- )w on the C-vector space
W Sp,r- Cis (pT7qT)'

It is a finite set; and its cardinality is at most one if n is even.
For every W € W(W®,¥), let H be its group of similitude, that is, the
reductive group over Q such that for every ring R containing Q, we have

H(R)
= {h € GLgg,r(W ®q R) | (hx, hy)w = v(h)(z,y)w for some v(h) € R*}.

We define the Hodge map
hw w: Resg/r Gm — Hr

to be the one sending z € C* = (Resc/g Gm)(R) to

z zl
Zlp,, e [ PP .27 | € Hr(R),
zlg,, v

where we identify Hg(R) as a subgroup of GL,(C)¢ x C* via {r{,...,7; }.
Then we have a Shimura data (H, hyw v) with the reflex field Ey. We obtain a
projective system of schemes {Sh(H, hw w)r } 1., quasi-projective and smooth
over FEy of dimension ZT@)F Prqr, indexed by neat open compact subgroups
L of H®(A>®) ~ H(A™>).

The Shimura data (H, hy ) is of PEL type. In particular, it has a moduli
interpretation which we roughly recall in the following definition.

Definition C.12 ([Kot92]). For an open compact subgroup L C H*(A),
we define a presheaf M(W> W), on Sch’/ g, as follows: For every object

S € SChI/EW, we let M(W>, ¥).(S) be the set of equivalence classes of
quadruples (A, i, \,n), where
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o (A,i)is an (F,V)-abelian scheme over S (Definition C.10),
e )\ is a polarization of (A4,) (Definition C.10),
e 7 is an L-level structure (see [Kot92, Section 5| for more details).

Two quadruples (A,i,A,n) and (A’,i', N, n’)) are equivalent if there is an
isogeny p: A — A’ taking i, \,n to i',c\, 0’ for some ¢ € Q*.

From [Kot92], it is known that M(W®°, ¥), is a scheme if L is sufficiently
small, and we have a canonical isomorphism

M(W*> ¥,

2

1T s bwe)
WeW(We ¥)

functorial in L.

Remark C.13. Let p be a rational prime unramified in £ such that we
may write L = LP x L, in which L, is the stabilizer of a self-dual lat-
tice in W ®a~ Q,. Then the presheaf M(W>,¥); admits an exten-
sion M(W> W), to a presheaf on SCh//OE‘I,,(p) as follows: For every object

S e Sch’/OE o> we let M(W=, W) (S) be the set of equivalence classes of
quadruples (A, i, \,n?), where

e (A,i)is an (E, ¥)-abelian scheme over S in the sense similar to Defi-
nition C.10 but with i: Og ,) — Endg(A) ®z Z(,) being a homomor-
phism of Z,-algebras,

e )\ is a p-principal polarization of (A4,1),

o 1P is an LP-level structure.

The equivalence relation is defined in a similar way as in Definition C.12
except that we require the isogenies to be coprime to p and ¢ € Z(Xp X The
functor M(W*™,¥), is a smooth separated scheme in Sch/p, . if L is
sufficiently small; and is functorial in L.

C.3. Their connection

In this subsection, we study the connection between Shimura varieties in the
case of isometry and those in the case of similitude. Consider

e a hermitian space V, (, )y over E of rank n,

e a rational skew-hermitian space Wg°, (, )o over AY = E ®g A™ of
rank 1 with the group of similitude Hg®,

e a CM type @ of E such that W(W§°, ®°) is nonempty.
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We now equip W : =V @ W{° with a rational skew-hermitian form over
AR = E®qg A>. For z,y € Wg°, let (x,y>$ € A% be the unique element
such that Trg (e - (x,y>8) = (ex,y)o for every e € A%. Thus, we obtain

a non-degenerate pairing ( , )(T): 0° x W — AP that is Ag-linear in

the first variable. We equip W™ with the pairing Trg/q( , )v ®& ( , >;r)a

which becomes a rational skew-hermitian space over £ ®q A*°. By a similar
construction, we obtain a map W(Wg°, @°) — W(W>, ¥) sending Wy to
W, where ¥ = sigy ¢ (C.1). Take an element Wo € W(W§°, ®°) with Hy its

group of similitude. We obtain three Shimura data: (G, h{,,q,), (Ho, hw,,a¢),
and (H, hyw, v) with reflex fields EE, ¢ Po, and Ey = Evy g, respectively.

Lemma C.14. Let E\ﬁ,q) be the subfield of C generated by E'{/@ and Eg.
Then EE, o contains By .

Proof. By definition, the subgroup of Gal(C/Q) fixing E\ﬁ, o stabilizes both
sig?,ﬁp and ®. Thus, it stabilizes sigy ¢. The lemma follows. O
Remark C.15. In the main part of the article, the hermitian space V we

encounter will have signature (n — 1,1) at one place 7 € ®r and (n,0)
elsewhere for some n > 2. Then for whatever ®, we have E{,@ = 7'(E),

where 7/ € @ is either place above 7. However, it is possible that (g EE, o
strictly contains 7/(F), where ® runs over all CM types of E.

Now we consider the reductive group G# := G x Hy over Q. Put h?b =
(h?mI>7 hy, ¢¢). Then we have a product Shimura data (G, hé), whose reflex
field is Es, o- On the other hand, there is a homomorphism qyy: Gf =G x

Hp — H induced by taking tensor product. It is clear that qw o hgb = hwv.
To summarize, we have the following diagram of Shimura data

(C.3) (G, 1 )

(Ho, hw,, <)

For neat open compact subgroups K C G(A*>), Ly C Ho(A*), and L C
H(A®) satisfying qw (K x Lyp) € L, we have the following diagram of



114 Yifeng Liu

Shimura varieties induced from (C.3)

(C.4)
Sh(G, h?/,d))K ®E{,1¢ E@,@

T

Sh(G*, h%) k< 1o — s Sh(H, hw.v)L ®py.s By o

aw,

Sh(Ho, hwy,e¢) 1, @ms EY o

in view of Lemma C.14, in which (qv,qw,) induces an isomorphism

(C.5)
Sh(G*, h% ) kL,

~ (Sh(C. Wy o)x @i, Bhg) %y, (S(Ho. v, o)1, @p, )

in Sch B L functorial in K, Ly, and under Hecke translations.

The Shimura variety Sh(G?, hé) K x L, has a moduli interpretation as well.

Definition C.16. For open compact subgroups K C G(A*) and L C

H{°(A>), we define a presheaf M(V, W, ®)k 1, on Sch’/En as follows:

For every object S € Sch’/Eu , we let M(V,W°, @) 1,(S) be the set of
V,®

equivalence classes of octuples (Ay, i, Ao, Mo; A, 7, A, 1), where
e (Ag,ip) is an (E, ®°)-abelian scheme over S,

Ao is a polarization of (Ag, 1),

no is an Lg-level structure for (Ao, ig, \o),

(A,i) is an (F,sigy ¢)-abelian scheme over S,

A is a polarization of (A,1),

for chosen geometric point s on every connected component of S, 1 is

a m1 (S, s)-invariant K-orbit of isometries

V g A = Hompg, a~ (H{' (Aos, A%), H{' (A, A))

of hermitian spaces over A%’. Here, the hermitian pairing on the latter
space is defined such that (z,y) equals

i (o) oy o\ ow) €y Endpgas (HY' (Aos, A™)) = AF.
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Two octuples (Ao, 0, Ao, m0; A,%,A,n) and (Af, 4, Ay, no; A, ¢, N, ') are
equivalent if there are isogenies ¢o: A9 — A{) and ¢: A — A’ such that

e there exists ¢ € Q* such that ¢ o A\jopp = cAg and ¢ o N 0@ = ¢,

e for every e € E, we have ¢goip(e) = ip(e) opp and poi(e) =1i'(e)op,

e the K-orbit of maps z — p.on(x)o(pp.) ! for z € Vg A> coincides
with 7.

Remark C.17. The Shimura variety Sh(Gﬁ,hgp)KxL1 and its moduli inter-
pretation were first introduced in [BHK"20] when F = Q, and in [RSZ20]
for more general CM extension E/F.

Lemma C.18. Let the notation be as above. We have a canonical isomor-
phism

M(V,W¢°, @)k 1,
~ (Sh(G,th,¢)K Om, , Eﬁw) X (M(wgaq)c)m R, Eﬁw)
mn Sch/Eg/‘(b, functorial in K, Ly, and under Hecke translations.
Proof. We have canonical morphisms
a: M(V, W§°, @), = M(W™,9), @, , B 4
q0: M(V, W, @) 1, = M(WE, 0%, ®p, By 4

of functors obtained from the moduli interpretation. Since (q,qp) induces a
closed embedding, the functor M(V, W§°, @)k 1, is representable. Moreover,
we have a canonical isomorphism

(C.6) MV, W, @)k, ~ [ Sh(G% %)k,
WoeW(Wge,®¢)

functorial in K, Lg, and under Hecke translations. The morphisms q and
qo are compatible with qw and qw, in (C.4), respectively. Combining with
(C.5), we have

(C.6) ~ (Sh(G,h{,@)K Om,, EﬁV@)

XES/ ° H Sh(H()v hWo,¢°)L0 ®FEs ES/,@
’ W()Ew(w(o)ov(b)
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~ (Sh(C. W) By, Bra) %pg , (MOWE, 21, @, B )
The lemma follows. O
C.4. Integral models and uniformization

In this subsection, we study integral models and uniformization of the
Shimura varieties introduced previously, which are only used in Subsection
5.2 and Subsection 5.3 for the main part of the article. We identify E as a
subfield of C via an element 7/ € ®g. We fix a hermitian space V over E
that has signature (n — 1,1) at 7 := 7/ | F' and (n,0) at other places.

We first review the integral models of M(V, W§°, @) 1, in Definition
C.16 at good primes, where we assume 7" € ®. Let p be a prime of F such
that

p is inert E,

the underlying rational prime p is odd and unramified in F,

we may choose a self-dual lattice Ay in V®p Fy for every q € p, where
p denotes the set of all primes of F' above p that are inert in F,

Lo = L} x (Lg), in which (L), is the stabilizer of a self-dual lattice
in Wi ®a~ Qp, and L} is sufficiently small.

Fix an isomorphism between E-extensions C and EgS°. We denote by Spl,
the set of primes of F' above p that are split in E. We also assume that
elements in ® inducing the same prime in Spl, induce the same prime of £
(under the fixed isomorphism between C and E3°).

Denote by E{i,@,p the completion of E\ﬁ,,<I> in E7¢. We now consider sub-
groups K of the form K = KP x Kg x Ky, where K, = qup K4 in which
K, is the stabilizer of Aq, and K? is sufficiently small. For q € Spl,, we
denote by g~ the unique prime of E that is in ® and regard Kg a subgroup
of HqGSplp GLp,_(V®g Eq-).

The following definition is a special case of the discussion in [RSZ20,
Section 4.1] (but with a slightly finer level structure at Spl,)).

Definition C.19. We define a presheaf M(V, Wg°, ®)k 1, on Sch'/o .
Ev. o
as follows: For every object S € SChl/OEn , we let M(V,Wg&°, @)k 1,(S5)
V,o,p

be the set of equivalence classes of nonuples (Ao, %9, Ao, 75 A, 7, /\,np,ms)pl),

where
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(Ao, ip) is an (E, ®°)-abelian scheme over S (in the sense of Remark
C.13),

Ao is a p-principal polarization of (Ao, i),

nb is an Lh-level structure for (Ay,ig, o),

(A,i) is an (E,sigy ¢)-abelian scheme over S (in the sense of Remark
C.13),

A is a p-principal polarization of (A, 1),

for chosen geometric point s on every connected component of .S,

— nP is a 71 (S, s)-invariant KP-orbit of isometries
vV ®Q AP l> HOHIE@@Aoc,p (Heit(AOS,AOO’p),H(lét(A&Aoo’p))

of hermitian spaces over E ®g A°>P. Here, the hermitian pairing
is defined similarly as in Definition C.16,

1. o Pooi o .
— np is a m (S, s)-invariant Kp-orbit of isomorphisms

H VR®g Eq—
q€Spl,

= H Homo,, (Aosl(a7)], Asl(a)>]) ®op, Eq-
qESplP

of [] acp E,--modules. Note that due to the signature condition in

Definition C.12, both Ags[(q7)>°] and A,[(q™)] are étale Op, _-
modules.

The equivalence relation is defined in a similar way as in Definition C.16
except that we require the isogeny ¢q (resp. ¢) to be coprime to p (resp. p),

X
and ¢ € Z(p).

The presheaf M(V,Wg°, ®)k 1, is a separated scheme in Sch’/o .
EV.@,p
which is proper if and only if V is anisotropic. By Definition C.19 and

Remark C.13, we have a canonical morphism

(C7) qo: M(V,Wgo, (b)K,Lo — M(WSO, @C)LO ®OE¢,(;7) OEu

V,P,p
extending the projection to the second factor in Lemma C.18.

Proposition C.20. Let V be as in the beginning of this subsection. Let
p be a prime of F inert in E such that its underlying rational prime is
unramified in E. Denote by p the set of all primes of F' with the same residue
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characteristic of p that are inert in E. We fix a subgroup Ky C U(V)(Fy)
that is the stabilizer of a self-dual lattice in V @p Fy for every q € p, and
put Ky = qup K. Then the Shimura variety

Sh(G, 1’1\/77—/)[(E = 1&1 Sh(G, hV’T/)KEKg
K¥

(see Remark C.2 for the notation) over E has a (smooth) integral canonical
model over O, in the sense of [Mil92, Definition 2.9].

Proof. Let p be the underlying rational prime of p. Choose auxiliary data
®, W§° and Ly as in the previous discussion, such that Lo = L} x (Lo), in
which (Lg), is the stabilizer of a self-dual lattice in W @~ Q, and L
is sufficiently small. Write K for K% x K. It suffices to consider those K2
that are of the form K? x Kg with KP sufficiently small.

Put M = M(Wg°, @)1, ®0p, () OE“V,4>,,J as in (C.7), which is a fi-
nite étale scheme over Op,. Put M := M ®z, Q,. Then we have canonical
isomorphisms

M(V7W807 q))K,Lo XM M
=~ M(V7 W807 (I))K,Lo ®0Eu EE/,CP,}J
V,®,p

~ Sh(G, hy +)x Xz (M(WgO, %), @ Eﬁ,@’p)
>~ Sh(G, hV,T’)K XE M

by Lemma C.18. Take a connected component M of M, which is isomorphic
to Spec O for some unramified finite extension E'/E,, with the generic
fiber M? := M® ®z, Q,. Put M(V,Wg°,®)% ;= qy'M°. Then we have

a canonical isomorphism
MV, W, @)% 1 x a0 M? ~ Sh(G, hy )k xg M.

Thus, it suffices to show that @KEM(V,WSO,@)%H(ELO is an integral
canonical model over M°. We now modify the proof of [Mil92, Theorem 2.10].
Take an integral regular scheme Y over M? such that U := Y x 0 MO is

dense in Y, with a morphism a: U — liéan./\/l(V, Wge, (I))%EK,, Ly XMO MO,

This is equivalent to giving data (Ao, i, Ao, 7h; A, i, A, P, T];pl) as in Defini-
tion C.19, but with

7PV @g AP 5 Hompgya=r (H{"(Ag,, A%P), H{'(A,, A®P))
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being a 71 (U, n)-invariant isometry, and

s [TV @r Be = T Homo,  (Aogl(a™)™), Agl(a7)™)) @0, Eq-
qep aep

being a 71 (U, n)-invariant isomorphism, where 7 is a geometric generic point
of Y; and with the partial data (Ao, 0, Ao, 7h) extending uniquely to Y. In
particular, the action of 71 (U, ) on HS'(Ag,, A>?) factors through 1 (Y, 7),
and that on Hompggg,aw~»(HS'(Ag,, A%P), HS(A,, A>P)) is trivial. Thus,
the action of 71 (U, n) on H{*(A,, AP) factors through (Y, 7). By [Mil92,
Propositions 2.11, 2.13, 2.14], the triple (A,i4,604) extends uniquely to Y.
Then it is clear that (n?,75"") extends uniquely as well.

We then conclude that m e MV, Wg, q))?@ Ky.Lo is an integral canon-

ical model over M?. The proposition follows. O

Definition C.21. We denote by S(G, hy )k, the integral canonical model
of Sh(G,hy )k, over Op, in Proposition C.20, on which the action of
U(V)(AYE) extends uniquely by the extension property. For an open com-
pact subgroup K C G(A*®) = U(V)(AY) of the form K = K x K, we
put

S(Ghy )k = S(G,hy )k, /K2

which we refer as the canonical integral model of Sh(G,hvy )k over Og,. It
is proper/smooth if Sh(G, hy /) is.

Remark C.22. The extension property of integral canonical models together
with Lemma C.18 implies that we have a canonical isomorphism

MV, W, @)1, = S(G by )i Xop, (MIWE, )1, ©0,, , O, )

under which qg (C.7) corresponds to the projection to the second factor.

Remark C.23. Proposition C.20 is slightly stronger than the main result in
[Kis10], as the latter has to assume that K, is hyperspecial maximal.

At last, we review the uniformization of M(V,W{°, ®)g 1, along the
basic locus, which is only used in Subsection 5.3. Let EJ" be the maximal
unramified extension of FEy inside Ep¢. Let k = OEgr ®z F, be the residue
field of E,". Put

MV, W, @) 1, = MV, W5, @)k, ®0,, Opy

p
P, p
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and

M(V, W7, )K Lo leMvwoa

)KPK Kp,Lo'
" Ky

Definition C.24. For an algebraically closed field k&’ containing k, we say
that a K-point (Ao, io, Ao, 1 Ay i, AP, ") € M(V, W, ®)5E 1 () is
supersingular if the p-divisible group A[p®] is supersingular.

Let Og be the completion of Ogz:. Denote by M(V, Wg°, Q)igp,LO the
supersmgular locus of M(V, W{ @)I}(r Lo @O k, which is a Zariski closed
subset. Denote by M(V, Wg° ,@)?AL the completlon of M(V,W§°, @)% 1
along M(V, Wg°, ®)% Ky Lo® which is a formal scheme over O o The descrip-

tion of the uniformization of M(V, Wg°, @)i?’p/\ 1, depends on the choice of
a point N

(C.8) = (Ao, G0, Ao, mp; A, 6, A, 0, i) € M(V, W2, @) 1 (Opyr)
such that P} is supersingular. In particular, we have the induced section
(C.9) P": Spf Oy — M(V,WSO@);;QLO.

We denote the base change of (Ag, %9, Ao; A,%,A) to k by (Aok, tok, Aok;
Ay, i, A ). Moreover, we use Spec k as the reference point in the level struc-
tures (nh; P, n;pl). We now attach to P two objects: a formal scheme N over
Oggr, and a new hermitian space V over E.

e By a slight abuse of notation, let (X,,A) be the supersingular uni-
tary Op,-module induced from (A[p>], ¢[p°], A[p>°]) via [Mih20, The-
orem 3.3]. Similarly, we have (X, %9, Ag) obtained from (A, 29, Ao).
Let N be the relative Rapoport—Zink space parameterizing quasi-
isogenies of the supersingular unitary Or,-module (X, iy, A) of sig-
nature (n — 1,1) as introduced in Subsection 1.3, which is a formal
scheme over O]AE;;*'- In particular, the point P induces a section

(C].O) loC Spf OE w > N
e Now we define the new hermitian space. Put

V == Homy, ((Aok, tok), (Ak, k),
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which is an E-vector space through 4g;. We define a map
(,)y: VxV—E
given by the formula
(C.11) (2,9)y =iy (AJk 0 y” o Apoz) € iy, Endy((Aok, dox)) = E,

which is a hermitian form on V.
Lemma C.25. The hermitian space V, ( , ) has the following properties:

(1) V is of dimension n over E.
(2) V is totally positive definite.
(3) The composite map

Vv (270) AP — HOII]E®QAoc,p (H?t(Aok, Aoo,p)’ H?t (Ak, Aoo,p))
(n?)~ \Vs ®g AP

is an isomorphism of hermitian spaces over F' ®g AP,
(4) The composite map

[T Vor e > [ Homo, (Aal@ ). Al )¥) @0, Ey
qGSplp qESplp
(Pt
— H V®@p E,-
q€Spl,

is an isomorphism of [ | Eq--modules.

q€Spl,
(5) For every q € p, the canonical map

V @p Fq — Homy((Aok[a], 40k [a%]), (Ak[a>], ik[a™])) ®or, Fy

is an isomorphism of Ey-vector spaces.
(6) For every q € p\ {p},

Aq == Homg((Aox[a™], t0x[a°]), (Ax[a™], ix[9]))

is a self-dual lattice in V ®p Fy.
(7) V®r F, does not admit a self-dual lattice.
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Proof. We first show that the canonical map

(C.12) V&g Qp — Homy((Aok[p™], t0x[p™]), (Ax[p™], ik[p™)) @z, Qp

is an isomorphism. Let Op be the Op (,-algebra of endomorphisms of
(Aok, ik | Opp); Aok), and put D = Op ®o,., F. Then D is a totally
definite (division) quaternion algebra over F' which contains F via 2g;. We
write D = E @ Ej for some element j € Op \ pOp such that j~'ej = e for
every e € /. Choose an element f € Op such that f € p but f & q for every
other prime q of F above p; and put j/ := j + f. We define a new action i,
of Op () on By via the formula iy, (e) = j'~' o igr(e) o j'. Then (Agg, ig,)
is an (F, ®')-abelian scheme over k, where ® := (®°¢\ {7/°}) U {7}, with a
polarization Aj, = (j')*Aox. Now by [RZ96, Proposition 6.29], (A, %) is
quasi-isogenous to (Ao, iox)" ! x (Agk, ig). In particular, (C.12) is an iso-
morphism. From this, (1), (3), (4), and (5) follow immediately. Part (2) can
be proved in the same way as [KR14, Lemma 2.7]. Part (7) is a consequence
of (1-6) and the Hasse principle.

It remains to show (6). By the above discussion, (Ag[q>],<x[q*]) is
quasi-isogenous to (Ao [q>], 40x[q>])®" for q € p \ {p}. Then they must be
isomorphic. In particular, the induced hermitian form on Aq is given by the
identity matrix under some basis. Thus, we obtain (6). O

Lemma C.25(3,4) gives rise to an isomorphism
(C.13) tp: VRr A%O’E—>V®F A%O’B

of hermitian spaces over A2, Let K q be the stabilizer of Aq in Lemma
C.25(6) for every q € p \ {p}, which is a hyperspecial maximal subgroup of
U(V)(Fy).

Let M(W5°, @)} be the completion of M(W§°, ®°)r, ®0,. ,, Opx
along the special fiber, which is isomorphic to a finite disjoint union of

Spf OAL“" Then (C.7) induces a morphism
ap s MV, W, @) — M(WE, )7,

of formal schemes over Ogm.
p
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Proposition C.26. The chosen point P (C.8) induces the following Carte-
sian diagram

UWV)EN (N x UYV)AF®)/ Tyep o) Ka) Spf Oy

upl lq@oPA
A

MV, W5, @) M(WE, 2°))

of formal schemes over O, satisfying
P

e upo (P, 1)=P" (see (C.9) and (C.10)), and

e upoT; =T,oup for every g € U(V)(AXE) and g € U(V)(ASR) that
correspond under vp (C.13), where Ty (resp. Tg) denotes the Hecke
translation on the target (resp. source) of up.

Proof. The proof is very similar to [RZ96, Theorem 6.30]. For readers’ con-
venience, we will describe the morphism

(C.14) vp: Mp — UNV)(F)\ (N xUWV)(AFP)/ [ K.
acp\{p}

where Mp is the pullback of q)) along qf) o P", for which up is the inverse.
This is the hardest step; and in particular, we will see how this morphism
depends on P.

Let S be a connected scheme in SChI/Ogm on which p is locally nilpotent,

with a chosen geometric point s € S(k). Take a point
P= (A[)a iOa )‘Ua nga A’ i? )‘a 77p» U;pl) € MP(S)a

where (Ao, i0, Ao, 7h) is the base change of (Ao, %0, Ao, 175) to S. By [RZ96,
Proposition 6.29], we can choose an Og-linear quasi-isogeny

p:AXSSk%AkaSk

such that p*Ar = Ag. Then (A[p],i[p>], A[p*°]; p[p>°]) can be regarded as
an element in N (S) by [Mih20, Theorem 3.3]. The composite map

2,V @g AP L Hom g, o (S (Ag, AP), HS' (A, A®P))
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L% Hompgg A s (H (Agy, AP), H' (Ay, A®P)) = V @g AP

is an isometry, which gives rise to an element g%, € U(V)(A%"). The same
process will produce an element g?}lj el qespl, U(V)(F,). For every element
q € p\{p}, the image of the map

ps«o: Homy((Aok[a™], sor[a™]), (As[a™], is[qa>]))
— Homy,((Aok[a>], tox[a*]), (Ax[a>], ik[a™])) ®or, Fq =V @F Fy

is a self-dual lattice, say Ap q. Therefore, there exists a unique element gp 4 €
U(V)(F,)/Kq such that gpqApq = Aq. Together, we obtain an element

(P11, 93 9383 (9ra)a ) € N(S) x UW)(AF®)/ [T Ky
aep\{r}

depending on the choice of p. However, changing p will result the left mul-

tiplication by an element in U(V)(F'). Thus, the element

vp(P) = ((AP=]ilp™] AP o)), s 63555 (97.0)0 )

is a well-defined element in the right-hand side of (C.14). The construction
of the inverse of vp, which is nothing but up, is easy by Dieudonné theory.
We leave the details to the readers; it is the same argument in [RZ96]. O

Remark C.27. In fact, the morphism up in Proposition C.26 is compat-
ible with more Hecke operators. Consider a prime q € p \ {p}. For ev-
ery double coset KqgK, C U(V)(F,), we have the Hecke correspondence
Tk,gk, On the target of up which is simply the Zariski closure of the
usual Hecke correspondence on the generic fiber; it is in fact étale. Then
we have upTk gx, = Tg gk, if KqgKq = K,§K, under the canonical iso-
morphism K \U(V)(F,)/Kq ~ Kq\U(V)(F;)/ K. Here, Tk, gk, denotes the
set-theoretical Hecke correspondence on the source of up.

Appendix D. Cohomology of unitary Shimura curves

In this appendix, we compute the cohomology of Shimura curves associated
to isometry groups of hermitian spaces of rank 2, as Galois—Hecke modules.
In Subsection D.1, we collect some results about local oscillator representa-
tions of unitary groups of general rank. In Subsection D.2, we recall some
facts and introduce some notation about cohomology of Shimura varieties in
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general. The last two subsections concern the cohomology of unitary Shimura
curves, for the statements and for the proof, respectively. These statements
are only used in the proof of Theorem 4.15 and Theorem 4.18 in the main
part of the article.

D.1. Oscillator representations of local unitary groups

Let F' be a local field whose characteristic is not 2. Let E be an étale F-
algebra of rank 2. Denote by c the unique nontrivial involution on E that
fixes F, and put B~ :={r € E|x+2° =0} and E! == {z € E | z2° = 1}.
Let V,(, )v be a (non-degenerate) hermitian space over E (with respect to
c) of rank n > 2.

We recall the construction of oscillator representations of U(V) in three
steps.

Step 1: Choose an element ¢ € E~*/Ng/p E*. Let V¢ be the underlying
F-vector space of V equipped with the form Trg,pe( , )v, which
becomes a symplectic space.?! Let Mp(V.) be the metaplectic group
of V. with center C'. Then we have the oscillator representation w(e)
of Mp(V.) using the standard additive character ¢ .

Step 2: Choose a character p: EX — C! such that u | F* is the unique
character whose kernel is exactly Ng,p £*. Then we have the induced
homomorphism ¢,,: U(V) — Mp(V,) (see, for example, [HKS96, Sec-
tion 1]). Put w(p,€) == w(e) o tu.

Step 3: Choose a character x: E! — C!. Let w(u,¢,x) be the maximal
quotient of the representation w(e, ) of U(V) with central character x.

For x in Step 3, we define a character x of E* via the formula x(z) =
x(z/x€).

Lemma D.1. Suppose that F' is nonarchimedean. Then w(u,e,x) is irre-
ducible and admissible. Moreover,

(1) w(p,e,x) is zero if and only if E is a field, V is anisotropic (in par-
ticular n = 2), and ¥ = p?.

(2) The contragredient representation of w(u,e,Xx) is isomorphic to
w(p®, —e,x~ 1), where u° == poc as usual.

(3) If n > 3, then w(p,&',X") is isomorphic to w(u,e,x) if and only if
(€' x") = (mye,x)-

21 More precisely, we have to choose an element in £~ in the coset &; and it is
known that the resulting oscillator representation depends only on &.
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(4) If n = 2 and w(u, e, x) is nonzero, then w(u',&’, x") is isomorphic to

w(p,e,x) if and only if either (1',€',X") = (1€, x), or ' = p°x, X' =
X, and e = ¢ (resp. €' # &) when V is isotropic (resp. anisotropic).

Proof. We consider first the case where E = F x F. We identify U(V) with
GL,(F) and E~ with F through the first factor; and write y = v X v,
Note that the first component of x is simply x. Let Q,—1,1 be the standard
parabolic subgroup of GL,, whose Levi is GL,—1 X GL;. Then w(u, e, x) is
isomorphic to the unitary induction from Q,—11(F') to GL,(F) of the (uni-
tary) character (vodet)Xyv!™™ of GL,,—1(F)x GL1(F) (hence of Q,—1.1(F)).
See for example [GR90, 2.6]. The lemma follows from such description.

Now we assume that E is a field. The fact that w(u, €, x) is irreducible is
a special case of the Howe duality; see for example [GT16, Theorem 1.1(1)].

For (1), the fact that w(u, e, x) is nonzero unless in the exceptional case
in (1) follows from the persistence property [HKS96, Proposition 5.1(iii)],
and the first occurrence speculation [HKS96, Speculation 7.5 & Specula-
tion 7.6] (which has been proved as [SZ15, Theorem 1.10]). Note that in
the exceptional case, the first occurrence of the theta lifting of the trivial
character in the split even tower is 0; therefore its first occurrence in the
nonsplit even tower is 4. See [HKS96, p.986] for more details.

Note that, since E' is compact, we have a canonical isomorphism of
representations of U(V)

w(pe) ~ Pwlp, e x)-

X

For (2), note that under the canonical isomorphism Mp(V,.) ~ Mp(V_;),
the contragredient of w(e) is isomorphic to w(—¢). Moreover, under such iso-
morphism, ¢, coincides with ¢, by [HKS96, Lemma 1.1 & (1.8)]. Therefore,
w(p, €) is contragredient to w(u®, —¢). Since E! is compact, we have a canon-
ical isomorphism w(y, ) = @, w(k, €, x). Thus, w(u, e, x) is contragredient
to w(puS, —e,x 1) as both are irreducible with inverse central character, or
both are zero.

For (3), it is known when n = 3 by [GR90, Proposition 5.1.4]. In fact,
the same proof also works for n > 3.

For (4), we first have x = x’. By the description of endoscopic packets
for in [GGP12b, Section 8], we must have either p/ = p or u/ = pcy. There
are two cases.

Suppose that u°yx = p. Then w(p,e,x) = {0} when V is anisotropic;
and w(p, €, x) is not isomorphic to w(u, ', x) when V is isotropic and &’ # ¢.
Thus, (4) follows.
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Suppose that ¢y # p. Then the packet has four members, and we need
to show that w(p,e,x) =~ w(ucy, e, x) for ¢ = e (resp. ¢’ # ¢) when V is
isotropic (resp. anisotropic). We adopt the notation in [GGP12b, Section §].
Let M be the two-dimensional conjugate symplectic representation associ-
ated to the packet. Then M has two non-isomorphic one dimensional conju-
gate symplectic representations. We write M = M7 ® M3 = M7 ® M for the
two different ways of ordering of direct summands. Thus, we obtain two ways
of labelling for the four members in the packet, say {7, my =, 7,7y "}
and {n ", 75", 7, w5 T}, respectively. Then (4) is equivalent to the iso-
morphisms 7t ~ 7T, 1y ~ a7, wfT ~ 7ot and 7y T ~ 7F . How-
ever, these isomorphisms are consequences of [GGP12b, Theorem 10.2]. [

Now we take F' =R and F = C. Let (p, q) be the signature of V. Then
we may identify U(V) with U(p, ¢)r, the subgroup of Res¢ /g GL;, of elements

preserving the hermitian form given by the matrix (I” 1, ) Denote by u, 4
the Lie algebra of U(p,¢)r and fix a maximal compact subgroup K, , of

U(p, ¢)r(R). In the construction of w(u, ¢, x), the three parameters have the
following possibilities:

pm(z) = arg(z)™, m odd integer; € = =+i; xi(z) =2, 1 ez

To shorten notation, we denote by wy| ,}i’l the representation w(pim, i, x;) of
U(p, ¢)r. It is well-known (see, for example, [SW78, Section 4]) that wpg el
is irreducible.

By the computation in [BMM16, Section 5], up to equivalence, there
are only two irreducible unitary representations m of U(n — 1, 1) such that
Hl(un_ljl, Ky—1,1;m) # {0}, in which case the cohomology has dimension 1
for both representations. Let us label them by W,ll’9171 and 710’11 1 in the way
that Hl(un_lyl, Kp—1,15m nol ;) and Hl(un—l,l,Kn—l,l; Ly 1 ,) have Hodge
types (1,0) and (0, ), respectlvely.

Lemma D.2. Let the notation be as above.

(1) Among the representations wa(’]i’l, only wl

ial character.
(2) If n > 3, then in the set {w™1}, only w 173° (resp. w2 t0) is iso-
. 1,0 0,1
morphic to w, ", 1 (resp. w1 ).

(8) If n =2, then in the set {wﬁi’l} only w_l’_’o and wi’l_’o (resp. w
1,+,0 0, 1

+, 1,—,0

0 - .
and w,, o are the triv-

17+7O
1,1

and wy ") are isomorphic to 7r1 0 (resp T
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Proof. The explicit formulae for the Kp q—type of wy) qi ! can be found in, for

example, [KK07, Theorem 5.4] with p’ + ¢’ = 1. In particular, (1) follows
directly.
For (2) and (3), it is shown in [BMM16, Section 5] that both W}Z’EM

1 . . ! _
and 71'2’_1 1 are isomorphic to some w;n_’?’l. Comparing the formula for the

highest vx;eights in [BMM16, 5.7] withp=n—1,¢=1,a+ b= 1(< p) with
[KK07, Theorem 5.4], we obtain the assertions. O

D.2. Setup for cohomology of Shimura varieties

Let us recall some general facts about cohomology of Shimura varieties. Let
(G,h) be a Shimura data with E C C its reflex field. In particular, G is
a reductive group over Q. Let £ be an algebraic complex representation of
G.?? Then it induces a complex local system .%; on {Sh(G,h)x ®g C}. Let
Hi2)(Sh(G, h)x (C),.Z) be the i-th L2-cohomology of the complex manifold

Sh(G, h)x (C) with coefficients in .Z;. Put

H{y)(Sh(G, h), Z) = lim H{y) (Sh(G, h)  (C), %),
K

which is a smooth representation of G(A*). By the Matsushima formula
for L2-cohomology, we have an isomorphism

(D.1)  H{y(Sh(G,h), %) ~ @mdlse H (g, Ka; oo ® Tog) @ T

of G(A®°)-modules, where

e g = LieGg, and Kg is a maximal connected compact subgroup of
G(R),

e & is the associated (g, Kg)-module of £, and

® T = Ty ®7™ runs through isomorphism classes of irreducible admissi-
ble representations of G(A), where mgjsc(7) is the discrete multiplicity
of m (Definition B.1).

Here, we have to use [BC83, Section 4] to conclude that the continuous part
of L2(G(Q)\G(A), x) does not contribute to the L2-cohomology in the case
of Shimura varieties. By Zucker’s conjecture (proved independently by Looi-
jenga [Loo88] and Saper—Sturn [SS90]), we have a canonical isomorphism

(D.2) H{,)(Sh(G, h), %) ~ IH'(Sh(G,h),.%)

22Tn this article, we only need the case where ¢ is the trivial representation.
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of G(A>)-modules, where

IH'(Sh(G, h), %) = lim IH'(Sh(G, h) x ®5 C, %)
K

is the direct limit over K of the complex analytic intersection cohomology
of Sh(G,h)x ®g C, where Sh(G,h)x is the Baily—Borel compactification of
Sh(G,h)g (over E).

Now let ¢ be a rational prime and choose an isomorphism ¢,: C = Q7e.
Then the Qj°local system % ®@c,, Q3¢ descends to an (étale) Qf°-local
system Z,, on {Sh(G,h)x}. We then have a comparison isomorphism

IHY, (Sh(G, h), %) ~ TH*(Sh(G, h), %) ®c,, Q}°,
where

IHét(Sh(Gv h)a "zﬂfw) = hEIHét(S_h(G? h)K ®E C"’zﬂ{,u)'
K

For an irreducible admissible representation 7> of G(A), put
T, (7°°) = Homgye(g(a~) (t0 7, TH (Sh(G, h), Z.,))

which is a finite dimensional representation of Gal(C/FE), whose dimension
is equal to

Z mdisc(Troo X 7700) dimc Hi(ga Kagiéoo ® 7TOO)7

Moo

where 7y runs through all irreducible admissible representations of G(R).
We suppress £ in the notation if it is the trivial representation.

D.3. Statements for cohomology of unitary Shimura curves

We fix a CM number field £ and regard E as a subfield of C via a fixed
complex embedding 7{: E < C. Let c € Gal(E/Q) be the induced complex
conjugation and put F := E°=L. Write ®p = {71,...,74} with d = [F : Q]
as the set of real embeddings of F', in which 7 is the restriction of 77.

Let V be a hermitian space over E of rank 2 of signature (1,1) at 7, and
(2,0) elsewhere. As in Subsection C.1 especially Remark C.2, we have the
Hodge map h := hy ;;, the Shimura varieties {Sh(G,h)x} defined over E,
and their Baily-Borel compactification Sh(G,h)g, all of which are smooth
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curves over E. By the discussion from Subsection D.2, we have an isomor-
phism

HB(Sh G h @mdlsc g7KG77TOO) ® T

of G(A®)-modules, where HL(Sh(G,h),C) = lim HL(Sh(G,h)g,C). By
Lemma D.2, up to equlvalence there are only two representations ms, of

G(R) with Hl(g,KGmToo) # {0}, namely,
71-&1)70);:7-‘-%:(1)@1@...@1’ (01)_7[- ®1® ® 1.

Definition D.3. Let 7 be an irreducible admissible representation of
G(A™).

o We say that m*° is stable cohomological if both 71'(()(1;’0) ®@m> and m(x; ) ®

*° have positive cuspidal multiplicity.

(1

o We say that 7 is endoscopic cohomological if exactly one of mso’ 0) QT

(0,1)

and mao ’ ® > has positive cuspidal multiplicity.

Denote C§! (resp. CS") the set of isomorphism classes of stable (resp. endo-
scopic) cohomological irreducible admissible representations of G(A°). Put
CV = C%P H C%nd.

Proposition D.4. Let 7 be an irreducible admissible representation of
G(A™).

(1) If ©° is endoscopic cohomological, then there exists a unique adélic
oscillator triple (u,e,x) (Definition 4.11) with u of weight one and
satisfying 71 € @, such that T is isomorphic to w(pu, e, x). Moreover,
Homg|g(a=) (7>, H(Sh(G, h),C)) has dimension 1.

(2) If m is stable cohomological, then Homg(g(asy (7™ HL(Sh(G,h),C))
has dimension 2.

Proof. Let V* be an isotropic skew-hermitian space over F of rank 2, which
is unique up to isomorphism. The global inner transfer from U(V) to U(V*)
is known; see, for example, [Har93]. More precisely, let V. be an irreducible
U(V)(AF)-submodule of L2 (U(V)) and denote V; its complex conjugate
space. We may choose an automorphlc character £: E1\(A%)! — C* such

that the global theta lifting @ (L)Y v(Vr ® €) is nonzero. Then JL(V;) :=
@Z;,(Ll)y(ﬁééf) £isa subspace of L2, (U(V*)), which is an irreducible
U(V*)(Ap)-module and is independent of the choice of . Denote by JL()

the representation of U(V*)(Ax) on JL(V;). Since the complement of L2

in L2, . consists of automorphic characters, we have mgisc(m) = maisc (JL(7)).
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The Langlands—Arthur classification for U(V*) is known by [Rog90, Sec-
tion 11]. Let ©* be an irreducible cuspidal automorphic representation of
U(V*)(AFr). We have the (standard) base change II of 7*, which is an ir-
reducible isobaric automorphic representation of GLo(A g). We say that 7*
is stable (resp. endoscopic) if II is cuspidal (resp. II ~ II; B Iy for two
conjugate symplectic automorphic characters II; and Ilg).

Suppose that 7 is stable cohomological. Then both J L(W&’O) ®m>°) and

JL(ﬂg’l) ® m°°) have positive multiplicity and the same base change II. By

Arthur’s multiplicity formula, II has to cuspidal, and mg;sc (Tréi’o) ® ) =

mdisc(wég’l) ® m°) = 1. In particular, (2) follows.

Suppose that 7 is endoscopic cohomological. Then by the same reason-
ing, we have II ~ IT;HII,, and mdisc(wg’o)®7T°°)+mdisc(7rgg’1)®7r°o) = 1. Let
7 be the unique member in {WC%’O) @, aol) ®@m>®} such that mgise(m) = 1.
Since JL(7) is endoscopic, both II; and IIy are conjugate symplectic auto-
morphic characters of weight one. Thus, there exists a conjugate symplectic
automorphic character p of weight one such that L(s,II ® p) has a simple
pole at s = 1. By Theorem B.4, we have a skew-hermitian space W over
E of rank 1 of determinant e € £~/ Ng/p E* and an automorphic char-
acter x’ of U(W)(Ap), such that 7 is realized in the space of global theta
lifting @XFv(U:V):W(X, ). Let x be the central character of w. Then it is trivial
at infinity. Thus, by Lemma D.1(4), there exist exactly two adelic oscillator
triples, which are (u, e, x) and (ucyx, €', x), such that 7°° is isomorphic to the
associated oscillator representation. In particular, the condition that yu is of
weight one and satisfies 77 € ®, determines exactly one of the two triples.
Therefore, (1) follows. O

Remark D.5. The proof of Proposition D.4(1) implies that for 7°° ~w(u, e, x)

that is endoscopic cohomological, we have mcusp(m%’o) ® m>°) = 1 (resp.
mcusp(wgg’l) ® 7)) = 1) if and only if there exists some e € E*~ such that
e ¢, =eNg, /g, E for every nonarchimedean place v of F,
e 7/(e) has negative imaginary part for ¢ = 2,...,d, where 7/ is the
unique element in ¢, above 7;, and

e 7{(e) has negative (resp. positive) imaginary part.

Now we study the f-adic cohomology of {Sh(G,h)x} k. Take a rational
prime ¢ and an isomorphism ¢,: C = Q7°. Put

HY, (S(G. h), Q) = limg HY (SB(G, h) i @2 C, Q).
K
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By the comparison theorem, we have a canonical isomorphism

Hét(s_h<G7 h)? Q?C) = H]13(S (G7 h), C) ®(C,Lz Q?C

of G(A*)-modules. For an irreducible admissible representation 7> of
G(A™), the Qf°-vector space

H;, (%) := Homggeig(as=y] (1 0 7, Hg (Sh(G, h), Qf°))

is a representation of Gal(C/FE), which we denote by p,, (7).

Suppose that 7°° is endoscopic cohomological. Then by Proposition D.4,
we obtain an ¢-adic character p,, (7*°): Gal(C/E) — (Qj°)*. It induces, via
the isomorphism ¢y, an automorphic character py(7>°): EX\Aj — C*. It is
easy to see that the character p;(7°°) does not depend on the choice of the
isomorphism ¢y, which justifies its notation.

Theorem D.6. Let 7 be an irreducible admissible representation of
G(A™), and ¢ a rational prime.

(1) Suppose that ©° is endoscopic cohomological, which is isomorphic to
w(p, e, x) with p of weight one and satisfying [ € ®,, as in Theorem

D.4(1). Then
oo [ 1 E i mesp((rlE? ©7) =1,
P[(ﬂ' ) - cy -1/2 (0,1) )
pEX | g if Meusp(Tog ™) @ ) = 1.

(2) Suppose that ©° is stable cohomological. Then for every ty: C = QF°,
we have

(a) p,(m°) is an irreducible two-dimensional representation of
Gal(C/E);

(b) pu (7)Y = py, (7)°(1);

(c) if we let 1I° be the irreducible admissible representation of

GL2(AY) that is the standard base change of ™, then for every
nonarchimedean place w of E coprime to £,

WD (p, () | Gal(Efy/Ew)"™ = 1y 0 Lo p, (117 det |,'/?)

holds, where £5 g, denotes the local Langlands correspondence
fOT’ GL2,EW~
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The proof of the theorem will be given in Subsection D.4.

The theorem reveals some information about the Albanese variety (Jaco-
bian) Ag of Sh(G, h) . We have a homomorphism € (K\G(A*®)/K,Q) —
End(Ag)qg of Q-algebras induced by the Hecke actions. Note that Gal(C/Q)
acts on Cy through the coefficients, which preserves the two subsets C§f and
C\e,“d. Therefore, we obtain an isogeny decomposition

(D.3) Ag ~ AL x A%

(over E) such that under the canonical isomorphism in Lemma 2.4(1), we
have isomorphisms

HE(A%,C) = P HE(h(G,h)k, C)[(n)"],
T eCy
Hp(ARY,C) = P Hp(Sh(G, )k, O)[(n™)"]

TR ec%nd

of €°(K\G(A>)/K,Q)-modules.

Put CY == C§/ Gal(C/Q), the set of Gal(C/Q)-orbits in Cf. For every
orbit #°°, denote by M (x>°) C C its field of definition, namely, the fixed
field of the stabilizer of 7°° in Gal(C/Q); it is a number field, either totally
real or CM. By Theorem D.6(2) and a standard argument, we may associate
to 7 a (simple) abelian variety A(x>°) over E, which satisfies

o dim A(7™) = [M(x*) : Q],
e Endp(A(r™))g ~ M(x>), and
o A(1™) ®p. E is isogenous to A(x™)V.

In fact, A(x*>) is of strict GL(2)-type in the terminology of [YZZ13, Sec-
tion 3.2.1]. Finally, note that for every open compact subgroup K of G(A>),
the dimension of K-fixed vectors in a representations in 7#°° depends only on
the orbit, which we denote by dimg (7). Theorem D.6(2) has the following
corollary.

Corollary D.7. For every sufficiently small open compact subgroup K of
G(A™>), we have an isogeny decomposition

Ast H A dlmc o) K

T eCy

compatible with changing K in the obvious way. In particular, AS: does not
have factors that are of CM type. Moreover, A(m3°) is isogenous to A(m3®)
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for 50, 5° € CY¥ if and only if there exist n5° € m$° and 7$° € w3° that have
the same standard base change to GLa(A%).

The isogeny decomposition of A‘}?d is a special case of Corollary 4.20.
D.4. Proof of Theorem D.6

We prove Theorem D.6 by first establishing a congruence relation for the
Shimura curve Sh(G,h)g over a set of primes of F of density 1.

To state the congruence relation, we fix a prime q of E, with the under-
lying rational prime p, such that

o G ®g Q) is unramified (in particular, p is unramified in E), and
e (q # q°, that is, q has degree 1 over F.

Denote by p the prime of I’ underlying q. We identify F, with E;. Choose
a uniformizer @ of F,. Put 0, = OF,, k = 0, /w0,, and q = #~. Fix a
maximal unramified extension Fy" of F, with &)" the ring of integers and
K3 = O3 [wO)" the residue field. Let o: O3 — 0" be the g-th Frobenius
map.

Fix a basis of the Ej-vector space V ®p Ey under which we identify

U(V ®p Fy) with GLy g, . Let Tw,, == (fﬁqp ZE) C GLy(6,) be an Iwahori

subgroup. We consider open compact subgroups K C G(A>) of the form
GL2(0,) x K} x KP where GL2(0)) x K} is a hyperspecial maximal subgroup
of G(Qp) and K7 is a sufficiently small open compact subgroup of G(A>P).
For such K, we put K1y = Iwy, x K} x KP. We have the projection morphism
7: Sh(G,h)g,. — Sh(G,h)x, and an isomorphism

tw: Sh(G,h)g,. — Sh(G,h)g,.

induced by the Hecke translation of the element (; ©). In view of the reci-
procity map in Remark C.2, the morphism

to Ro: S_h(G,h)KIW ®Fp F;lr — ﬁ(G,h)KIW ®FP F;r

preserves every connected component.

We will show in Proposition D.8 that Sh(G,h)f (resp. Sh(G,h)g,, ) ad-
mits a smooth model (resp. a stable model) Sk (resp. Sk, ) over 0,. By
[L1.99, Proposition 4.4(a)], the morphism t, extends (uniquely) to a mor-
phism t5: Sk,, — Sk,., which has to be an isomorphism; and 7 extends
(uniquely) to a morphism 7: Sk, — Sk. Finally, to ease notation, we put
Tk = Sk ®g, k and Tk, = Sk, ®g, K for the special fibers.
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Proposition D.8. Let the notation be as above. We have

(1) The smooth projective Fy-curve Sh(G,h) admits a smooth model Sk
over 0. o

(2) The smooth projective Fy-curve Sh(G,h)g,, admits a stable model
Sk, over 0.

(3) The k-scheme Tk, has two irreducible components Tf —and Ty ,
satisfying that

(a) T+ =7 TEIW: T[gw — Tk is an isomorphism;
(b)) 7= =7 | Ty, : T, — Tk is a finite flat morphism of degree q;

(c) to ® o induces an isomorphism between 7}}: ®p k% and T, @

ac .
R Y

(d) the morphism (7~ ®id) o (tm ® ) o (77 ® id) ™! coincides with
the absolute q-th Frobenius morphism of Tk ®x k€.

Proof. We first assume F' # Q. Then we have Sh(G,h); = Sh(G,h)g.
We will reduce the proposition to (a weak form of) the congruence rela-
tion in [Car86, Proposition 10.3] by changing the Shimura datum.?® Choose
a quaternion algebra over B together with an embedding £ — B of F-
algebras, such that the induced hermitian form on B is isomorphic to V. In
particular, B is indefinite at 7 and definite at all other places of F'; B is di-
vision at a nonarchimedean place v of F' if and only if V,, is anisotropic. We
identify V with B as hermitian spaces. Let (B> x E*)! be the subgroup of
B* x E* consisting of elements (b, ¢) such that Ng/pb-Ng/pe = 1, viewing
as a reductive group over F. Then we have a short exact sequence

1= Gur— (B x EX)! 5 U(V) =1,
where the homomorphism Gy, r — (B* x EX)! is given by e > (e,e™1).

The fixed basis of V ®g E; identifies B @ F}, with Maty(F}), and further
(B ®p Fp)* with U(V)(Fy).

Z3In [Car86], the initial Shimura variety is a quaternionic Shimura curve, and the
auxiliary Shimura variety is a (quaternionic) unitary Shimura curve of PEL type.
However, in our case, the initial Shimura variety is a unitary Shimura curve of non-
PEL type, and the auxiliary Shimura variety we introduce below is a quaternionic
Shimura curve, which is the initial Shimura variety of Carayol. So strictly speaking,
to obtain this proposition, we have to change Shimura data twice but the second
step has already been carried out by Carayol. Such consideration was also used in
[Liullb].
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Put G’ := Resp/g B* and let h’ be the Hodge map that is inverse to the
one given in [Car86, 0.1].2* We have the Shimura curve Sh(G’, ')k defined
over F. Here, the open compact subgroup K’ C G'(A) is of the form K, x
K'P, where K, is hyperspecial maximal of the form GLg (&) x Kg’. Replacing
GL2(0y) by Iwy,, we obtain K7, hence the Shimura curve Sh(G',h')g; .
Applying the constructions for the Shimura data (G, h) to (G’,h’), we obtain
Sh(G’,h') g+, Sh(G',h)k; , «’, and t_,. By Deligne’s theory of connected
Shimura varieties [Del79] (or see [Car86, Section 4]), for every connected
component Sh(G,h);{ of Sh(G,h)x ®F, F}", there exists some K and a

connected component Sh(G’, 1’ )}{, of Sh(G', 1) i ®p, Fy" such that there is
a commutative diagram

Sh(G,h)f, —==Sh(G" h)k,

wl l”'

Sh(G, h)t, —= Sh(&’, W)t

where Sh(G, h)k, =771 Sh(G, h)f and Sh(G", )}, ="~ Sh(G/, W)k,
under which the automorphism t, ® o of Sh(G,h)kIw coincide with the
automorphism t_®o of Sh(G’, 1/ )}(I,w respectively. Therefore, the proposition
will follow from the version for (G/,h’).2°

To release ourselves from the clumsy notation, we will now suppress the
“prime” in all superscripts; in particular, the group G now is Resp/q B*.
Then (1) follows from [Car86, Proposition 6.1]. For the remaining claims,
we need some preparation.

For n > 1, put K, == (Iz + @" GLa(0)) x K} x KP. In [Car86, 1.4.4],
Carayol constructed an ,-divisible group E, over Sh(G, h)g, such that the
pullback of E[p™] to Sh(G,h)g, is trivial. By the construction, the sub-
group Sh(G,h)g, x (§) € Sh(G,h)k, x (p~1/0,)? is stable under the action
(given in [Car86, 1.4.2]) of Iwy. In particular, it defines an €)-stable sub-
group Cry, of Ex[p] over Sh(G, h)g,, of rank ¢q. By [Car86, Proposition 6.4],

24This is to ensure that the actions of o on the connected components of
Sh(G,h) ®g C and Sh(G’,1') ® p C are compatible with the composite homomor-
—1
phism F¢ ~ E* elee) Eg.
25Here, we have to use the fact that constructing smooth (resp. stable) models
of smooth projective curves over 0, is equivalent to constructing them after the
base change to "; see, for example, [DM69, Section 1].
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the 0)-divisible group E,, extends uniquely to an &)p-divisible group £
over Sk such that £ | Tk is of dimension 1 and &)-height 2.

We define a functor Sk, over Sk such that for every Si-scheme u: S —
Sk, the set Sk, () consists of O)-stable finite flat S-subgroups of u*Ex[p]
of rank ¢. As pointed out in [Car86, Section 6.7], the supersingular locus
of £ is discrete. Thus, it follows from [Car86, Proposition 6.6] and the
Grothendieck—Messing theory that the above functor is represented by a
finite flat morphism 7: Sk, — Sk of schemes (of degree ¢ + 1), satisfy-
ing that Sk, is a semi-stable curve over &,. Moreover, since the special
fiber Tk,, = Sk,, ®g¢, k does not contain genus zero curves as irreducible
components, Sk, is a stable curve over €,. The subgroup Cr,, constructed
above induces a morphism ¢: Sh(G,h)g,, — Sk,, ®¢, F, of schemes over
Sh(G,h) . By the construction of E, it is easy to see that the morphism
7: Sk, ®o, Fy = Sk ®g, Fy = Sh(G,h)k is étale and generically irre-
ducible. Thus, ¢ is an isomorphism since both sides are finite étale of degree
q + 1 and generically irreducible over Sh(G,h)g. Thus, (2) follows, and we
will identify Sk, ®g, Fp with Sh(G,h)g,, via ¢

Let (7*€x, Crw) be the universal object over Sk, . Denote by TI?IW (resp.
Tk, ) the Zariski closure of the locus in Tk,, where Cry is continuous (resp.
étale). Then Téw are union of irreducible components and they cover Tx,_ .
To prove (3), we have to consider full Drinfeld level structures at p. For
n = 1, let Sk be the functor over Sk such that for every Sg-scheme u: S —
Sk, the set Sk, (9) consists of Drinfeld level structures ¢: (p="/0,)? —
Morg(S, u*Ex[p"]) (see [Car86, Section 7.2] for more details). By [Car86,
Proposition 7.4], it is represented by a finite flat morphism 7, : Sk, — Sk
of schemes (of degree # GL2(0,/p™)), such that 7, ®¢, F} is canonically
isomorphic to the projection Sh(G,h)g, — Sh(G,h)x. Now we take n =1,
we define a morphism 7y, : Sk, — Sk, by sending a Drinfeld level structure
¢ to the subgroup Y, .4+ [p(a)] where AT C (p~1/0,)? is the line with
the second coordinate zero. Then 7y, ®¢, F} is canonically isomorphic to
the projection Sh(G,h)x, — Sh(G,h)g,, . Let 7}61(1 be the induced reduced
subscheme of Sk, ®g, £°°. Then by [Car86, 9.4.1], the morphism 7}‘?‘1 —
Tk ®, 12 is finite flat of degree (¢—1)g(g+1). For every line A in (p~1/0})?,
let 7}"1‘}14 be the locus where ¢ | A = 0. Then by [Car86, Proposition 9.4.4],

{T}eld 4} 4 is the set of all irreducible components of 7}?‘1 Since GLa(k) acts
transitively on {7}?%} A, each ’7}91‘1 ', is of degree ¢(q—1) over Tg ®, £*°. By
definition, the image of 7}?% under 7y 1S contained in 7, I}: . (resp. T, X W)
if and only if A = AT (resp. A # AT). If A # AT, then 7y : 7}?‘7{4 —

Tk, ®x k™ is étale of degree g—1 since to recover the Drinfeld level structure
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is equivalent to choosing a basis of A*. Thus, deg(m | Ty, ) = g. Since
deg(m | T;L ) > 1, we must have deg(r | Ty, ) = ¢ and deg(rw| T ) =1, and
both Tz and 7'1;: _ are irreducible. Thus, (3a) has been verified as a finite
flat morphism of degree 1 must be an isomorphism, and (3b) also follows.
For (3c,3d), put Sk, = im Sk, Let AT (resp. AZ) be the subspace of
sz with the second (resp. first) coordinate zero. In view of the notation
of [Car86, Section 10.3],2° we have subschemes (Sk_®r*) 4+ of Sk ®K*,
which map surjectively to Tiw ®y k* under the composite map Sk —

Sk, = Sk, , respectively. Note that the endomorphism t, lifts to Sx_ by
the Hecke translation. By [Car86, Proposition 10.3], the morphism t,®oc and
the Hecke translation by (; !) induce the same map on the underlying set of
(Sk..®K™) 4+ .*7 Since the Hecke translation by (; 1) maps (Sk_®k™) 4+ to
(Sk..®K*) 4, we obtain (3c). For (3d), since (; ) acts trivially on Tx, we
know, again by [Car86, Proposition 10.3], that (7. ®id) o (t ® o) coincides
with 7. ®id on the underlying set of (Sk  ®k*°) 4+ where moo: Sk, — Sk is
the obvious projection. This implies that t := (7~ ®id)o (tm®0)o (7T ®id) ™!
induces the identity map on the underlying set of Tx ®, x*°, which has to
be purely inseparable. We factors t as the composite map

TK R KAC i> (TK R KaC)(q) @U_) TK R4 KAC

Now t is k®-linear, purely inseparable, inducing the identity map on the
underlying set, and of degree ¢ by (3b,3c), so it has to be the relative g-th
Frobenius morphism by [SP, 0CCZ]. Thus, t is the absolute ¢-th Frobenius
morphism. The proposition is finally proved in the case where F' # Q.
When F = Q, we can still deduce the proposition to the one for
Sh(G’, ')k, which is either: (i) a Shimura curve associated to a division
rational quaternion algebra, or (ii) a compactified modular curve. In both
cases, Sh(G’,h')f is already a moduli space. In case (i), the conclusions
of the proposition can be found in [Buz97]. In case (ii), the proposition is
well-known (see [DR73, KM85]). O

Corollary D.9. For every rational prime { # p, the action (c=1)* of the
geometric Frobenius at q on H (Sh(G,h)x ®g C,Q¥°) satisfies the equation

X% 52X + q(w)* =0,

26Qur Sk, is Carayol’'s M.

2THere, our o is the (arithmetic) Frobenius, which is inverse to the one that
should appear in [Car86, Proposition 10.3]. Such difference is due to the fact that
our choice of the Hodge map for Resp/qg B* is inverse to Carayol’s.
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where (w): Sh(G,h)x — Sh(G,h)x is the Hecke translation given by (% ).
Here, we regard t as a correspondence on Sh(G,h)g

Proof. Tt suffices to show that t% = (07')* + ¢(w)* o o* for the actions
on H, (Sh(G,h)x ®g C,Q%°). By comparison, it suffices to prove this iden-
tity on Tx. However, by Proposition D.8(3), the correspondence t on Tx
decomposes as the sum of

nt + tr _ n T S + 7t

Tk «— T, — T, — Tr, T — T, — T, — Tk,
where tfg is the restriction of t toT;(th, respectively. By Proposition D.8(3d),
the action of (1~ o tf o (7+)~1)* coincides with the action of (c~!)* on
H( (Sh(G,h)g ®p C,Qj°); and the action of (7~ ot o (71)71), coincides
with the action of g(c™1), = go* on H}, (Sh(G,h)x ®p C, Q).
For the first part, we have on H} (Tx ®, £, Q3°) that

—to (7T+ * g ((7.‘.—0— —1)* o (t;)* o (71'_)*
t

Lo(rt) ) = (o (1)) o (o) = (7Y

as w1 is an isomorphism by Proposition D.8(3a).
For the second part, we have on H (Tx ®, £, Q3°) that

T, o (tz) o ()"
=m o ((t5) ™) o (@) o (7)) =m0 (th)w o (@) o ((nF) 7).
=m, o ( oo ()7 1)* o (@)" = (7r ot o (7)) o (w)*
=qo” o (@)’ = q(w) oo”

Adding the two parts, we obtain the desired identity. O

Proof of Theorem D.6. Let 7 be an irreducible admissible representation
of G(A®). Denote by X(7°°) the set of primes q of E such that q has degree
1 over F' and mp° is an unramified representation of G(Q,), where p is the
underlying rational prime of q. It is clear that 3(7°°) Chebotarev density 1
among all primes of E.
We consider (2) first. Let £ be a rational prime and let ¢,: C = Q3¢ be
an isomorphism. Let II be the standard base change of either m(xl;o) Q7 or
(0’l)®ﬂ°° Then II is cuspidal. In [BR93, Section 4], the authors constructed
an irreducible Galois representation prr,,: Gal(C/E) — GLo(Qj°) that sat-
isfies (2c) at all but finitely many nonarchimedean places w of E coprime
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to £. On the other hand, Corollary D.9 already implies (2¢) for p,, (7>°) at
places w = q € X(7>°) that is coprime to £. By the Chebotarev density the-
orem, p,, (7°°) and pr,, are isomorphic, which implies (2a). Moreover, (2b)
also follows from the Chebotarev density theorem; and (2c) follows from
[Carl2, Theorem 1.1].

Now we consider (1). Put i i= py(7™): EX\A}, — C* for simplicity.
We also put p; == p |El/2 and pg = px| |El/2. Then Corollary D.9 implies
that for every q € X(n) that is coprime to ¢, we have iy € {p1q, f12q}-
We claim that gt € {u1,u2}. For i = 1,2, let ¥; be the set of primes v
of E such that fi, = p, and let §; be the upper density of ¥;. Then we
have §1 + 09 > 1. Without lost of generality, we assume that §; > 0. Then
by [Raj00, Theorem 1], there exists a Dirichlet character n; of E such that
i = uin1. If np1 = 1, then we are done. Otherwise, §; < 1, and then J» > 0.
By the same argument, we have another Dirichlet character 7o of E such that
fi = pon. Thus, piqpy !is a Dirichlet character, which is not true. Therefore,
we must have i € {1, p2}. We are left to determine which one i is.

Fix an open compact subgroup K C G(A%) such that (7%)> # {0}.
Let Ag be the Jacobian of Sh(G,h)g. Let 7* be the Gal(C/Q)-orbit of 7.
Using Hecke operators, we may find a surjective homomorphism ¢: Ax — B
of abelian varieties over E such that the induced map ¢*: H5(B,Q) —
HL(Ak, Q)[x™] is an isomorphism. Let By be some simple factor of B over
E. Then By has complex multiplications by some subfield My C C, which
has to contain M, (Definition 4.3). There are two cases.

If mcusp(m()é’o) ® ) = 1, then HL(X,C)[r>] has Hodge type (1,0).
Thus, 1 is the associated CM character of By. In particular, we have fi, (z) =

1/z, where we have identified C with F ®, R through the embedding 77,

which implies that i = p| |Z;1/2.

If mcusp(m()g’l) ® m°) = 1, then HL(X,C)[r>] has Hodge type (0,1).

Thus, ¢ is the associated CM character of By. In particular, we have
fir, (2) = 1/Z, which implies that fi = u°x| |E’1/2-

Theorem D.6 is all proved. ]
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