Introduction to p-adic Geometry and Perfectoid Spaces

1 Adic spaces

As a rough idea, adic spaces are glued from affinoid adic spaces, resembling the situation that schemes
are glued from affine schemes. For a Huber pair (A, AT), which is a pair of topological rings AT C A
satisfying certain conditions, we can construct the affinoid adic spectrum

Spa(A, AT) := {continuous valuations | - |: A — I' U {0} such that |[AT| <1}/ ~,

where T is a totally ordered abelian group written multiplicatively, such as (Rsq, x). The set ¥ =
Spa(A, AT) is equipped with the so-called adic topology and it has a structure presheaf Oy. Tt is
in general a subtle question as to determine when Oy is a sheaf. When it is a sheaf, we say that
the Huber pair (A, AT) is sheafy. Roughly, adic spaces are glued from Spa(A, AT) where (A, AT) are
sheafy Huber pairs.

1.1 Huber rings

We now discuss the conditions we impose on the pair (A4, A™).
Definition 1.1.1. Let A be a topological ring.

(1) We say A is Huber if there is an open subring Ay C A such that the topology on Ag is I-adic,
for some finitely generated ideal I of Ay. Recall that the I-adic topology on Ag is the unique
topology such that {I™} is an open neighborhood basis of 0 € Ay. If A is Huber, then any choice
of Ap as above (which is non-unique) is called a ring of definition, and I is called an ideal of
definition.

(2) We say A is Tate if it is Huber and there is @ € A* which is topologically nilpotent, i.e., @™ — 0
as n — 0o. Such a choice of w is called a pseudo-uniformizer.

Here are some simple observations about Tate rings. For a Tate ring A, we choose a pseudo-
uniformizer w and a ring of definition Ay C A. Then w™ € Ay for n > 0 since Aq is open. In this
case, we may replace w by @w" and assume w € Ag. Then we have the following.

Lemma 1.1.2. The topology on Ag is wAg-adic. Moreover, we have A = Ag[ww™1].

Proof. For any open neighborhood U of 0 in Ay, we show that (wAg)™ C U for all sufficiently large
m. we may assume U = I"™ for some ideal of definition I C Ay. We see from Definition 1.1.1(2) that
w™ — 0, and hence @w™ € U = I"™ for m > 0. Since I™ is an ideal, this further implies (wdy)™ C U.
On the other hand, for any m > 0, we need (wdp)™ = w™Ag to be open. But this is true because
the multiplication-by-ww™ map is a homeomorphism A — A. O

Conversely, start with any ring Ag and the nonzero-divisor @ € Ag, we define A = Ag[ew™!] and
put topology on A by declaring that Ag is open, where the topology on Ag is w-adic. In this case, A
is a priori a topological group and we can check that the multiplication is continuous. Then A is Tate
with Ag is being ring of definition and w( being a pseudo-uniformizer.

Definition 1.1.3. A non-archimedean field is a field K equipped with the absolute value |-|: K — Rxq,
such that

o |- | takes at least 3 different values, and



o the topology on K induced by || is non-archimedean and complete. (We do not require that |- |
is discretely valued.)

Example 1.1.4 (Tate rings). Let K be a non-archimedean field.

(1) The ring K is Tate with a ring of definition Ox = {z € K : |z| < 1}. Moreover, for any w € K*,
it is a pseudo-uniformizer if and only if |w| < 1.

(2) Let A be a topological K-algebra, where we require that the map K — A is a homeomorphism to
its image. Then A is Tate if and only if there is an open subring Ay C A such that {zAy: x € K*}
is a neighborhood basis of 0 in A. (Note that each zAg is automatically open in A, since
multiplication by x is a homeomorphism.) In this case, any pseudo-uniformizer w in K is also a
pseudo-uniformizer in A.

(3) Let (A, - ]|) be a normed K-algebra, namely A is a K-algebra and || - ||: A — R is a map
satisfying that

o |lz|| = 0 if and only if x = 0, (this is called the norm property; if “only if” does not hold,
then we call || - || a semi-norm)

O

|z + y|| < max(||z|, |lyll]), (strong triangle inequality)

[¢]

IAz|| = |A] - ||| for any A € K and = € A, (homogeneity)

[}

eyl < 2] - 1yl (sub-multiplicativity)
1)l < 1.

[¢]

We define the topology on A by the metric (x,y) — ||z — y||. Then A is Tate by the criterion in
(2). Indeed, we can take Ag as in (2) to be {a € A: ||a|| < 1}.

Definition 1.1.5 (Power-bounded elements).

(1) In a topological ring A, a subset S C A is bounded if for any neighborhood U of 0, there is a
neighborhood V of 0 such that S-V C U.

(2) An element a € A is called power-bounded if {a™: n > 1} is a bounded subset of A. We denote

A° := {power-bounded elements},

A := {topologically nilpotent elements}.

Exercise 1.1.6. Prove the following assertions.
1) For any topological ring A, we always have A° > A%,

2) If A is Huber, then A° is a subring of A.

3) If A is discrete, then every subset is bounded, and A° = A.

(1)
(2)
3)
(4) If A is Tate with a ring of definition Ay and a pseudo-uniformizer w, then S C A is a bounded

subset if and only if S C w™"Aq for somen > 1.

(5) Let K be a non-archimedean field, and let (A, | -]|) be a normed K-algebra. Then S C A is a
bounded subset if and only if sup g ||s|| < oo. If||-|| is further multiplicative (i.e. ||xy|| = ||z|-|y||
for all z,y € A), then we have A° ={a € A: |a|| < 1}.

(6) (Gauss Lemma.) Let (A,| -|) be a normed K-algebra. Let B = {a € A: |la|]| < 1}, and
J={a€ A:|a|| <1}. Then B is a subring, and J is an ideal of B. Assume that the image of
| |I: A— Rsq is equal to the image of |- |: K — Rxq. Then the ideal J is prime if and only if
| - || is multiplicative.

Proposition 1.1.7. Suppose A is a Huber ring and B C A is a subring. Then the following are
equivalent:



(1) B is a ring of definition in A;
(2) B is open and bounded.

Proof. We leave the implication (1) = (2) as an exercise. For (2) = (1), we need that the topology of
B is J-adic for some finitely generated ideal J C B. Choose Ay C A a ring of definition and I C Ay
an ideal of definition. Take a finite set T' C Ay generating I as an ideal in Ay. For each integer n > 1,
we write T for the set of all monomials of degree n formed by elements of T'.

Since B is assumed to be open, we have I* C B for some k > 0 as {I*}}, is a neighborhood basis of
0 in A. (Here I* denotes the k-th power of I as an ideal of Ay.) We fix such a k and define .J := T*B,
which is a finitely generated ideal of B. It remains to prove that the topology on B is J-adic.

For any n > 1, we have J" = T"*B. (Here J" denotes the n-th power of .J as an ideal of B.) Since
B D I, we have J® D T = [+ which implies that J™ is open.

Conversely, for any neighborhood U of 0 in B, we need to show that a sufficiently high power of
J is contained in U. As B is assumed to be bounded, there is a neighborhood V of 0 in A such that
V - B C U by Definition 1.1.5(1). There is an integer n such that I™ C V, and hence I"™ - B C U. But
I - B D J", which completes the proof. O

Corollary 1.1.8. Suppose A is a Huber ring. Then A is bounded if and only the topology on A is adic
defined by some finitely generated ideal.

Note that if A is Huber with a ring of definition Ag, then Ag is bounded (which is one direction of
Proposition 1.1.7). For any a € Ay, the set {a"} is contained in Ay, and hence bounded. It follows
that Ag C A°. In particular, A° is an open subring of A. Moreover, we have the following.

Exercise 1.1.9. When A is a Huber ring, A° is the union of all possible rings of definition in A.
Moreover, this union is filtered, i.e., the union of any two rings of definition is contained in a third.

Definition 1.1.10. Let A be a Huber ring. We call A wuniform if the subring of power-bounded
elements A° is bounded, i.e., A° itself is a ring of definition.

Example 1.1.11. Any normed K-algebra (A, || - ||) with || - || multiplicative is uniform since A° =
{a € A: |a|| <1} is bounded (cf. Exercise 1.1.6(5)).

Example 1.1.12. The following are some examples and non-examples of Huber and Tate rings.
(1) A discrete ring A is always Huber with the ring of definition A and ideal of definition (0).

(2) Any non-archimedean field K is Tate. Note that K° = O and K% = my. The ring of integers
Ok is also Huber but not Tate.

(3) Continue with (2). The ring of formal power series Ox[T1,- - ,T,] is equipped with the adic
topology defined by (w, T, - ,T},), where w € mg. It is Huber and bounded, but not Tate.

(4) Similarly, for any discrete ring R, the ring of formal power series R[T1,- - ,T,] is equipped with
the (T1,- -, T,)-adic topology. It is Huber and bounded, but not Tate.

Example 1.1.13 (Affinoid algebra). For any non-archimedean field (K| -|), consider
A=K(Ty, -, T,)={f(Ty, - ,T,) € K[T1,- - ,Ty]: coefficients of f tend to 0}.

It is equipped with the Gauss norm

II-ll: A— Ry, Zaﬂ@l—)sqp\azh@
iEN? 2
Then (A4, ] -]|) is a normed K-algebra, and hence Tate. Moreover, in the notation of Exercise 1.1.6(6),
we have
B={fe KTy, --,T,): all coeflicients of f are in Ok}
and

J={f€e KTy, - ,T,): all coefficients of f are in mg}.



Note that B/J = (Og /mg)[T1,- -+ ,Ty], which is an integral domain. Hence by that exercise, || - || is
multiplicative. Then by Exercise 1.1.6(5) and Example 1.1.11, A is uniform and we have

A°=B={f€ K(Ty, -+ ,T,): all coefficients of f are in Ok}.

This ring is also denoted by O (T, - -+ ,Ty,). Note that this is the w-adic completion of Ok [Ty, - -, Ty)
for any pseudo-uniformizer w € mg.

The objects in Example 1.1.12 and 1.1.13 are all uniform.

Example 1.1.14. Let A = Q,[T]/T? Define Gauss norm on A as before. Then A is a normed
Qp-algebra and hence Tate. However, A° = Z, +Q,T is unbounded. So A is non-uniform. (Note that
the Gauss norm on A is no longer multiplicative.)

1.2 Definition of adic spectra

Definition 1.2.1. Suppose A is a Huber ring.

(1) A subring A* C A is called a ring of integral elements if it is open and integrally closed in A
and if it satisfies AT C A°.

(2) When A' C A is a ring of integral elements, we call the pair (4, A™) a Huber pair.
Our goal is now to define Spa(A, A™) for a Huber pair (4, A™).
Definition 1.2.2. Let A be a topological ring. By a valuation on A we mean a pair (v,I"), where
e I is a totally ordered abelian group written multiplicatively.

e v: A—T'U{0} is a map such that

Here 0 is a formal symbol outside I' (whose neutral element is denoted by 1), and we keep the
conventions v >0and y-0=0-v=0forall y eI

We call v continuous if for any a € A the set {b € A: v(b) < v(a)} is open.
Exercise 1.2.3. Given a valuation (v,T') on A as above, we have the following.

(1) T is torsion-free, and thus for any a € A, the condition v(a™) = 1 for some n > 1 implies
v(a) = 1. In particular, v(—1) = 1.

(2) For any a,b € A such that v(a) # v(b), we always have v(a + b) = max(v(a),v(b)).

(3) The continuity of v is equivalent to the following condition: For any converging sequence (a,) in
A with limit a,

(a) If v(a) # 0, then v(a) = v(ay) for n > 0;
(b) If v(a) =0, then for any b € A such that v(b) # 0, we have v(a,) < v(b) for n > 0.

Fact 1.2.4. Let (v,T') and (v',T) be two valuations on A. Then the following are equivalent:
(1) For any a,b e A, v(a) < v(b) if and only if v'(a) < v'(b).

(2) There exist subgroups T'y < T and I} < T such that I'y U{0} and Iy U{0} contain the images of
v and v’ respectively, and there exists an isomorphism T'y 2 T such that the resulting bijection
I, U{0} =T U{0} takes v to v'.

Definition 1.2.5. Say v and v’ are equivalent via ~ in the case (1) or (2) of Fact 1.2.4.



Definition 1.2.6 (Adic spectrum). Let (A, AT) be a Huber pair. Define its adic spectrum to be
Spa(A, AT) = {(v,T') continuous valuation on A: v(A") <1}/ ~.
The topology on Spa(A, A™) is generated by sets of form

0 (L) = e spataan: un <ol 20

for some fixed f,g € A.

For any finite subset T'C A and g € A, we write

*(5)=0vG)

This is an open set in Spa(A, AT). If T = {t1,--- ,t,}, we also write

o(54) ()

Definition 1.2.7. A subset of Spa(A, AT) is called rational if it is of form

7(5)

where T is a finite subset of A generating an open ideal in A, namely such that T'A is open. (If A is
Tate, any open ideal must be equal to A.)

Lemma 1.2.8. Rational subsets form a basis of topology of Spa(A, A*) and the basis is stable under
finite intersections.

Proof. From Definition 1.2.6, we see the topology of Spa(A4, AT) is generated by open subsets of form
U(f/g). We need to show that U(f/g) is a union of rational subsets. For this, let Ay be a ring of
definition, I C Ay be an ideal of definition, and T be a finite set of generators of I as an ideal of Ag.
IfveU(f/g), then v(g) # 0, and hence by the continuity of v we know that {h € A: v(h) < v(g)} is
an open neighborhood of 0. Then for sufficiently large k we have T* C I¥ ¢ {h € A: v(h) < v(g)}. In
other words, v € U(T*/g). Hence we have

o(5)-Ye (U5

It remains to show that (f,T*) is an open ideal of A for each fixed k. This is clear as it contains I*.

We now check that the intersection of two rational subsets is rational. Let 77,75 be finite subsets
of A generating open ideals, and let g1, g2 € A. Then we need to check that U(Ty/g1) NU(Ts/g2) is
rational. This set is equal to

U ({t1t27t192,t291i t1 € 11,2 € T2}>
9192 '

Here in the “numerator” we could have deleted the elements t1f5, but then the remaining elements
may not generate an open ideal of A. The point here is that the elements t1to for t; € T} and t3 € Tb
already generate an open ideal of A, the verification of which we leave as an exercise. O

Remark 1.2.9. An open subset of Spa(A, A™) of the form

()

for a finite set T C A may or may not be a rational subset, if we do not require that T generates an
open ideal. (It could still be rational, since it may have some other presentation U(7”/g’) where T" is
a finite set generating an open ideal.) When it is not rational, it could be non-quasi-compact.



1.3 Geometry of adic spectra

Theorem 1.3.1 (Huber, cf. [Hub93, Theorem 3.5(1)]). Let (A, AT) be a Huber pair. The adic spectrum
X = Spa(A, AT) is a spectral topological space, i.e., it satisfies

(a) X has basis of topology {T;}icr satisfying that each T; is quasi-compact and that for any i,j € I
there is k € I such that T; NT; = Ty;

(b) X is quasi-compact;
(¢) each irreducible closed subset of X has a unique generic point. (This property is called “sober”.)

Moreover, the rational subsets of X form such a basis and in particular every rational subset is quasi-
compact.

Remark 1.3.2. A topological space is spectral in the sense of Theorem 1.3.1 if and only if it is homeo-
morphic to Spec B for some ring B.

Fact 1.3.3. A topological space (X,T) is spectral if
o (X,7T) is Ty, and

o there exists a different topology T' on the same underlying set X, such that (X,T') is quasi-
compact and there is a collection {U;} of clopens' in T’ generating T .

Moreover, in this case, every U; is quasi-compact for the topology induced from T .

Proof Sketch of Huber’s Theorem 1.3.1. Let Cont(A) be the set of equivalence classes of continuous
valuations on A, and let Spv(A) be the set of equivalence classes of all valuations on A. We then have

Spa(A, AT) C Cont(A) C Spv(A).

For any ideal I of A such that v/T is equal to v/J for some finitely generated ideal J, Huber defines
a subset Spv(A4,I) C Spv(A), which is independent of the topology on A. This definition is technical
and we omit it. We take I := A% . A to be the ideal generated by A%. In this case, we have

Cont(A) C Spv(A4,1).

We define the topology on Spv(A) and Spv(A, I) in the same way as in Definition 1.2.6. On Spv(A4, 1),
one can further define rational subsets T
7(5)
g

in the same way as in Definition 1.2.7, except that one replaces the condition “T'A is open” by the
condition “I C /TA”. (For our particular I, these two conditions are equivalent, but the second
condition is in terms of only the pair (A4, I), not the topology on A.)

We will need auxiliary topologies on each of the three spaces Spa(A, AT), Spv(A4, ), Spv(A). Let
Spa(A, AT) denote the new topology on Spa(A4, AT) which is the coarsest such that every rational
subset is clopen. (This is more refined than the original topology on Spa(A, AT).) Similarly, we
define Spv(A, )’ using the notion of rational subsets of Spv(A,I). In addition, we define a new
topology on Spv(A), denoted by Spv(A)’, to be generated by subsets of the form {v: v(f) < v(g)}
or {v:v(f) <wv(g)} for f,g € A. (Note that Spv(A)’ is more refined than the original topology on
Spv(A), since the latter is generated by {v: v(f) < v(g)} N {v: v(0) < v(g)}.)

It is easily checked that Spv(A) and all its subspaces are Ty. Thus in view of Lemma 1.2.8 and
Fact 1.3.3, in order to prove the theorem it suffices to prove that Spa(A4, AT)’ is quasi-compact. This
is proved in the following three steps.

Step I. Reduce to showing that Spv(A,I)’ is quasi-compact.

It turns out that for any v € Spv(A4, I), v is continuous if and only if v(f) < 1 = v(1) for all f € A%,
(This equivalence is not true for a general element v € Spv(A).) Such elements v form the complement
of the rational subset U(1/f) in Spv(A,I). Also, for v to lie in Spa(A, A™), we have the condition

LA clopen is a subset that is simultaneously closed and open.



v(f) <1 = v(1) imposed for every f € AT. For each f, this condition defines the rational subset
U({f,1}/1) C Spv(A,I). Consequently, Spa(A, AT) is the intersection of certain subsets of Spv(A, I)
which are either rational subsets or complements of rational subsets of Spv(A,I). Thus the image of
the inclusion Spa(A, AT)" — Spv(A, ) is closed. Moreover, this inclusion is a homeomorphism onto

its image, since every rational subset of Spa(A, AT) is the intersection of Spa(A4, A1) with a rational
subset of Spv(4,I).

Step II. Reduce to showing that Spv(A)’ is quasi-compact.

This is done through constructing and studying a natural retraction r: Spv(A) — Spv(A,I) for
the inclusion Spv(A,I) — Spv(A). We need the following property: For any rational subset U =
U(T/g) € Spv(A,I) with vTA D I, we have r*(U) = {v € Spv(A): Vf € T, v(f) < v(g) # 0}.
(This seemingly harmless statement is not true without the condition vVTA O I.) It easily follows that
r induces a continuous map Spv(A4)" — Spv(A, I)’. Since r is surjective and Spv(A)’ is quasi-compact,
we conclude that Spv(A4, )’ is quasi-compact.

Step III. Prove that Spv(A)’ is quasi-compact.

Each v € Spa(A) gives rise to a binary relation | on A, namely fl|g if and only if v(f) > v(g). The
resulting map

Spv(A) — {0,1}4*4

is injective with closed image. Here we equip the target with the product topology of the discrete
topology on {0, 1}, which is quasi-compact by Tychonoff’s theorem. Clearly the subspace topology on
Spv(A) defined by the above injection is exactly Spv(A)’. O

Remark 1.3.4. Similar methods of proof also show that Cont(A) and Spv(A) are spectral.
Theorem 1.3.5 (Huber’s reconstruction theorem). Suppose (A, AT) is a Huber pair.
(1) Spa(A, A*) = 0 if and only if A = {0}, i.e. the mazimal Hausdorff quotient of A is 0.
(2) Given any f € A, we have f € AT if and only if v(f) < 1 for all v € Spa(A, AT).
Remark 1.3.6. We have the following strengthening of Theorem 1.3.5(2). For any subset S of A, define
Xs={veCont(A): v(f) <1forall f €S}

Then we have inverse bijections

of integral elements

all possible rings AT C A all possible subsets X C Cont(A) of form
—
X = Xg, where S is any subset of A

At Spa(4, AT)
{feA:v(f)<lforalve X} i X.

Example 1.3.7. We analyze Spa(A4, AT) when A is a field.
(1) Let K be a field. Recall that a subring R C K is called a valuation subring if we have Vf €
K*,f € Ror f~' € R. Then there are inverse bijections
Spv(K) = {all valuations v: K - T U{0}}/ ~ «——— {valuation subrings R C K}
R, = {f e Kiv(f)<1)
(vr,T'r) ' R.

Here, as for the image of R, we write

o I'p = K*/R* as an abelian group, together with the total order defined by the rule f < g
if and only if f/g € R.

o vgp: K — (K*/R*)U{0}, the natural projection map.



(2) Consider the Huber pair (K, KT) for a discrete field K. Here K is any integrally closed subring
of K. Then the bijection in (1) restricts to a bijection

Spa(K, KT) «+—— {R C K valuation subring such that R > K*}.

Now we work with the special case that KT is itself a valuation ring. As an exercise, check that
any valuation subring of K is integrally closed in K. We have the following facts:

(a) Any subring R of K containing KT is automatically a valuation subring. All valuation
subrings of K are local.

(b) There are inverse bijections

{R valuation subring of K: R D Kt} +——— Spec K+

R mpg
(K+), P

Here mp denotes the unique maximal ideal of R.

In this special case where K™ C K is a valuation subring, we have
Spa(K,K*) = Spec K.
This is in fact a homeomorphism.

(3) Let K be a non-archimedean field with a ring of integral elements K+. Further, assume K™ is
a valuation subring, i.e. KT is an arbitrary open bounded valuation subring of K. If v is any
valuation on K such that v(K*) < 1, corresponding to the valuation ring R with the unique
maximal ideal mpg, then v is continuous if and only if mp O K. Hence

Spa(K, KT) = {R valuation subring of K: R > K+, mp D K"}
>~ Spec(KT/K").
Note that this formula is also true in case where K is discrete with the valuation subring KT,

by the discussion in (2).

Definition 1.3.8 (Affinoid field). A Huber pair (4, AT) is called an affinoid field if A is a field whose
topology is either discrete or non-archimedean (induced by |- |: A — Rx¢) and if AT is a valuation
subring.

Our previous discussion shows the following:
Proposition 1.3.9. Let (A, A") be an affinoid field. Then Spa(A, AT) is homeomorphic to Spec(A* /A%).
Example 1.3.10. (1) By Example 1.3.7(3),
Spa(Qp, Z,) & Spec(Zy/pZ,) = {x}.
More precisely, in this case, the single point is the class of the usual absolute value | - |,.
(2) Consider v € Spa(Zy, Z,). We see v~1(0) C Z,, is always a prime ideal supp(v).

o If supp(v) = (0), then v extends to a continuous valuation of Q,. This forces v to be | - |,
as in (1).

o If supp(v) = (p), then v factors through v : F, — I' U {0}, where T € Spa(F,,F,) = {*}.
(Here F,, has the discrete topology. As an exercise, check that Spv(F,) = Spa(F,,F,).) If
we write vy for the single point of Spa(F,,F,), then v9(0) = 0 and vy(x) = 1 for = # 0.

Combining these, we see
Spa(Zp, Zp) = {| - |p, vo}
where | - |, is the usual p-adic absolute value and

)1, pia,
UO(x)_{o, otherwise.



1.4 The adic closed unit disc

Let (K, |- |x) be an algebraically closed non-archimedean field. Consider the uniform Tate ring

A=K({T) = ZanT":anéK, ap, > 0asn— oo p,
n=0

whose topology is given by the multiplicative Gauss norm || f|| = max,>1 |an|x. We have

A° = Og(T) = ZanT”: an € Ok, a, —0asn — oo
n=>0

(See Example 1.1.13 for details.)

Exercise 1.4.1. In any normed K-algebra (A, || - ||) such that || - || is multiplicative, the set {a €
A: |la|| < 1} is an integrally closed subring.

By the exercise (A, A") = (K(T),Ok(T)) is a Huber pair. We then consider X = Spa(4, A™).
The goal is to describe its points. For any z € Ok and r € [0, 1], we introduce the notations
Byr={ye K:|ly—x|g <7},
By, ={yeK:|y—alx <r}.

Note that B, , C By 1 always holds. For any f € A and any x € By 1, we can evaluate f(z) € By 1.
Exercise 1.4.2 (Maximum modulus principle). Fiz an element f € A. Let x € By 1 and r € [0,1].

(1) If r € |K*|k, then the function B, — Rxo via y — |f(y)|x has a mazimum, and it is reached
on By, — BY

z,r

(2) For allr €10,1], define
Vg (f) = sup |f(y)|Kk.

YEBay

Check that v, € X is a continuous valuation on A such that vy ,(AT) < 1. Further, if we have
(1) =3, an(T — x)", then
Vg (f) = max|a,|x - 7"

(3) For any f1, fa € A, we always have

Uz,r(flfQ) = 'Um,r(fl) . Uz,r(fQ)'

(4) We have vy, € Spa(A, A1).

We are going to give a complete classification of points in X = Spa(A4, AT), with A = K(T) D
AT = A° = Ok (T), into certain types. It easily follows from the above exercise that for each z € O
and r € [0,1], the function v, ,: A — Ry¢ is a continuous valuation such that v, ,(f) < 1 for all
f € AT. Thus v, can be viewed as an element of X.

Construction 1.4.3 (Points in the adic closed unit disc). Assume I' = Rsq for (I)-(IV) in the
following.

(I) Classical points: vy o: f — |f(z)|k for z € Ok.
(II) vy, with x € Og and r € (0,1] N |K*|k.

(III) vy, withx € Ok, forr € (0,1] but r ¢ |K*|k. Note that for r =1, the point vy, is independent
of ¢, and is nothing but the Gauss norm || - | on A. We denote this point by 3, called the Gauss
point.



(IV) The points of this type only exist when K is not spherically complete. In this case, we can
have a family F = (Bg, r, O Bayry DO -++) of closed balls with descending radii r; such that
N, Bz,.r = 0. (It follows that lim; r; > 0.) Then we can construct vy € X by

U]:(f) = lgf Ve, rm (f)

Note that this can happen when K = C,.

In contrast with T' = Ry before, we now assume I' = 7% x Rsq for some generator ~ such that
r<~vy<1forallre (0,1). That is, we equip the abelian group T = Z x Rsq with the total order such
that (v, r) < (v™,s) if and only if r < s or (r=s and n = m).

(V) Rank 2 points: Start with a point vy, € X of type (II) or (III) for x € Ok and r € (0,1). We

have
Vg, r (Z an(T — x)") =sup |a,|-r".

We are to modify this point by € € {£1}, to get vy . € X defined by

Vz,re (Z an(T - x)n) = Slip ‘anl : (’I“ : ’VE)n € (’YZ X R>0) U {0}

More precisely, the new points of type (V) arises from the following recipe:

(i) If r ¢ |K* |k, i.e. vy, is of type (III), then we do not get new points because vy e ~ Vg.r,
i.e., they are equivalent valuations.

(o)
x,r

(it) If r € |K* |k, then vy re % Vg . We see g 41 depends on (z,r) only via B
depends on (z,r) via By .

and Vg r 1

Now for the type (II) point vy 1 = 8 (i.e., the Gauss point), we have a new type (V) point vy 1,41
by the same recipe as above, for each v € Ok. The point vy, 1 depends on x only via By ;.
Note that the valuation v, 11 sends T € AT to y~1, which is > 1. This violates the defining
condition for Spa(A, AT). Hence we do not have points in Spa(A, AT) of the form vy 1 1.

In fact, for vy, of type (II), the closure of {vg,} in X consists of vy, and certain type (V) points.
More precisely:

e Whenr e (0,1),

{Vor} = {ver} U{Vsr41: By = By r, t.e ' € By} U {vg,r,—1}.

Moreover, for z',x" € By, we have vy 11 = Vg p 41 of and only if BY, . = Bo, ., if and only

x'r?

if |#° —2”| < r. Thus if we choose an element u € K such that |u| = r and denote by 1 the
residue field of K, then the set {vy . 11: 2" € By} is in bijection with A'(l) under the map
Vg r41 > the residue class of (x' — x)/u € Ok. This bijection extends to a bijection

{var} = Pllv

where we send v, to the generic point and send v, 1 to the closed point co. The above
bijection turns out to be a homeomorphism.

e When r =1, we have v, , = 3, and
{BY = {BY U {var141: 2’ € Og} = AL

Such points in Construction 1.4.3 form Spa(4, AT) whose geometry can be illustrated as a tree. A
more precise description is as follows.
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Construction 1.4.4 (Visualizations of points of each type in Construction 1.4.3). Let x € Ok and
consider the curve

Cyp:={vgr:r€0,1]} C X.

For r =0, vy, 15 a classical point; for r = 1, vy, = [ is the Gauss point. We thus regard Cy as
a curve going from [ to the classical point v, o as v decreases. However, we caution that the natural
map [0,1] — C, is not a homeomorphism.

(1)

(1)

(I17)

(1V)

(V)

In the following picture, the curve below denotes the set of all classical points.

B

Ok

Each z € Ok corresponds to a point vy 1 of type (I) via C,. Hence the classical points are
“endpoints” of the tree X, and the set of them can be identified with Ok .

We consider vy, by fizing 0 # r € |[K* |k and say r = |x —y| with x #y. Then By, = B, , and
hence vy, = vy ,. Thus the two curves Cy and C, meet at vy ,. Moreover, for v’ € [0,7), we
have By p+ # By and 50 Vg pr 7 vy, which means that Cp and Cy actually depart each other
at vy when they go downward. Thus the point vy, of type (II) is a branching point.

B

Note that the branching dos not happen along the upward direction, i.e., vy, = vy, for all
r’ € [r,1]. In other words, the segment of Cy from B to v, , is equal to the segment of Cy from
B to vy .

Any point vy, of type III is not a branching point. Therefore, the points of type (II) and (III)
are seen as “limbs” of the tree X.

By Construction 1.4.3, each point vy of type (IV) is represented by a path on the tree starting
at B, passing through infinitely many branching points, but never reaching an end point. We can
write this path as

C Cy
(5 e Vzy,my = Vay,ray T )

where the symbol Cy, on the i-th edge means that the part of the path from vy, | v, t0 Vg, r,
agrees with the corresponding segment of the curve Cy,. Therefore, the point vy in the tree X
looks like “the limiting point of ramification points on limbs”.

Again, start with a point vy, of type (II) for r < 1. For each distinct ray Cy passing through vy ,
downward, we uniquely have vy, 1. On the other hand, from v, , we have a unique direction
going upward, corresponding to vy, 1.

11



Therefore, we see points of type (V) of rank 2 lie in the closure of points of type (II), or more

heuristically, they are “infinitesimally close to the limbs” of the tree X. For r = 1, namely
for vy, = B, the visualization is similar, except that we do not have the “upward direction”,

corresponding to the fact that we do not have the point vy, 1.
Proposition 1.4.5. All points of X are given by Construction 1.4.5.

Proof. Step 1. Use the completion containment
(K[T], 0k[T]) C (K[T]",Ok[T]")

= (K(T), Ok (T))

to get a natural map (by restricting the valuations)
Spa(K(T), Ok (T)) — Spa(K[T], Ok [T)).
It is a general fact about completions of Huber pairs that the above is a homeomorphism. We will
discuss this general fact later in Proposition 1.5.8.
Step II. Classify points of rank 1.
The rank-one points are by definition continuous valuations v: K[T] — Ry such that v(Og[T]) <
1. Fix such a v. We define r, := v(T — z) for any = € Ok. Since T — x € Og[T], we have r, € [0, 1].

Thus we can form the ball B, , C By ;. Using axioms for v, one can show for any z,y € Ok that

Tx < Ty - Bm,rm C By,ry~

One can also show that for any f € K[T],
sup | f(y)|k

= inf vz, = inf
o) = i v () = I st

z, Ty

by reducing to the case where f is a linear polynomial. Combining these two observations, we can find

a decreasing family (By, », D By, v, O -+ -) such that
o(f) = int ey, 1, (F)

This forces such v to be one of the points of type (I)-(IV).

Step III. Classify the rest of the point of X.
In general, for any Huber pair (4, A7) and any (v: A — T'U {0}) € Spa(A, AT), the subset

supp(v) = v (0)
of A is a prime ideal. (Moreover, the map supp: Spa(4, AT) — Spec A, v — supp(v) is continuous.)
We define the residue field of v to be the residue field of supp(v), namely

k(v) := Frac(A/ supp(v)).

This v induces a valuation k(v) — I'U{0}, along which the inverse image k(v)* of {y € T': v < 1}U{0}

is a valuation subring of k(v). Consequently, k(v)™ is a local ring with residue field

k(v) = {z € k(x): v(z) < 1}/{z € k(z): v(z) <1} = k(v)*/{z € k(x): v(x) < 1}.
Note that the natural image of A" in k(v) is contained in k(v)*.
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Fact 1.4.6. Suppose for X = Spa(A, AT), the Huber pair (A, A") is Tate. Then:
(1) If v,w € X such that v~ w, i.e. w € {v}, then supp(w) = supp(v).

(2) Fiz a pointv. Then

{v} =5 {R valuation subring of k(v): im(AT — k(v)") € R C k(v)*}
s {valuation subrings of k(v) containing im(AT — k(v))}
s Spa(k(v),im(AT — k(v))).

Here the first isomorphism sends w to k(w)™, which is a valuation subring of k(w) and we have
k(w) = k(v) by part (1). The second isomorphism is induced by the projection k(v)T — k(v). In
the third line, we equip k(v) with the discrete topology. Moreover, the composition of the above
three bijections is a homeomorphism.

(3) For each w € X there exists a unique point of rank 1, say v € X, such that w € m

Back to considering the adic closed unit disc Spa(K[T'], Ox[T]). We have already classified all rank
1 points. By Fact 1.4.6 (3), in order to classify all points, we only need to compute the closure of
every rank 1 point. This closure can be computed using Fact 1.4.6 (2). Now all points of rank 1 are
closed except for those of type (II). Take vy, of type (II) with » < 1. Then we have k(vy,) = I(T)
and im(A* — k(vy,)) = I. Here [ is the residue field of K. Thus we have

{ve.r} = Spa(l(T),1) = P;.

By unwrapping the constructions it is not hard to see that the type (V) points actually realize this
bijection, in the way described in Construction 1.4.3. Similarly, for » = 1, we have x = [(T) and
im(A™) = {[T]. The situation is different because

Spa(l(T),1[T]) = A}.

1.5 Completion

Definition 1.5.1. Let A be a topological ring. Say A is complete if A is Hausdorff and every Cauchy
filter basis has a limit in A.

Fact 1.5.2 (Universal property of completions). There is a continuous map A — A such that A is
complete and this map is universal for all continuous maps A — B for complete B. The A-algebra A
18 called the completion of A; it is unique up to unique isomorphism as a topological A-algebra.

Example 1.5.3. If A has [-adic topology for an ideal I, then A is the I-adic completion of A, i.e.,
A= I&Hn A/I"™. However, we caution that A may not be I-adically complete as an A-module, that is,
we may not have A an E/I”E This is not a contradiction with the fact that A is complete. When

we say that Alis complete, it is with respect to some intrinsic topology on A on account of A being a
completion of A; in the current case the topology of A is the inverse limit topology coming from the
discrete topology on A/I™ for all n. This topology is in general different from the I-adic topology on
A. All these problems go away when [ is finitely generated, as we will see below.

The following facts can be more important.

Fact 1.5.4. If A has I-adic topology for a finitely generated ideal I, then the topology on A is (I- E)—
adic.

This can be further extended to the case where A is Huber with a ring of definition Ay and an
ideal of definition I. Denote by ¢: A — A the completion map, and let Ay be the closure of ¥(Ap) in
g, equipped with the subspace topology inherited from A. The notation /To clashes with the notation
for the completion of Ay, but the two are actually isomorphic as stated below.
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Fact 1.5.5. The map ¢: Ay — Ao zdentﬁes the topological ring AO with the completion of Ag. In
particular, by Fact 1.5./, the topology on Ag is (Y(I) - AO) adic. Here note that ¥ (I) - A is a finitely

generated ideal in AO Moreover, AO is an open subrmg ofA In particular, A is Huber with a ring of
definition Ao and an ideal of definition ¢(I) - A

Remark 1.5.6. Notation as above, we have a natural isomorphism
A\ = A\O (2 A.

One can actually use the right hand side to construct A\, and then show that it satisfies the character-
izing universal property.

Fact 1.5.7. If A is Huber with completion map ¢ : A — 2, then we have a bijection.
{open subrings of A} «=— {open subrings of A}
R Y(R)

Moreover, 1(R) is identified with the completion of R itself. Under this bijection, A° is sent to (A)°.
This bijection also restricts to the following bijections:

{rings of definition of A} +—— {rings of definition of A\}
and
{rings of integral elements of A} +—— {rings of integral elements of ﬁ}

By virtue of the last bijection, startmg with any Huber pair (A, AT) we can take its completion (A A*)
which is_another Huber pair, where A is the completion of A, and At is the closure of the image of
AT in A, itself identified with the completion of AT. By restricting the valuations, we get from the

process above a natural map o
¢: Spa(A, AT) — Spa(4, A™).

The following proposition claims the homeomorphism which appeared in the proof of Proposition
1.4.5 before.

Proposition 1.5.8. The map ¢: Spa(g, ﬁ*) — Spa(A, A™) is a homeomorphism that preserves
rational subsets.

To prove Proposition 1.5.8, we need the following two lemmas.

Lemma 1.5.9 (Minimum modulus principle). Suppose (A, AT) is a Huber pair and take a quasi-
compact subset C C Spa(A, AT). Suppose f € A is such that v(f) # 0 for allv € C. Then there is a
neighborhood U of 0 in A such that for all g € U we have

v(f) >v(g), YveC.

Proof. Choose a ring of definition Ay C A and an ideal of definition I C Ag. Write I = T - Ay for some
finite set T' C Ag. For each integer n > 1, the set

X, = {v € Spa(A, AT): v(t) <v(f) #0 forall t € T"}

is open. For any v € C, since v is continuous, we see v(f) # 0 implies that {g € A: v(g) < v(f)} is an
open neighborhood of 0, and hence contains I"™ D T™ for some n > 0. This means that v € X,,. Thus

we have
cclJxn.

n>=1

Note each t € T satisfies t” — 0, so for any continuous valuation v on A we must have v(t) < 1.
(Indeed, for sufficiently large n, t" will lie in {f: v(f) < v(1) = 1}, which is an open neighborhood of

0 in A. Hence v(t") < 1 and so v(t) < 1.) Thus X,, C X,4+1 C ---. It then follows from the quasi-
compactness of C' that C' C X, for some n > 0. If so, we can take U = I"™! and then v(g) < v(f) for
all g € U and all v € C. (For the strict inequality again use v(t) < 1 for any t € T.) O
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Example 1.5.10. To illustrate the situation of Lemma 1.5.9, we consider the adic closed unit disc.
Let (K, |- |) be an algebraically closed non-archimedean field. Take

X = Spa(K(T), Ox (T)).

Then the following subset is open in X:
C=X—{vo}={veX:vT)+#0}.

Take f =T. We have vg ,n+1] € C for all n € N. Also note that

vo,[prt1 (D7) = [P"] > g jprra)(T) = [p"+1.

Since p™ — 0 in A, this means there does not exist an open neighborhood U of 0 in A satisfying the
conclusion of Lemma 1.5.9 for f = T. Thus C is not quasi-compact. This C' is an example of an open
subset of Spa(A4, A™) which is not quasi-compact; in particular it is not a rational subset.

Lemma 1.5.11. Suppose (A, A1) is a complete Huber pair. Take
U=U (fl)g afn) c Spa(A,A+)

as a rational subset with open ideal (f1,..., fn)A. Then there is a neighborhood V of 0 in A satisfying
the following condition: For oll fl € f; +V withi=1,...,n, and for all ¢’ € g+ 'V, we still have

U:U(fl’m’f/)
g

and (f1,..., f1)A is an open ideal as well.

Proof. We need to make use of the following

Claim. Let B be a ring, and J =r;B + -+ + r,, B a finitely generated ideal. Assume
that B is J-adically complete. Then for any r{ € ry + J2,--- 7/ € r, + J?, we have
J=r{B+---+71,,B.

To prove the claim, we need to show that the B-module map ¢ : B™ = B®™ — J (by, -+ ,by) —
> b1} is surjective. Both sides are J-adically complete, so it suffices to show that ¢ induces a surjection
between the graded modules associated to the J-adic filtrations on the two sides. (See [Bou(4, II1.2,
No 8, Cor.2].) Thus we need to show for each i > 0 that ¢ : J'B™/J B, — J'J/J*1] is surjective.
For this, clearly it is enough to show that {r},--- ,r/ } U J? generates J as a B-module. This is true
since the ideal generated by {r{,---,r,,} U J? is contained in the ideal generated by {ri, -+ ,rm},
which is J. The claim is proved.

We now start the proof of the lemma.

Choose a ring of definition Ag in A and an ideal of definition I = (r1,...,7m)A9 C Agp. Since
(f1,-++, fn)A is open, we may assume that I C (f1, -, fn)A. We then write

T = Zaijfi, ;5 € A.
i=1
Let Vp be a neighborhood of 0 in A such that a;;Vo C I? forall i =1,...,n and j = 1,...,m. Then
for arbitrary f] € f; + Vo, if we define
n
T_;‘ = Z aijfi/7
i=1

we get 1 € rj + I* and so (rf,...,7;,)Ag = I by the claim. But this implies that (f{,..., f;)A is
again an open ideal in A.

We now show that if we further shrink Vj, then we can ensure that U = U (f L

ivg G%-

) for arbitrary
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Set fo = g, and U; = U(fo’flf%f") for i = 0,---,n. Thus U = Uy. Since U; is rational, it is
quasi-compact. Since f; is non-zero on U;, using Minimum modulus principle (Lemma 1.5.9) we find
a neighborhood V of 0 in A such that for any f € V, any 0 < i < n, and any v € U;, we have
v(f;) > v(f). We may and shall assume that V C V, N A%.

We now show that for arbitrary fi € fo+V, -+, f}, € fu +V, we have

va" 7f/>
( Iz “o.

Clearly this will imply the lemma. Denote the left hand side by Uj.
We prove U} D Uy. Let v € Ug. Then v(fo) > v(f; — f!) for all i =0,--- ,n, since f; — fl € V. We
then have

v(f;) < max(v(fi), v(fi = f7)) < v(fo) = v(fo = fo + fo) = v(fo)-

Hence v € Uj.

Finally, we prove U} C Uy. Let v € U} and suppose v ¢ Uy. We analyze the situation in two cases.
Case one, v(f;) =0 for all ¢ = 0,--- ,n. In this case, supp(v) is an ideal containing all f; and hence
it is open. Since fo — f5 € V. C A% we have fo — f} € \/supp(v) = supp(v). Thus v(f}) = 0, a
contradiction with the assumption that v € Uy.

Case two, v(f;) # 0 for some i. We may assume that ¢ is such that v(f;) = max(v(fo), - ,v(fn)).
Since v ¢ Uy, we have either v(fo) = 0, or v(f;) > v(fo) for some j. In all cases, we have v(fz) v(fo)-
In particular ¢ # 0. Then v(fj) < max( (fo)sv(fo— f3)) <wv(fi) =wv(f]), a contradiction. O

Now we are ready to prove that : Spa(A4, A*) — Spa(A, A*) is a homeomorphism which preserves
rational subsets.

Proof of Proposition 1.5.8. It is easy to show that ¢ is bijective. Then it remains to show that ¢
preserves rational subsets, since after that it will automatically follow that ¢ is a homeomorphism. It
is not hard to show that ¢ ~! maps a rational subset of Spa(A, A*) to a rational subset of Spa(4, AT).
Thus it remains to show the following:

e If U = U{f1,...,fn}/g) is rational in Spa(jzl\, A\'*') and (fl,,fn);l\ is open, then ¢(U) is
rational in Spa(A, A™T).

The natural map ¢: A — A has dense image, so by Lemma 1.5.11, without loss of generality, we may
assume f; = «(h;) and g = «(k) with k € A and h; € A for i =1,...,n. This further implies

ga(U)U(hl"’k' h")

So the proof would be complete if (hq,...,h,) is an open ideal in A.

In general, we observe that U is quasi-compact since it is rational, and ¢(k) = g is non-zero on U.
By Lemma 1.5.9, there is a neighborhood V of 0 in A such that for all y € V we have v(y) < v(g) for
allveU.

Recall from Fact 1.5.5 that if we take a ring of definition Ay C A and an ideal of definition I C Ao,
then Ay is a ring of definition in A whose topology is (.(1 ) - AO) adic. Therefore, up to replacing I by
a power of itself, we can choose I such that ¢(I) C V. Thus for each y € I, U(L(y)) < v(g) holds for
any v € U. This implies that v(y) < v(k) for all v € p(U). Consequently,

o hlv"'yhn _ hla"'vhan
o) = (M) g (e ),

in which T is a finite set of generators of the ideal I in Ag. Then {hy, -, h,} UT generate an open
ideal in A, and so ¢(U) is rational. O

Proposition 1.5.12. Let U C Spa(A, A™) be a rational subset. Then there is
o a complete Huber pair (Ay, A§) associated to U, and

o a map of Huber pairs po: (A, AT) — (AU,Aﬁ),
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such that

(1) The map Spa(AU,A§) — Spa(A, AT) induced by @q is a homeomorphism Spa(AU,Aﬁ) = U,
and this homeomorphism preserves rational subsets. (Here rational subsets of U refer to those
rational subsets of Spa(A, A™) that are contained in U.)

(2) For each complete Huber pair (B, B1) together with a map p: (A, A*) — (B, BY), if the induced
map Spa(B, BT) — Spa(A, AT) factors through U, then ¢ factors uniquely through o, i.e.,

(A, AY) —* (B,B™)

|

|

131
X‘ }3.

|

(AUa A-[E)

Proof. We only sketch the construction of (Ay, Af;). It is not a priori clear that the construction is
independent of various choices. However, one proves that the construction indeed satisfies the universal
property as in the proposition, from which uniqueness follows.

Choose a ring of definition Ag C A and an ideal of definition I C Ag. We construct (Ay, Af;) as

follows. Write T
o-o(3
g

where T is a finite subset of A generating an open ideal. We admit the following claim.

Claim. On A[1/g], there exists a unique ring topology such that Ag[T"/g] is open with
(I - Ap[T/g))-adic topology.

Here existence and uniqueness of a group topology (for addition) satisfying the same conditions is clear.
The key point is to show that this group topology is also a ring topology, i.e., that multiplication is
continuous. Granting the claim, we see A[1/g], equipped with the prescribed topology, is a Huber ring;
we then take its completion and denote the completion by A(T'/g). The integral closure of A*[T/g] in
A[l/g] is a ring of integral elements in the Huber ring A[1/g]. Hence the completion of it is a ring of
integral elements in A(T'/g). We denote this ring of integral elements by A(T/g)". In conclusion we
have obtained a complete Huber pair (A(T'/g), A(T/g)*), and this is our desired (Ay, Af). O

Remark 1.5.13 (Universal property of the A-algebra A(T/g)). The map A — A(T'/g) is universal
among the continuous maps ¢: A — B with complete B and such that ¢(g) is invertible and ¢(T)/¢(g)
is power-bounded as a set in B. Here, a subset S C B is called power-bounded if J,, S™ is bounded.

1.6 The structure presheaf and adic spaces
Fix a Huber pair (4, A") and let X = Spa(A4, A™).
Definition 1.6.1. Let W C X = Spa(A, AT) be an open subset. Define
Ox(W):= lim Ay, OL(W) := Jim Al
Ucw Ucw

rational rational

Here in both projective limits, the transition maps in the projective system arise from the fact that,
for two rational sets U’ C U, the Huber pair (Ay/, A7) is an algebra over (Ay, Af).

We equip Ox (W) and O% (W) with the inverse limit topology coming from the topologies on Ay
and Af;. Inverse limits of complete rings are complete. Hence Ox (W) and O% (W) are complete rings.
Thus Ox and OF are presheaves sending open sets in X to complete topological rings. However, they
are not sheaves in general.
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For a rational subset U C X, we have Ox (U) = Ay and O (U) = A{;. Since rational subsets form
a basis of the topology, the stalks of Ox and O} are given by

Oxe:= lim Ox(U)=lmAy, O, :=limAj.
FEUCX U U
rationa.

Take z € X with corresponding valuation v: A — I' U {0}. For each rational subset U of X
containing x, one checks that v extends uniquely to a continuous valuation v: Ay — I'U {0}. Thus
we obtain a canonical valuation

vy Ox,, — T U{0}.

Therefore, for a general open subset W C X, and for any f € Ox (W), the valuation v(f) for v € W
makes sense. Namely, we define v(f) to be the canonical valuation on Ox , applied to the image of
fin Ox,. The following notation is standard: We often write |f(v)| for v(f), even though f(v) does
not make sense, and |f(v)| is an element of a group that depends on v.

Fact 1.6.2. Consider X = Spa(A, AT). We naturally view (9} as a sub-presheaf of Ox.

(1) For any open subset W, we have
OFX(W)={f € Ox(W):v(f) <1 for allve W}

In particular, O} s determined by Ox together with the canonical valuations on the stalks of
Ox. It is automatically a sheaf whenever Ox is a sheaf.

(2) For each x € X, Ox 5 is a local ring whose residue field is isomorphic to
k(x) = Frac(A/ supp(z)).
(3) We have
(9};@ ={f € O0x,y:v.(f) <1}

Moreover, it is a local ring with mazimal ideal {f € Oj—(,r: ve(f) < 1}. Its residue field is
identified with the residue field of k(z)T. (Recall that k(z)™ is the valuation subring of k(x)
corresponding to the valuation on k(zx) induced by v,.)

Definition 1.6.3. A Huber pair (A, AT) is called sheafy if the presheaf Ox on X = Spa(A, AT) is a
sheaf.

Definition 1.6.4 (Adic spaces). We define a category ¥ as follows.
e Each object of ¥ is a tuple (X, Ox, {v: }zex ), where

o X is a topological space,

o Ox is a sheaf of topological rings such that Ox , is a local ring for all z € X, and

o v, for each z € X is an equivalence class of valuations on Ox , such that supp(v,) is the
maximal ideal of Ox ;.

e Each morphism of ¥ is the data consisting of

o amap f: X =Y of topological spaces, together with
o amap Oy — f,Ox of sheaves of topological rings, satisfying the property that the induced
maps between stalks of Ox and Oy are compatible with the canonical valuations.

An adic space is an object of ¥ that is locally isomorphic to Spa(A4, AT) € ¥ for a sheafy Huber pair
(A, AT). Morphisms between adic spaces are by definition morphisms in ¥

Remark 1.6.5. Since inverse limits of complete topological rings are complete, if (X, Ox) is an adic
space then Ox is a sheaf of complete topological rings.

Remark 1.6.6. The functor
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(Sheafy Huber pairs)°® —— (Adic spaces)
(A, AT) ———— Spa(A, A™).

is in fact fully faithful.

In the sequel, we shall write Spa(A) for Spa(4, A") in the occasion where A* = A°.
We now investigate on sufficient conditions to guarantee that a Huber pair is sheafy. First observe
that whether a Huber pair is sheafy is insensitive to completion, so we may just work with complete

Huber pairs. There indeed exist non-sheafy Huber pairs, see the examples by Buzzard—Verberkmoes
and Mihara.

Theorem 1.6.7 (Huber). A complete Huber pair (A, AT) is sheafy in the following cases.
(1) A is discrete.

(2) A has a noetherian ring of definition.
(3) A is Tate and strongly noetherian, i.e., for each n > 1,
ATy, ..., Tn) ={f € A[Th, ..., Ty]: coefficients of f tend to 0 in A}
s noetherian.

Moreover, in all of these classical cases, Tate Acyclicity holds! Namely, for the affinoid space X =
Spa(A, AT), the augmented Cech complex for Ox with respect to any rational cover is exact. Conse-
quently, the higher sheaf cohomology vanishes: H*(U,Ox) = 0 for all i > 0 and any rational subset
UCX.

Definition 1.6.8. Let f: A — B be a continuous map between Huber rings A and B. It is of
topologically finite type (TEFT) if

(i) B is complete,

(ii

) there are rings of definition A9 C A and By C B such that f(A4y) C By,
(iii) B is a finitely generated algebra over f(A) - By, and
)

(iv) there is n € N and a surjective open continuous map

o~

Ao(l’l, - 7-73n> — By
of Ag-algebras.

Proposition 1.6.9. If f: A — B is of topological finite type, and A satisfies (2) or (3) of Theorem
1.6.7, then B also satisfies (2) or (3) respectively.

Proposition 1.6.10. Every non-archimedean field K is (Tate and) strongly noetherian.

1.7 Stably uniform affinoids

The perfectoid rings we want to study are huge, infinitely ramified, and highly non-Noetherian, so they
fail the sufficient conditions in Huber’s theorem. Nevertheless, they satisfy a non-Noetherian criterion
which we now discuss.

In the typical examples of non-sheafy Huber pairs, there exists a global section restricts to 0 on
an open cover but is globally non-zero. This failure stems from power-bounded elements failing to be
topologically bounded.

Definition 1.7.1. A complete Tate Huber pair (R, R") is stably uniform, if for every rational subset
W C Spa(R, RT), the complete Tate ring Ox (W) is uniform.

Theorem 1.7.2 (Buzzard-Verberkmoes, 2014). If (R, R") is a stably uniform complete Tate Huber
pair, then Ox is a sheaf on X = Spa(R, RT). Moreover, for any rational cover, the augmented Cech
complex is eract. Consequently, Tate acyclicity holds: H'(U,Ox) = 0 for all i > 0 and any rational
subset U.
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Sketch of proof. By Huber’s reduction argument (similar to the proof of Tate acyclicity for rigid an-
alytic spaces), the theorem reduces to checking that for a basic Laurent cover: X = U UV, where
U={zeX:|t(z)|<1l}and V ={z € X : [t(zx)| > 1} for some ¢ € R, the sequence

)=y —x

0= Ox(X) = Ox(U) ® Ox (V) EX2Y2 o (U V)

is exact. In fact, in this reduction step, we need to possibly replace X by its rational subsets; this
is OK since our assumption that (R, RT) is stably uniform is by design invariant under passing to
rational subsets.

Fix a ring of definition Ry of R. Recall that Huber’s rule dictates that for a rational subset
W =U(T/qg), the ring Ox (W) is the completion of the algebraic localization R[1/g] with respect to
its topology which is defined by declaring Ro[T'/g] to be an open ring of definition. Let’s apply this:

We have U = U (4!). The algebraic ring is A = R[1/1] = R, and the ring of definition is
A = Ro[%, 1] = Ry[t]. Thus, Ox(U) is the completion of A = R topologized by Ay = Ry[t].

We have V = U (%) The algebraic ring is B = R[1/t], and the ring of definition is By =
#(Ro)[+,%] = ¢(Ro)[1/t], where ¢ denotes the natural map R — B. Thus, Ox (V) is the completion
of B = RJ[1/t] topologized by By = ¢(Rp)[1/t].

We have UNV =U (84)nU (1) =U (W) =U (#) The algebraic ring is C = R[1/t].
(Note that abstractly C = B). The ring of definition is Cy = ¢(Rp) [%, g ?} = ¢(Ro)[1/t,1,t] =
@(Ro)[t,1/t]. Thus, Ox (U NV) is the completion of C' = R[1/t] topologized by Cy = ¢(Ry)][t, 1/t].

Before completion, we form the split exact sequence of abstract abelian groups: 0 - R = A® B LN
C — 0, where €(r) = (r,¢(r)) and d(a,b) = b — ¢(a). Our goal is to show that after completion
this sequence remains exact. In general, completing an exact sequence of topological abelian groups
preserves exactness if and only if the transition maps are strict. (A map f: G — H is called strict if
the topology on im(f) defined as a quotient of G agrees with that defined as a subgroup of H.) In the
current situation, it suffices to show that the inverse image under ¢ of a ring of definition of A ® B is
bounded in R. Thus we only need to show that Ag N ¢~1(By) = Ro[t] N ¢~ (d(Ro)[1/t]) is a bounded
subset of R. By assumption, R° is bounded. Hence it remains to prove the following claim:

Claim: Ry[t] N ¢~ (e(Ro)[1/t]) C R°.

Proof: If r is in the intersection, then there exists a degree d; polynomial f; over Ry such that
r = f1(t) , and a degree < dy polynomial f; over Ry such that t%2r = f,(t). Let N = dy+ds, and w € R
a pseudo-uniformizer such that wt € Ry. Then prove by induction on m > 0 that @™ g(t)r™ € Ry
for all deg < N polynomials g over Ry. (Consider g(t) = t*. If k < do, replace r by fi(t). If k > da,
replace t%r by fo(t).) In particular, @™ 7™ € Ry for all m, so r € R°. O

1.8 Comparing with rigid analytic spaces and formal schemes

Let k be a complete non-archimedean field. Classical rigid geometry studies the maximal spectrum
Sp(R) where R is an affinoid k-algebra topologically of finite type.

Theorem 1.8.1 (Huber). There is a fully faithful functor
{rigid analytic spaces over k} — {adic spaces}

which on affinoids sends Sp(R) to Spa(R, R°). (This is a valid adic space because R is topologically of
finite type, hence strongly noetherian, ensuring that (R, R°) is sheafy by case (8) of Theorem 1.6.7).

We now consider formal schemes over O. In order to ensure that O;, is Noetherian, we assume in
addition that k is discretely valued. Suppose X is a locally Noetherian formal scheme over Spf(Oy).
Then locally, X = Spf(A), where A is a Noetherian topological ring complete with respect to the I-adic
topology for a (finitely generated) ideal I. Note that the pair (A, A) is a sheafy Huber pair by case
(2) of Theorem 1.6.7.

Theorem 1.8.2 (Huber). There is a fully faithful functor:
{locally Noetherian formal schemes over O} — {adic spaces}

which on affine formal schemes sends Spf(A) to Spa(A, A).
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We now have a much more straightforward point of view toward Raynaud’s rigid generic fiber
functor. Recall that this functor attaches a rigid analytic space X over k to each locally Noetherian
formal scheme X over Oj. If we embed both categories into the category of adic spaces, then the
relationship between X and X is expressed by the simple fiber product relation:

X=X XSpa(Ok,Ok) Spa(k, Ok)

(However, the category of adic spaces does not admit arbitrary fiber products.)

2 Perfectoid spaces

2.1 Perfectoid fields and tilting

The following result is an important motivation for the theory of perfectoid spaces.

Theorem 2.1.1 (Fontaine-Wintenberger). Let K be the p-adic completion onp(pl/pm) = UnZl Qp(pl/pn).

(Here, for each n, we choose a root p'/P" in @p such that (pl/p"+1)p = p!/P" ) Then there is a canonical
isomorphism between absolute Galois groups

Gr =2 G
where K° is the t-adic completion of F,((t))(t'/?™) := Un>1 F,((2))(tY/P").
Remark 2.1.2. The theorem has its root in the following result of Deligne: For any integer n > 1, there
is a canonical isomorphism
Gy 1/ Gprsmy = G071/ G oy em)

where the superscript (p) denotes the upper numbering ramification group.

The following definition captures the key features of K and K’ above.
Definition 2.1.3 (Scholze). A perfectoid field is a nonarchimedean field (K, |- |) such that

1. |K*| is a non-discrete subgroup of Rsq.

2. The residue field of K is of characteristic p > 0. (In particular, [p| < 1).

3. Frob: Ok /p — Ok /p, x — xP is surjective.

In the following, p as in condition 2 is always fixed. Note that K is allowed to have characteristic
0 or p.

Remark 2.1.4. Over characteristic p, a perfectoid field is the same thing as a non-archimedean field K
which is perfect, i.e., Frob : K — K,x — xP is a bijection. This is because Frob : K — K is always
injective, and it is surjective if and only if Frob : O — O is surjective. Moreover, if Frob : K — K
is surjective, then |K *| is p-divisible and hence non-discrete.

Example 2.1.5. Perfectoid fields of characteristic 0:

—

0 Q077 = (U G0V)

L —

o GGm) = (Unzs @(6)”

o~

e C,:=Q,

Perfectoid fields of characteristic p:

o Ep(O)F7) i= (Ups B ()7
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o Fp((1))

Lemma 2.1.6. Let (K,|-|) be a non-archimedean field of residue characteristic p. Assume that |K*|
is non-discrete, and that there exists w € K such that |p| < |w| < 1 and such that Frob : O /w —
Ok /w,z — 2P is surjective. (Note that Ok /w is a ring of characteristic p.) Then |K*| is p-divisible.
In particular, this applies to any perfectoid field K.

Proof. For any non-discrete subgroup I' of R~y and any 0 < a < b, we know that I' is generated by
I' N (a,b). Hence |K*| is generated by |t| with ¢ € K such that |w| < |t| < 1. For such a t, by
assumption there exists y € Ok such that y? =t (mod w). It then follows that |[y?| = |y|P = |¢|. O

Lemma 2.1.7. Let (K,|-|) be a non-archimedean field with residue characteristic p and such that
|K*| is non-discrete. Then the following conditions are equivalent:

1. K is perfectoid.

2. For any w € K satisfying |p| < |w| < 1 we have Frob : Ok /w — Ok /w,x — P is surjective.
(Note that Ok /w is a ring of characteristic p.)

3. For some w € K satisfying |p| < |w| < 1 we have Frob : Ok /w — Ok /w,x — P is surjective.

Proof. Condition 1 implies condition 2 since Ok /w is a quotient ring of Ok /p. It remains to show
that condition 3 implies condition 1. Let y € Ox. We need to find € Ok such that 2P =y (mod p).
First find #; € Ok such that 2 = y (mod w). By Lemma 2.1.6, we can pick @y € K such that
|1 |P = |w|. Write y — 2} = w!z, with 2 € Ok. Find x5 € Ok such that 25 = 2z (mod @). Then
T1 + w129 satisfies

(21 + wiwe)? = 2} +p(---) + e =ab 4 iz =y mod ().

If |?| < |p|, then the above congruence holds modulo p, so we have found z such that ” =y (mod p).

Otherwise, we can replace w by w? and replace 21 by 1 + w122, and iterate the process. Since one of

w,w?, wt, @8, ... must have absolute value less than |p|, we will be able to find x after finitely many

steps. ]

Let K be a perfectoid field. Our next goal is to construct its tilt K°, which is another perfectoid
field and its characteristic is p.
Pick w € Ok such that |p| < |w| < 1. Consider the inverse limit

O% = lim Ok /.
Frob

Thus its elements are sequences (zg, 21, . ..) with z; € Ok /w such that ;Uf_H = x;. Since Frob is a ring
endomorphism of O /w, (9} is naturally a ring.

Remark 2.1.8. We call an F,-algebra perfect if the Frobenius endomorphism z — z? is an isomorphism.
Note that O% is perfect. Indeed, Frob™*(zo,z1,...) = (21, T2,...).

Lemma 2.1.9. Let T be any ring, and p a prime number. Let w be an element of T dividing p. Let
a,b € T be such that a =b (mod w). Then a?” =" (mod w™t') for all n > 0.

Proof. We prove by induction. The case n = 0 follows from our assumption. Suppose this holds for n.
Write a?” = b?" 4 cw™*!. Then

p—1
apn+1 _ (bpn 4 cwn-‘rl)p _ bpn+1 n prp(n-‘rl) + Z (1;) wi(n+1)cibpn(P_i).
i=1

Since wP(™*1) is divisible by @"*?2, and each (¥)w'(™*+Y is divisible by pew"*! which is divisible by
@"*2, the above is = b*"" (mod w"*2). O
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Proposition 2.1.10. The following statements hold.

1. The natural map (induced by projection) fm Ok — lim Ok /w is an isomorphism of

multiplicative monoids. In particular, (’)% as a ring is independent of the choice of w up to
canonical ring isomorphism.

2. (’)Z{ is an integral domain. We denote its fraction field by K°.

3. Denote the composition of the bijection (93( S @anw? Ok (by part 1) followed by the 0-th
projection yﬂlewP Ok — Ok by t: (’)% — O,z — x¥, which is also a multiplicative map.
Define |x|” := |2¥| for x € O%. Then |-|” is a valuation on O% . Moreover, |0%| = |Ok| C Rx.

4. The topology on O% defined by |-|* agrees with the inverse limit topology on O% = @F\mb Ok /w
coming from the discrete topology on each copy of Ok /.

5. The bijection (’)5( = %iLanwp Ok in part 1 extends to a multiplicative bijection K° — lim

<—ax—aP
For any w’ € O% satisfying |p| < || < 1 (which exists by part 3), we have K> = O%[1/w=”].
In particular, we can extend |- |° to a non-archimedean absolute value on K.

6. (K°,|-|°) is a perfectoid field of characteristic p, and O% = {x € K’ | |z|” < 1}. Moreover,
RO =K.

7. Let @” € O% and w € Ok be such that satisfying |p| < |@°|” = || < 1. Then there is a natural
ring isomorphism (’)%/wb ~ Ok /w. Moreover, the residue fields of (’)3{ and Ok are naturally
isomorphic.

Proof. (1) Let x = (z9,21,...) € @Frob Ok /w. Choose lifts &, € Ok of x,,. For m > 0, let

2™ = lim 7, € Og.

m-r+n
n— oo +

Claim: z(™) exists and is independent of choices of the lifts.

By Lemma 2.1.9, if 2, ,, is another lift of 2,4, then g}ﬁ;n = (#),,,)"" (mod w"!). This implies
both that {a}ﬁwn} is a Cauchy sequence, and that the limit is independent of the choices of lifts.

Now it is easy to see that (z(™+1))? = (™) and that 2(™) lifts x,,. Thus the map lim Ok /w —

@xHIP O,z (2@ (M ) is the desired inverse map.
For the “in particular” part, note that if w’ is such that [p| < |w| < |w’| < 1, then the natural
projection O /w — Ok /w’ induces a ring homomorphism @ Ok/w — lgl Ok /@’ which
. .. . . . Frob ’ Frob ,
commutes with the bijections from both sides to ]&nzﬁﬂp Ok . Hence this homomorphism must be a
bijection.

(2) Suppose z,y € O% such that zy = 0. Then || > |p(MFTW)ymFn)| = |y P~ for all
m,n > 0, which implies that (") = y(") = 0 for all n.

(3) To show that |- |* is a valuation, we only need to show that it satisfies the strong triangle
inequality. (Other properties are straightforward). Let 2 = (xo,...),y = (yo,...) € Of%. Since
™ + (") is a lift of ,, 4+ ¥y, we have (z +y)f = (z + )@ = lim, o 2™ 4+ y(™ by the proof of part
1. In particular,

2+ 3l =1+ )@ = Jim o) 4y

")

n
p
)

y(n)

IN

lim (max(|z(™)

n—oo

= lim (max (|21, [)))
n—oo

= max(|z", [y]").

We now show |O%| = |Ok|. Obviously |05 | C |Ok|. Since |Ok| is generated (as a monoid) by ||
such that |w| < |t| < 1, it suffices to find 2 € O) such that |z|” = |t| for any such t € Ok. By the
surjectivity of Frob : Ok /w — Ok /w, we can find an element z = (zo,...) € O = fm, Ok /w
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such that xq is the image of ¢t. Since () =t mod w and |t| > |w|, we have |z|” = |z(¥| = |t], as
desired.

(4) We need to show two things. First, for any n € N, there exists ¢ > 0 such that for any z =
= (|27 "
Take € such that € " < |o|. Then for any z such that |2|* < e we have |z(™)| < ||, and so z,, = 0.

Second, for any € > 0, there exists n € N such that for any x = (zg, 21,...) € (’)? satisfying x,, = 0
we have |z|” < e. We have |z = [z(0] = |z(™|P" < |@|P". So we can take n sufficiently large such
that |w[P" < e.

(5) Write y, for (=”)™. We can extend the multiplicative bijection 0% fm Ok toa
multiplicative map

—n

(z0,71,...) € O satisfying || < ¢ we have x,, = 0. For this, we have |z(™| = |2

O%ll/="] = lim K, a/(=") = (™ /y),.
TP
This is easily seen to be a bijection preserving 0. Since every non-zero element of the right hand side
has a multiplicative inverse, the same holds for the left hand side. Hence O%.[1/="] = K”.

(6) To show that 0% = {x € K" | |z|> < 1}, it suffices to show that for any =,y € O% with
|z|” < |y|°, we have y|z in O%. Since |z(™| = (|z|")? " < [y™| = (Jy|’)? ", we have y™|z(™) in Ok.
Define z = (2™ /y(™),, € hm Ok = O%.. We then have z = yz.

Clearly K® is of characteristic p. By part 4, the topology on K’ defined by |- |” is complete. To
show that it is perfectoid, it suffices to show that Frob : (93( — (’)3( is surjective, but this is clear.

The fact that |K”*|” = |[K*| follows from the last statement in part 3.

(7) We may assume that O% is defined using w. Write @’ = (@}, @’,...) € fm, o Ok /w. We
have

O/ = lm (O @)/, 2 lim Orc/(, (=)™)) = lim O /(@)™
Frob Frob Frob
where the last equality is because (w”)("™ divides @ in OF. In the last inverse limit, all the transition
maps are isomorphisms, so the projection to the 0-th coordinate is an isomorphism onto O/ (wb)(o).
But (”)(® and w generate the same ideal in O since they have the same absolute value. Hence the
last ring is Ok /w.

The residue field of O% can be written as a direct limit of O% /" over all choices of " such that
|w’|” < 1. Similarly for the residue field of O. Since |[K**|” = |K*|, and since the transition maps
in the two direct limits are compatible with the isomorphisms (93( / @’ = Ok /@ established above, the
two residue fields are isomorphic. O

Remark 2.1.11. If K is of characteristic = p, then K” = K.

—

Example 2.1.12. If K = Q,(p!/P™), then K” = F,((¢))(t!/P>) (where A denotes the completion with
respect to the natural topology on Q, or F,((t))), where ¢ = (p mod p,p*/? mod p, p!/?’ mod p, . . . ) e

@Frob OK/p = Oi{

Proposition 2.1.13. Let (K, |-|) be a perfectoid field. If K’ is algebraically closed, so is K.

Proof. Let F(X) = X%+ aq_1 X% ! + ...+ ag € K[X] be irreducible. We want to find a root of F.
Since K" is algebraically closed, the abelian group |K*| = |K**|" is a Q-vector space. Hence we can
find o € O with |a| = |ag|~'/%. Then by replacing X by aX, we reduce to the case where |ao| = 1.
But then it follows that F(X) € Og[X]. This is because the irreducibility of F' guarantees that its
Newton polygon must be a straight line segment, and since the leading coefficient and constant term
are both units the Newton polygon must be of slope zero, which implies that all a; lie in Og. Fix
w € K and @® € K’ such that |p| < |w| = |@"|” < 1. Now, consider F(X) mod @ as an element of
(O /w)[X] =2 (O /w*)[X], and choose a monic degree d lift G(X) € O5.[X]. By assumption, G(X)
admits a root y; € O%.
Consider

Fi(X) =B F(BiX + )

where 31 € Oy is chosen such that |5;|? = |F(y§)| < |w| (inequality by construction of y). Note
F1(X) € K[X] is still irreducible monic of degree d and the constant term is a unit. As observed before,
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we have Fy(X) € Ok[X]. Repeating the process, we can find yo € 0% such that |F} (yg)| < |eo|, and
set
Fy(X) = By "F1(B2X +45) where B3 € Ok s.t. |Ba|” = |Fi(yh)]-

Keep repeating the process, and we get y,, € (93( and F,, € Ok[X] for all n € N. We have

|w| > |Fn(yﬁ+1)| = ﬁ;an—l(/Bnyi—H + ygl) ﬂ;dﬁn_,iian—Q(Bnﬁn—lyi—H + Bn—lyi + Z/i—l) =

n n+1l i—1
o= [T RO (T 8wl -
i=1 i=1 j=1
Let
n+l i—1
wn =D ([] Bt = o + B + BiBoyh + -+ Bifa- Byl sy € Ok
i=1 j=1
Then

n
|F(wn)] < [w| [T 181" < ™,
i=1
which tends to 0 as n — oco. On the other hand z = lim, x,, € Ok exists since |z, — Tp_1| =
|8182 - -~Bnyi+1| < |w|™?. Hence z € O is a root of F. O

Let K be a perfectoid field. We extend { : (’)} — Ok to a multiplicative map K° — K, still
denoted by #. This is nothing but the composition of the bijection K> — @m»—)mp K in Proposition
2.1.10 (5) followed by the 0-th projection.

Exercise 2.1.14. The bijection K* " hm K isgiven by the formula z — (2, (2V/P)E, (21/P°)E ).
Here z'/?" is well defined since K’ is a perfect field.

Proposition 2.1.15. For every continuous valuation v : K — T'U {0} on K (where T is a totally
ordered abelian group), the map v ot : K’ 5 TU {0} is a continuous valuation. This construction

induces a bijection from the set of continuous valuations on K to the analogous set for K°. Moreover,
let KT C Ok be an open valuation subring of K and let K°t := lim K*/w. Then K** C Of

is also an open valuation subring of K, and the valuation on K corresponding to K+ is sent to the

valuation on K’ corresponding to K°t under the above bijection. We have a natural homeomorphism
Spa(K, K*) = Spa(K”, K**).

Sketch of proof. The statement that v o f is a valuation is proved in exactly the same way as part 3
of Proposition 2.1.10. To prove the continuity of v o § and the rest of the proposition, notice that we
have a bijection between the set of continuous valuations on K with the set of open valuation subrings
K+t C Ok, and similarly a bijection between the set of continuous valuations on K° with the set of
open valuation subrings K°* C (93(. These two sets are respectively identified with the set of valuation
subrings of Ok /my and the set of valuation subrings of O% /mys,. Both constructions v ~ v o § and
K+ +— K’* correspond to the bijection between the last two sets induced by the natural isomorphism
OK/mK%JO?(/me. O

Theorem 2.1.16 (General Fontaine-Wintenberger Theorem). Let K be a perfectoid field.

1. Let L/K be a finite extension. Equip L with the natural topology induced from K. Then L is a
perfectoid field.

2. There is an equivalence of categories
{fin extensions of K} = {finite extensions of K"}, L+~ L’

This equivalence preserves degrees. (As a corollary Gx = Gk ).

We will prove the theorem in a much more general context.
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2.2 Perfectoid algebras
Let K be a perfectoid field.

Definition 2.2.1. A perfectoid K-algebra is a Banach K-algebra R which is uniform and such that
for some w € K satisfying |p| < |w| < 1 the map Frob : R°/w — R°/w,z — xP is surjective.

Remark 2.2.2. Similar to Lemma 2.1.7, if R is a perfectoid K-algebra then Frob : R°/w — R°/w is
surjective for all w € K satisfying |p| < |w| < 1.

Remark 2.2.3. (See [Bhal7, Prop. 5.2.5]) The category of uniform Banach K-algebras (where mor-
phisms are continuous K-algebra maps) is equivalent to the category of w-adically complete, w-torsion
free Of-algebras A such that A is totally integrally closed in A[l/w], via the functor R — R°. A
quasi-inverse is given by A — A[l/w], together with the norm on A[l/w] defined by || f|| = inf{|¢| |
te€ K, f € tA}. Here, we say A is totally integrally closed in A[1/w] if for every element = € A[l/w]
not in A, the set " is not contained in any finitely generated A-submodule of A[l/w]. (Note that
this may be strictly stronger than requiring that A[z] is not finitely generated, since we do not assume
that A is noetherian.)

Example 2.2.4. Let w € K be such that |p| < |w| < 1. Then R = K(Tll/pm,...,Té/poc> =

(Um>0 Ox[T"" ..., TA/* 1) [@~] is a perfectoid K-algebra. Here A denotes w-adic completion,

and the definition of R is independent of the choice of w.

Lemma 2.2.5. If K is a perfectoid field of characteristic p, then a Banach K-algebra R is perfectoid
if and only if it is perfect.

Proof. Any uniform normed K-algebra R must be reduced. This is because: if there is a non-zero
x € R such that " = 0 for some n, then Kz C R° but Kx is not bounded, a contradiction. It follows
that every perfectoid K-algebra is perfect. Conversely, let R be a perfect Banach K-algebra. We only
need to show that it is automatically uniform. The following argument is due to André, see [Bhal7,
Lem. 7.1.6].

Fix a ring of definition Ry C R (e.g. the closed unit ball). By the Banach Open Mapping Theorem,
the continuous surjection Frob : R — R (which is a bijection) must be open, so Frob(Ry) is open.
Hence there exists a @ € Rg N R* (or even Ry N K*) with ||w]|| < 1 such that wRy C Frob(Ry). Then

Frob™(Ry) C @ ? 'Ry,

Frob™?(Ry) C Frob_l(w”’flRO) = w*p72Frob_1(RO) C w*lffz*p’lR07

Frob " (Ro) C wXk=1 ' Ry.
Since Frob " (Ry) C Frob " '(Ry) and >;_, p~* <1 for all n € N, we have
Ry := | J Frob™"(Ro) C @ 'Ry.
neN

In particular R} is bounded. We complete the proof by showing that R° C w™!R{. For this, let
f € R°. Then there exists ng > 1 such that @™ - fN C Ry C R}. Since R} is by construction stable

under Frob, for any n > 1 we have R) > (" fP" )P " = (@™)P " f. Choosing n such that p” > ny,
we have w™|ww?” in R}, and so (@™)P "|w in R} (since R} is stable under Frob). It follows that
wf € Ry. O

From a perfectoid K-algebra R, we can construct a perfectoid K’-algebra R’ by tilting. The
construction is similar to the field case, and is summarized in the following proposition. The proof is
similar to Proposition 2.1.10 and we omit it.

Proposition 2.2.6. Fir w € K such that |p| < |w| < 1. Let R := im_ R°/w. This is naturally
an O%-algebra. Let R* := R* Do K.
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1. The natural map l'&lx'_mp R° — R° is a multiplicative bijection. Its inverse extends to a multi-

plicative bijection R® — %ianHmp R. In particular, the formations of R®> and R® are independent
of the choice of w.

2. Denote the composition of R® — yan'_mp R with the 0-th projection by 4 : R> — R. Then

the pull-back of the norm on R along 8 is a norm on R’. Under this norm, R’ is a perfectoid
K°-algebra, and we have (R)° = R°.

Thus we obtain the tilting functor
{perfectoid K-algebras} — {perfectoid Kb—algebras}, R~ R

Here, the morphisms in the two categories are continuous K-algebra maps and continuous K’-algebra
maps respectively.

Theorem 2.2.7. The tilting functor is an equivalence of categories .

2.3 Witt vectors and the theta map

In order to prove Theorem 2.2.7, we need to answer the following question: If R’ is the tilt of R, how
do we recover R from R’? The key tools to understand this come from the theory of Witt vectors,
especially the theta maps and the notion of primitive elements. Throughout we fix a prime p.

Fact 2.3.1. There exist unique polynomials Sp(Xo, ..., Xn, Y0,...,Yn) and Pp(Xo, ..., X0, Y0, ..., Ys)
in Z[Xo, ..., Xn,Y0,..., Y] for n > 0 such that for every ring R, if we define addition and multipli-
cation on RN by

&"’_g = (50(550790)» Sl($07x17 y07y1)7 .. ')7 xZ - y = (R](w()vyo)v Pl(x()a xlvy()vyl)? c. ')7

then RN is a ring, and moreover the map
n .
. n—1
wy: RN > R, z— E p'al
i=0

is a ring homomorphism for all n € N. We denote RY with this ring structure by W(R), called the
ring of (p-typical) Witt vectors over R.

Indeed, if p is invertible in R, then we can solve for xg,z1, ... successively from wg(x),w;(x),...:
wo = X, Ty = Wo,
_ P -1 p
wy = Ty + pri, N ry =p (wy — xp),
2 2
_ P Py 2 _ -2 p P
Wg = Ty + pry + P T, xg = p~H(w2 —xy — pah),

Thus the map (wg,w,...) : RY — RN is a bijection, and we obtain a ring structure on the left hand
side by pulling back the natural ring structure on the right hand side. This allows one to uniquely
determine the polynomials S,, and P, over Z[1/p] (for instance, by considering the “universal case”
where R = Z[1/p][X,,n € N]). There are then several ways to show S,, and P,, are actually defined
over Z (see for instance [Ser13, §11.6]). These polynomials satisfy the suitable algebraic relations which
guarantee that W(R) is a ring and W,, : W(R) — R is a ring homomorphism for any ring R.

Fact 2.3.2. The map [[] : R — W(R),z — [z] = (2,0,0,...) is multiplicative. It is called the
Teichmiiller map.

Fact 2.3.3. If R is a perfect F,-algebra, then W (R) is p-adically complete? and p-torsion free. More-
over, projection to the 0-th coordinate induces a ring isomorphism W(R)/p — R, and the inverse

isomorphism is the composition R 1, W(R) — W(R)/p.

2By complete we always mean complete and separated.
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Remark 2.3.4. We call a ring S a strict p-ring if it is p-torsion free, p-adically complete, and such that
S/p is perfect. The functor S +— S/p is an equivalence of categories from strict p-rings to perfect F-
algebras, and a quasi-inverse is given by R — W(R). In particular, for a perfect Fp-algebra R, W(R)
is the unique (up to isomorphism) p-torsion free and p-adically complete ring such that W(R)/p = R.

The Teichmiiller map [] : R — W(R) is a multiplicative section of the reduction map W(R) —
W(R)/p = R. Even without knowing its construction, we can abstractly show its existence and
uniqueness as follows.

Lemma 2.3.5. Let R be a perfect F,-algebra.

1. Let S be a p-adically complete ring, and § : R — S a multiplicative map. For any n € N, any
r € R, and any s € S such that s = (P ")* (mod p), we have z* = s?" (mod p"*!)

2. There eixsts a unique multiplicative section of the reduction map W(R) — W(R)/p = R.

Proof. Part 1 follows from the fact that 2f = ((2? ")#)?" and Lemma 2.1.9. The uniqueness in part
2 follows from part 1 and the p-adic completeness of W(R). For the existence, we need to show that
for 2 € R the sequence {&,}, where &, € W(R) is any lift of 2P~ " € R, converges ot a limit which is
independent of the choices of lifts. Using the p-adic completeness of W(R), one proves this in exactly
the same way as the claim in the proof of Proposition 2.1.10 (1). O

Let R be a perfect Fp-algebra. Since W(R) is p-adically complete and since [-] is a section of the
reduction mod p map, every element of W(R) can be written uniquely as

oo

Z[an]p”, where a,, € R.
n=0

Now let S be a p-adically complete ring, and § : R — S a multiplicative map such that the composition
RL S5 S/p is a ring homomorphism. We define the theta map

0:W(R)— S, i[an]p” — i aflp”.
n=0 n=0

Proposition 2.3.6. The map 0 is a ring homomorphism.

Remark 2.3.7. The proposition is saying that (W(R),[:]) is the initial object in the category of all
pairs (S,ff : R — S) as above, where morphisms (S1,41) — (So,#2) are p-adically continuous ring
homomorphisms S; — Ss taking fi; to #2. It is of central importance in p-adic Hodge theory.

Proof. (See [Ked15, Lem. 1.1.6].) We prove by induction on n > 1 that 6 is additive modulo p™. The
case n = 1 follows from our assumption on f. Suppose we know this for n. Let z,y € W(R) and
z =x+y. Write z = [Z] 4+ pz1,y = [§] + py1,2 = [Z] + pz1, where T, 7, Z are the images of x,y, 2z

n

modulo p, and z1,y1,21 € W(R). Since [zP "] + [g? "] lifts Z7° " + 4P = 2P " mod p, we have
= (" "]+ " )" (mod p™Tt)

by Lemma 2.3.5 (1). Thus
p7171 pn
po—prr—py = (A + 7] - [ = - 3 ( | )[a-sp TP (mod p ).

Since each (p:) is divisible by p, it follows that
p"—1

1 n —n —_n n__;
21— 21— Y1 = — Z — (p‘ )[xp igP " P D] (mod p").

7
i=1 p
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By induction hypothesis,

Pty o
= - Z — (p. >(a:pniypn(pni))ﬁ (mod p").

7

Clearly 6 commutes with multiplication by p, so

7

0(p1) ~ 0(pe0) ~0pm) = - 3 ("

2
i=1

—-n

)P (mod pt ).

)@
On the other hand, again by Lemma 2.3.5 (1), we have

F=(@ )+ )N (mod pth).
Adding the above two congruences, we get

LR O(pz1) = . O(px1) + gjﬁ +0(py1) (mod p”+1).

But clearly 6(z) = z* + 6(px1), and similarly for y and z. Thus we have shown that 6§ is additive
modulo p"*!. Since S is p-adically complete, it follows that 6 is additive.

To show multiplicativity, again it suffices to show that 6 is multiplicative modulo p™ for each n.
For this, we only need to check that for finite sums x = ZnN:o[l'n]p” and y = Zﬁ;o[yn]p”, we have
O(zy) = 0(x)0(y). Using additivity, we compute

Oay) =) >, Ozylp") =) D (zw)'p" = 0(x)0(y).
nigjiti=n nijiti=n
Obviously 6 preserves 0 and 1. O

Next we study the problem of equipping W (R) with norms. Let R be a perfect Fj,-algebra, and let
Il : R — [0,1] be a norm, i.e., a function satisfying

e non-degeneracy: ||z|| =0 < z =0,
e strong triangle inequality: ||z + y| < max(||z||, ||y]),
o sub-multiplicativity: ||zy| < ||z||lly-

Note that as a consequence of sub-multiplicativity and the assumption that || - || is bounded by 1 we
have |luy| = |ly|| for any u € W (R)*. We further assume that || - || is

e power multiplicative: ||z™| = ||z||™.

For any « € (0,1], define

N, : W(R) — [0,1], Z[an]pn — sup ||an ||a™.

n>0
Note that for o < 1, this supremum is a maximum.
Proposition 2.3.8. For o € (0,1], the function Ny, is a power multiplicative norm.
See [Ked13, 4.1, 4.2] for a more general version. For the proof we need the following standard fact.

Lemma 2.3.9. For any perfect Fy-algebra R, if in W (R) we have ), [xn]p™ + >, [ynlp™ = >, [2n]P",
then each z, is a universal polynomial over ), in the variables xi_l, y],:_l €Rfori>0and0<k<n.

Moreover, this polynomial is homogeneous of degree 1, where xz_z and yi_l have fraction degree p~*.
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Proof. We reduce to the universal case where

R=TF,[af ,uf ,keN=JF[z} ,4f keN]
>0

= [walp", y=_[yalp"

n n

and

Then z,, as an element of R, is a polynomial in xiﬂ,yzﬂ, and by functoriality this is the universal

polynomial we are seeking. We now prove by induction that z, only involves x k%, ykﬂ for0 <k <n.
Reduction mod p gives zg = x¢ + Yo, 80 this holds for n = 0. For n > 1, let ® : R — R be the

endomorphism sending x}) B and y}  to themselves for k& < n and to zero for k > n. Then

S @zl = 3 (™ 3 ™ = by [l gl = (Z [zm]pm> el gy mod p,

m>0 m=0

By induction hypothesis, ®z,, = zp, for 0 < m < n —1, so [z,] = [®2,] + [zn] + [yn] mod p, ie.,
zn = Pz, + x5, + Y. This shows that z, depends only on xzﬂ, yzﬂ for 0 <k <n.
Finally, to show the homogeneity, let A € F;, and let ¥ : R — R be the endomorphism sending

p" it p" i op"
x, N 1z, andy, = A 'y, . Then

Z[\Dzn]pn = Z Az p™ + Z Ayn]p" )\Z z|p" = Z [Azp]p"

Hence ¥z, = Az,, which shows the homogeneity. O

Proof of Proposition 2.3.8. Note that for each x € W(R) we have Ni(x) = lim,_,1- No(z), so the
statement for N; follows from that for N, with o < 1. Now assume « € (0,1). The property
Ny(z) =0« z =0is clear.

For strong triangle inequality, let z = > [z,]p™, y =, [yn|p", and o +y =3, [2,]p". By power

multiplicativity of || - ||, we have Hx’{” = ||zx][*”" and ||y£ﬂ|\ = |lyx|l””". Then by Lemma 2.3.9,

< ao . an Bo ... Bn < .

el < e el Tl P < (el )
Hence

n < n i n < k k < .
@z < max (0" i 0" ) < max (o el a¥lyel) < max(Na(z), Nay))

It follows that N, (x + y) < max(Ny(z), No(y)).

For sub-multiplicativity, let z,y € W(R). We need to show that N, (zy) < N, (z)Na(y). We may
assume that x,y, zy are all non-zero. Write x = ) [x,]p™. Thereis N € N such that N (z) = ||z, [a”
for some n < N and such that N, (z) > oV. It follows that for any 2’ € W(R), if 2’ = 2 mod pV+!
then N, (x) = Ny(z'). Using this observation we reduce to the case where x and y are finite sums:
T = Zﬁfzo[rn}p”, y= Zgzo[yn]p". Then by strong triangle inequality for N, we have

No(wy) < sup No([z:]p'[y;]p") = sup [[ziy;[|a’* < sup || [ly;lla’*7 = Na(z)Na(y).
1,7 7,7 1,7

Finally, we prove power multiplicity. Let © = > [z, ]p™. We need to show that N, (z") = N, (x)".
Let k be minimal such that N () = [lzx]a, and let ' =3 - [#,]p™. Then

No (@) < Na(a)" < (zklla®)" = [laglla® < Na(a),
where the first inequality is by the sub-multiplicativity of N, and the last inequality is because z'" is

of the form
P+ D [l
n>kr+1
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Hence we have
No(2'™) = Ny(x)".

We now show that N, (2'") = N4(2"), which will finish the proof of power multiplicativity. We have

r__ T < _ 1, Ir— 1+z A 7 NnNr—1+1i
No(z" —2'") < Ny(x — ') Zw No(z x)oérlngaf_lNa(x) No(z")

< No(z — I/)Na(x)T71 < No(2)",

where the last strict inequality is because N,(z — ') < Ny(z) by the choice of k. But N,(z)"
No(2'™), so Nyo(z" — 2'") < Nu(a'). Tt follows that N, (x") = N4 (2'), as desired.

oo

2.4 Primitive elements and untilting

Let L be a perfectoid field of characteristic p, and (A4, || - ||) a perfectoid L-algebra. It is a general fact
that for any uniform Banach algebra over a non-archimedean field, we can find a power multiplicative
norm on that algebra defining the same topology. Thus we may and shall assume that || - || on A is
power multiplicative.

Definition 2.4.1. An element of W(A°) is called primitive of degree 1 (which we will simply call
primitive) if it is of the form z = [z]4+pu with Z € A° topologically nilpotent (equivalently, ||z|| < 1) and
u € W(A°)*. An element of W(A°) is called stable if it is of the form Y - ,la,]p™ with |lao| > |lan|
for all n > 1.

The following lemma and its proof are of central importance in the theory.

Lemma 2.4.2 (Key Lemma, Euclidean Division). Let z € W(A°®) be a primitive element. Then every
element of W(A®) is congruent to a stable element modulo z.

Proof. For every element y € W(A°), we write § € W(A°)/p = A° for the reduction mod p. Write
z = [Z] + pu. We introduce an “Euclidean division” algorithm on W (A®). Let x € W(A°). We have

z = Q(x)z + R(x)

where

Here, if z =}, - o[2,]p", then = [w = usolTni1]p™ € W(A).
Recall from Proposmon 2.3.8 that

N lanlp™) = sup x|
is a power multiplicative norm on W(A®°). We have two possibilities for z. First, suppose
2] > [[2]| N1 ().
We have W = a:lF, SO
Q)2 < llz1[lllz]l < Nu(@)lzl| < [1Z]]-

It follows that

IR(z)|| = ||z — Q(x)z|| = ||Z]|.
On the other hand
Ni(Q(=)[7] uY en g Zp™) = Ni(O_ensazlp”) < |2 Ni(2),

n>0 n>0

SO

Ni(R(z)) = Ni([z] - Q(2)[z]) < max(|[z]|, M (Q(z)[2])) = [[z]]-
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In conclusion

Ni(R(x)) = [[R(z)|| = ||zl
and in particular R(z) is stable.
Otherwise, suppose
2] < [[Z[[ V1 (2)-

Since we still have N1(Q(z)[z]) < ||Z||N1(x), we have
Ni(R(z)) < max([|z]], N1 (Q(x)[2])) < [|2[| N (2)-

Now define a sequence (9, 20 () in W(A°) by 2(® = 2,20+ = R(z®). They are all
congruent to z mod z. By the above analysis, either one of them is stable, in which case we are done,
or we have

N(Q(z") < Ni(2W) < ||ZlIN1 (a7D) < [|2]|' N ()

for all I > 1. Suppose we are in the latter case. Then Ny (Q(z(®))) — 0 and N;(z(®) — 0 as I — oc.
The topology on W (A°) defined by Nj is clearly finer than that defined by N, for 0 < a < 1, and
the latter is the same as the (p, [t])-adic topology, where ¢ is any pseudo uniformizer in L. Since A°
is [t]-adically complete and W (A°) is p-adically complete, by induction and using the exact sequence
0 — p"W(A°)/p" T (A°) — W (A°)/p" Tt — W(A°)/p™ — 0 we see that W (A°) is (p, [t])-adically
complete. Hence @ := Zl>OQ(x(l)) converges in W(A°) with respect to the (p, [t])-adic topology.
Clearly = = @z, so x is congruent to the stable element 0 in this case. O

Remark 2.4.3. The lemma is analogous to the classical Weierstrass Division Theorem in commutative
algebra: Let (R, m) be a complete local ring, and let z € RJ[[t]] be regular of degree d in the sense that
Z = 50ant"™ with ao,...,as—1 € m and a4 € R*. Then every element of R[[t]] is congruent to a
degree < d — 1 polynomial in RJ[t].

The significance of primitive elements lies in the following result:

Corollary 2.4.4. Suppose there is a perfectoid algebra R over a perfectoid field K such that L = K’
and A = R°. Then the theta map 0 : W(A°) — R° associated with f : A° — R° is surjective and its
kernel is generated by a primitive element. Moreover, this primitive element can be taken to be the
image of a primitive element of W(QOp) generating the kernel of 8 : W(Or) — Ok. In particular, 6
induces a canonical Ok -algebra isomorphism

W(AO) ®W(OL),9 Ok = RC.

Proof. Surjectivity follows from the isomorphism A°/p” 2 R°/p, where p° is any element of L = K°
such that |p°|> = |p|. We claim that the kernel of 6 : W(A°) — R° contains a primitive element in
W(Op). If K is of characteristic p, then R = A and this kernel contains the primitive element p.
Assume K is of characteristic 0. Then (p°)#/p € O}, so by the surjectivity of 6 : W(Or) — Ok we
find u = Y, o olan]p™ € W(Or) such that §(u) = (p°)*/p. It immediately follows that ag € OF, or
equivalently that ap € Of. In particular, u € W(O)*. Let z = [p°] + pu. Then z is primitive in
W(Or) and killed by 0 : W(OL) — Ok. Its image in W (A®°) is primitive and killed by 6 : W (A°) — R°.

Once we know that the kernel of 6 : W(A°) — R° contains a primitive element, it must be generated
by that element, since otherwise this kernel contains a non-zero stable element by Lemma 2.4.2, which
is impossible by the definition of 6. O

The last isomorphism in the corollary tells us how to recover the Og-algebra R° from the tilt A°.
For now this is only at the algebraic level, and we need to further understand how to recover the
topology on R° from the topology on A°. We can rewrite the isomorphism as

W(A°)/z = R°.

Thus we will study how to put a norm on W(A°)/z.

We return to the general setting of a perfectoid algebra (A, | - ||) over a perfectoid field L of
characteristic p, with || - || power multiplicative. Fix a primitive element z = [Z] + pu € W(A°). Let o
be a real number such that

IZ]l < « < 1.
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Let Qo : W(A®)/z — [0,1] be the quotient semi-norm induced by the norm N, on W(A°) (see
Proposition 2.3.8), namely,

a d = f Na '
Qulzmodz)= ol Nalo)

Proposition 2.4.5. The following statements hold.

1. The value of Q. at (x mod z) is equal to Ny(x) for any stable x € W(A®) lifting (x mod z)
(which exists by Lemma 2.4.2). In particular, Q. is independent of a.

2. Qq is a power multiplicative norm, and the topology on W(A®°)/z defined by Q. is complete.

Proof. (1) The second statement follows from the first, since for x stable we have N, (z) = ||z| and
this is independent of .. To prove the first statement, it suffices to show that for any stable z € W(A®)
and any y € W(A°),y =  mod z, we have N, (y) > N4(x). Suppose not. Let d := z —y. We claim
that N, (d) = ||d||. Indeed, write d = >[d,]p", . = Y_[z.]p", ¥ = 3. [yn]p™. Then [d,] is the coefficient
in front of p™ for > ,_[zx]p® — > p_olyk]p®, so

n

ldn | < Nl(;[m]p’“ - ;O[yk]p’“) < jmax (Ni((welp®), Ni(lyelp")) = max (2, lyxl)-
But ||z < ||wo|| by the stability of x, and ||yx|]| < a *N4(y) < a "Nu(z) = o "|zo|. Hence
a™||dn || < ||zo|| for all n, and so N4 (d) < ||xg||. By our assumption we have ||yo|| < Nuo(y) < No(z) =
lzoll, so ||doll = llzo — woll = ||xzol]. Hence N, (d) < ||dol||, which is equivalent to that N, (d) = ||do|-
Now write d = ze with e € W(A®). Then d = [Z]e + pue. We have

Na(pue) = Na(pe) = aNa(e) > |[Z[[Na(e) = Na([Z]e)-

Hence
No(d) = N, (pue) = aN,(e).

But by the claim
Nao(d) = [|doll = [|zell < [IZ[l[e]l < 12| Na(e) < aNa(e),

a contradiction.

(2) Since N, is a power multiplicative norm, to show that @, is a power multiplicative norm, in
view of part 1 it suffices to show that for any non-zero stable element x € W(A°) we have N, (x) # 0
and x" is stable for all n > 1. The first is because = # 0, and for the second we have Np(z") =
Ni(x)™ = ||Z||™ = ||Z"|| = ||=™|| by the power multiplicativity of Ny and || - ||, which shows that z™ is
stable. To show that the topology defined on W(A®°)/z defined by @, is complete, we may assume
a < 1 by the last statement of part 1. We already know that W (A°)/z is Hausdorff since @, is a
norm. It remains to show that the topology defined by N, on W(A®) is complete, and this was already
noted in the proof of Lemma 2.4.2. O

The next proposition completes the proof of the tilting equivalence (Theorem 2.2.7).

Proposition 2.4.6. Assume that L is the tilt of a perfectoid field K, and let z € W(Oy) be primitive
and generate the kernel of 6 : W(Or) — Ox. Write | - | for the absolute value on K and | - |" for the
absolute value on L, related by § : L — K. Let (A, |- ||) be a perfectoid L-algebra, with || - || power
multiplicative and L-homogeneous.

1. For ||zZ|| < a < 1, the norm Qq (which is independent of o) on W(A®)/z is Ok -homogeneous
(i.e., Qa(Ax) = |A\|Qa(x),VA € O,z € W(A®)/z). Here we view W(A®°)/z as an Ox-algebra
via W(Or)/z =2 Ok.

2. Eztend Q, to a K-homogeneous norm on R := (W (A°)/z) ®o, K. Then (R,Q,) is a perfectoid
K-algebra, R° = W (A°)/z, and R> = A.

3. If A= S for a perfectoid K -algebra S, then R constructed from A as in part 2 is isomorphic to
S.
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Proof. (1) Let A € Ok and © € W(A°)/z. Let u € W(Op) be a stable lift of A\, and y € W(A°) a
stable lift of x. Then it is easy to see that uy € W(A°) is stable. Hence

Qa(Ax) = Na(py) = |5yl = Iz -7l = 1217l = |6’ Qa (2)-

But if we write st = 3 [un]p", then |\ = |3 php"| = |ph| = |4, since | 32,5, php"| < [pllph| < [l
by the stability of p.

(2) By Proposition 2.4.5, @, is complete and power multiplicative. Hence (R, Q) is a complete
Banach K-algebra. Since @), is power multiplicative, R° is the closed unit ball in R. To check that it
is W(A°)/z, it suffices to show that for any stable u € W(Or) and stable y € W(A°) with |a|” > ||7]l,
we have g divides y in W(A®). Write y = >, < [yn]p™. For each n > 0, we have ||y,|| < |lyol < |7l
Since A° = {t € A | ||t|| < 1} (since || - || is power multiplicative), this implies that fi divides y, in
A°; and so [fi] divides [y,] in W(A®). But u can be written as p = [f]u for some u € W(Op)* by
stability, so p divides [y,] in W(A®). Say [y,] = pe, for e, € W(A°). Then e := > e,p™ converges
in W(A®), and we have pe = y, as desired. Finally, it remains to show that Frob is surjective on
R°/p=W(A°)/(z,p). But this is isomorphic to (W(A°)/p)/z = A°/Zz, and Frob is surjective on it by
the perfectoidness of A. We leave it as an exercise to check that R’ = A.

(3) In Corollary 2.4.4 we already have an Og-algebra isomorphism R° — S° induced by 6. It
suffices to check that this isomorphism is an isometry, provided that the norm @, on R arises from
the power multiplicative norm on A = S” that comes from the power multiplicative norm on S via f.
This is an easy exercise. O

By the proposition, the tilting functor
{perfectoid K-algebras} — {perfectoid K’-algebras}, R+ R’.

is an equivalence, with a quasi-inverse given by A — (W(A°)/2)®0, K = W(A®)®w (05,0 K equipped
with norm Q.

Remark 2.4.7. Proposition 2.4.6 itself does not answer the following question: Given a perfectoid field L
of characteristic p, is there always a perfectoid field K of characteristic 0 such that K” = L? Moreover,
how do we characterize the primitive elements z € W(QOp,) generating the kernel of 0 : W(Or) — Ok
for such K? In other words, how do we untilt L to characteristic 07 (Since for any characteristic p
perfectoid field K we have K* = K, the untilt problem is only interesting when we require the untilt
is of characteristic 0.) It turns out that every primitive z € W(Op,) generates ker fx for an untilt K
of L, and the set of primitive elements of W(QOp,) modulo units completely classifies untilts of L. The
uninteresting untilt L corresponds to z = p, and any primitive z = [2Z] + pu with Z # 0 corresponds to
a characteristic 0 untilt. To prove these statements, the key step is to check that for any primitive z,
the normed ring (W (Or)/z,Q4) is the ring of integers in a perfectoid field. This is proved similarly
as part 2 of Proposition 2.4.6.

In fact, it is more natural to study tilting and untilting of perfectoid rings (which are certain
uniform analytic Huber rings), without specifying perfectoid base fields. Then tilting is an equivalence
of categories from the category of all perfectoid rings of residue characteristic p to the category of
pairs (A, z) where A is a perfectoid ring of characteristic p and z is a primitive element of W (A°) well
defined up to units. This point of view is taken in [Ked17], and the proof is essentially the same as
what we presented above.

2.5 Tilting at the level of adic spaces

Definition 2.5.1. Let K be a perfectoid field. By a perfectoid pair over K, we mean a Huber pair
(R, R™) such that R is a perfectoid K-algebra.

Given a perfectoid algebra R over K, the set of all possible rings of integral elements R is identified
with the set of integrally closed subrings of R/w, where w € K satisfies |p| < |w| < 1; the point is that
w must lie in R since a power of it lies in Rt and R* is integrally closed. Take w” € K” such that
|w’|” = |@|. Then R/w = R’ /w”. Hence the set of rings of integral elements in R is naturally identified
with the set of rings of integral elements in the tilt R*. Hence the tilting equivalence automatically
upgrades to an equivalence

{perfectoid pairs over K} — {perfectoid pairs over K’}.
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Remark 2.5.2. Let (R, RT) be a perfectoid pair over K with tilt (4, A*) over K”. As noted above, w €
R*. Then A* can be described in terms of R via AT = fm_ o R" /w. However, when we attempt
to use the recipe similar to Proposition 2.4.6 to describe R' in terms of AT via RT™ = W(A")/z,
we need to be slightly careful: The problem is that AT need not be an Ogy-algebra, so the chosen
primitive element z € W(Ogk») (such that W(Ogkv)/z = Ok ) may not have a well-defined image in
W(A™). Nevertheless, it turns out that we can always multiply z by a unit in W(Op») (which may
depend on A™) to arrange that 2 € W(Og» N AT). Then the formula RT = W(A™)/z is valid.

This ambiguity in z goes away if we fix a perfectoid pair (R, RT) over K with tilt (4, A*) over K”,
and only consider perfectoid pairs under (R, RT) on the K-side and perfectoid pairs under (A4, A™) on
the K’-side. (This will be the case when studying rational localizations of a perfectoid pair.) We can
fix a primitive element z € W(A™) such that Rt = W(A")/z. Then for every perfectoid pair under
(A, AT), we can use the same 2z to obtain its untilt.

As noted in Remark 2.4.7, here the more natural point of view is again to formulate the tilting
equivalence for perfectoid pairs without specifying perfectoid base fields, and on the tilted side to
remember a primitive element up to units as part of the datum. See [Ked17, Theorem 2.3.9].

Lemma 2.5.3. Let (A, AT) be a Huber pair where A is a uniform Banach algebra over a non-

there exists a pseudo-uniformizer € € K with the following property: For any f1,...,fl,9 € A satis-
fying
max(v(f;),v(e)) = max(v(fi),v(e)) and max(v(g),v(e)) = max(v(g),v(e))

for all v € Spa(A, AT), we have 3, flA=A and U (f{gi/f’/) =U (%)

Proof. Let ay,...,a, € A be such that ). a;f; =1, and let ¢y be a pseudo-uniformizer in K such that
€oa; € AT for all i. Then for every v € Spa(A, A™) we have v(a;) < v(eg) ! for all 4, and hence

1= ’U(Z aifi) < vle)™t mlaxv(fi).

Now take ¢ = €2. Then
maxv(fi) > v(e), Vv € Spa(A4, AT).

Now let f/ and ¢’ be as in the lemma, with respect to our chosen e. Then

maxv(f{) = maxv(f;) > v(e), Vo € Spa(4, AY).

If Y f/Ais a proper ideal, then by a general fact about Banach algebras, there exists v € Spa(A, AT)
such that v(f/) = 0 for all ¢, which contradicts with the above inequality. Hence )", f/A = A.

Letv e U (%) Then v(g) > max; v(f;) > v(e), and so by the hypothesis on ¢’ we have v(g’) =
v(g) > 0. Moreover we have max; v(f/) = max; v(f;) < v(g) = v(g’), so we have v € U (f{gi,f;”)

Conversely, let v € U (figi,f/> Then v(g’") > max; v(f]) > v(e), and so by the hypothesis on g’ we
have v(g') = v(g). Then v(g) > 0 and v(g) = v(g") > max; v(f]) = max; v(f;), sov € U (%) O

Theorem 2.5.4. Let (R, RY) be a perfectoid pair over K with tilt (A, AT) over K*. Write X =
Spa(R, RT), X” = Spa(A, A™).

1. The map X — X’ sending a valuation v to v ot (where f : A = R* — R) is a homeomorphism,
and preserves rational subsets.

2. If a rational subset U C X corresponds to a rational subset U> C X”, then the Huber pairs
(Ox(U),0%(U)) and (Oxb(Ub),O;b(Ub)) are perfectoid over K and K’ respectively, and the
latter is the tilt of the former.
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Sketch of proof. For simplicity, assume that R™ = R°, AT = A° and fix a primitive element z €
W(O5) generating the kernel of 6 : W(0%) — Og. (Without this assumption, we shall just work
with a primitive z € W(A™) such that Rt = W(A")/z, cf. Remark 2.5.2. The proof is the same.)

Step 1. The map X — X’ is well defined and continuous. More precisely, the pull-back of a
rational subset is rational.

Well definedness is proved similarly as Proposition 2.1.10 (3). Let U = U(f1, ..., fn/g) be a rational
subset of X”. By Lemma 1.5.9, there is a pseudo-uniformizer ¢+ € K” such that v(g) > v(t) for all
v € U. We may then add ¢ to the list of f;’s without changing U. Then the inverse image of U in X is
U(fE,..., f1/g%), and this is rational since f! is a unit in R (as it lies in K*). Since rational subsets
form a basis of the topology, it follows that X — X” is continuous.

Step 2. Every rational subset of X is of the form U(ff7 ..., ff/g%) as in Step 1. In particular,
taking the inverse image induces a bijection {rational subsets of X"} —~+ {rational subsets of X}.

Let U(¢1,...,dn/v) be a rational subset of X. By Lemma 2.5.3, it suffices to show that for every
pseudo-uniformizer € € K we can find f1,..., f,, g such that

max(v(ff),v(e)) = max(v(¢;),v(e)) and max(v(g"),v(e)) = max(v(y),v(e)) Yo e X.
Indeed, as before we may assume that ¢, is a pseudo-uniformizer in K. There exists a pseudo-
uniformizer ¢ € K’ such that t! divides ¢, in R*. Thus we may assume that ¢, = t!. Let ¢ be
as in Lemma 2.5.3 with respect to U(¢1,...,¢,/7), and find f;,g as above, with f,, = ¢t. Then
U(dry...,on/y) = U(ff,...,fﬁ/gﬁ) by Lemma 2.5.3, and this is the inverse image of the rational
subset U(f1,..., fn/g) of X® (which is rational since f,, = t).

We now show the existence of g with respect to ¢, and the rest are the same. By simultaneously
multiplying v and € by a pseudo-uniformizer in K, we may and shall assume that v € R™.

Recall the Euclidean division from the proof of Lemma 2.4.2:

= Q(z)z + R(z), Vo € W(AT).

For every = 3, s olza]p" € W(AY) and w € X’, the same argument as in that proof® shows that
at least one of the following two possibilities happen: (We have slightly changed the division into two
cases, so the current two cases are not mutually exclusive.)

(i) We have w(2)w(z,) < w(xg) for all n > 0, with strict inequality for n = 1. In this case, R(z)
is w-stable in the sense that R(x) = > [x),|p"™ with w(zj) > w(z),) for all n.

(ii) For some n we have w(z)w(x,) > w(xo). In this case, every upper bound of {w(z)w(z,)}, is
an upper bound of {w(z])}, where R(z) = > [x] |p".

Note that if = satisfies (i) with respect to w, then so does R(x), since w(z) < 1. Now let z(¥) ¢
W(A") be an arbitrary lift of v € Rt = W(A*1)/z, and inductively define z(*+1) = R(z(*)). Choose

| € Z>1 such that (|z]°)! < |¢|. We claim that g := () € W(AT)/p = A* satisfies the desired condition
max(v(g*), v(e)) = max(v(y),v(e)), Vv € X.

Write () = [g] + > nsi1lan]p”™. Let v € X with image v =vot € X’ Ifone of 2F) k <1 -1
satisfies (i) with respect to v, then (") is v’-stable. Then

v =0(®) =0=") = g* + " alp",

n>1

3We would like to replace || - || on A° as in that proof by w, and replace the norm N : > [z,]p" + sup,, ||zn|| on
W(A®) by > [zn]p™ +— sup,, w(zn). Since the target of w is an abstract totally ordered abelian group, the sup does
not make sense on the nose. However all logical statements involving sup can be easily translated to statements only
involving upper bounds. The only properties of N1 used in that proof which are still needed in the current proof are:
(i) Strong triangle inequality. This generalizes to the following fact which is still a consequence of Lemma 2.3.9: If
Slzn]p™ + X [ynlp™ = >_[¢tn]p™, then for any upper bound ¢ of {w(zy)} and any upper bound 1 of {w(yn)}, max(&,n)
is an upper bound of {w(tn)}.
(ii) Ni(zy) < Ni(z) (as we needed Ni(u=1'Y, solznt12]p") < Ni(X,>ol@n+12lp™)). This generalizes to: If
(Clzn]p™) lynlp™) = S2[ta]p™, and if € is an upper bound of {w(z,)}, then £ is an upper bound of {w(t,)}. To show
this, by similar method as the proof of Lemma 2.3.9, we know that 2, is a bi-homogeneous degree (1, 1) polynomial over

F, in the variables zﬁﬂ,yiﬂ for 0 < k < n. The desired statement follows.
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and
v(gh) =v"(g) > v dbp™)
n>1
since each v(a%) = v"(a,) < v°(g) and v(p) < 1. Hence v(y) = v(g?) in this case.
Otherwise, each of (¥, ... z(=1 satisfies (ii) with respect to v”. Write (®) = S [x,]p”. Then
every upper bound of {v”(2)"’(z,)}, is an upper bound of {v°(g),v’(ay),n > 1}. Since v(e) is such
an upper bound, we get v(g*) = v”(g) < v(e), as well as

v(y) =v(gt+ D ahp) <vle).

n>1

Step 3. Let U” be a rational subset of X” with inverse image U C X. We show that (Ox (U), 0% (U))
is a perfectoid pair with tilt (O (U), (’);,,(Ub)).
We reduce to the following two cases:

Ut =U(f,1/1), U’ =U(1/g),
U=U(En;, 0 U =01/

We only explain the proof in the first case, as the second case is similar. Write ¢ for f*, and write
¢P " for (f7")%. Thus ¢P " is a p"-th root of ¢. Write (B, BT) = (Ox»(U"), 0%, (U")) and (S, S*) =
(Ox(U),0%(U)). Then we have

B=AM)/T - )
where A(T) = {3, ~qanT" | an € A,a, — 0} is equipped with the Gauss norm ||} -, a,T"| =
sup,, |lan]la, and B is equipped with the quotient norm. (Note that (T' — f) is a closed ideal, so the
quotient is still a Banach K-algebra.) Similarly

S =R(T)/(T = ¢).

Our first goal is to write B and S as quotients of certain perfectoid algebras. Introduce the
“perfectoid Tate algebra”
D"

— oo

A= A(TP 7)Y = (A(T)[T?

Here every element of A(T)[T? "] is of the form

Z anT"/pN

n>0

for some fixed N € Z>1 and a,, € A, a, — 0. Define its Gauss norm to be sup,, ||a, || 4. The completion

in the definition of A(T? ) is with respect to this norm. Similarly define R’ = R(T? " ). Tt is easy
to check that R’ is a perfectoid K-algebra and its tilt is A’.
We claim that there is a topological isomorphism B = A’/(T?

—h h

— f? " )p>0> where the right hand

h

side denotes the quotient of A’ by the closure of the ideal generated by {T? =~ — fpfh | h > 0} equipped
with the quotient topology. Indeed, for each h > 0, define

By = AT ")) (17"~ 7).
Then there is a natural A-algebra isomorphism
By — Bpy1.
The point is that for every term of a power series in Bpy1, of the form
a- TR T e 70 e 1,2, p—1},
we can use the relation 71/7""" = fl/ph+1 to rewrite it as
ht1

afi/P" /",

37



One easily checks that if we apply this procedure to every term, then we obtain a power series in B,
(i.e., the new coefficients still tend to 0). Moreover, under this isomorphism the natural Gauss norms
on the two sides compare as follows:

—h
H ’ ||Bh+1 < || : ||Bh < ma‘X(L ||fHA)p ’ H ) ||Bh+1'
In particular, we have B = By — B), and
“1, . —h+tl
Mz, <1 llp < max(L, [ fla)*P - |,

Since Y, p~F < 0o, the claim follows.

By the claim, one checks that B is perfectoid. Indeed, we already know that it is a Banach K°-
algebra, so we only need to check that it is perfect by Lemma 2.2.5, which can be done using the
claim. (Alternatively, there is even a much softer argument showing this, using the universal property
of B = 0y (U") and the fact that any rational subset of X” is invariant under w s w o (x + 2P).)

Similarly, we have a topological isomorphism

, —n —h_
SER/(T? —¢" )iso-

However, from this presentation we are unable to directly conclude that S is perfectoid. In the
remaining part of the proof we show that S is the untilt of B. This will show that S is perfectoid, and
it will also easily follow that (S, S™) tilts to (B, BT). By the functoriality of untilting, the surjection
A’ — B induces a surjection

¢ : (the untilt of A" over K) = R’ — (the untilt of B over K),

and ker ¢ is the closure of the ideal of R’ generated by (TV}L — fpfh)ﬁA/ for h > 0, where fi4/ is the
usual multiplicative map A’ — (the untilt of A" over K) = R’. It remains to show that

h

keré = (TP — 6" iso-

For O, note that ¢ maps TP " and ¢?  to (TP ")* and (f? ")*# respectively, but 77 " = f? " in
B. For C, it suffices to show that in W (A’), each [TV}L - fpfh] is contained in the closure (for the
p-adic topology) of the ideal generated by [Tp_k] — fp_k] for £ > 0. This follows from the following
general observation: For any z,y € W(A’), since [z —y] = zik mod pF*1 with z, = [P ] — [y? '], we
know that [z — y] lies in the closure of the ideal generated by z; for k > 0.

Step 4. The map X — X° is a homeomorphism.

The spaces X and X are T}, so for every pair of distinct points there is a rational subset containing
one and not the other. Hence by Step 3 we know that X — X is injective. It suffices to show that
it is surjective. Then it is a homeomorphism since it induces a bijection between the sets of rational
subsets.

Let z € X”. Let k, be the residue field Ox »/maximal ideal, and kF C k, the image of O;r' Then
(ks, k) is a Huber pair under the topology defined by v, (the canonical valuation on Ox ., which
descends to k;). It is a general fact that the topology on k; is the same as the w-adic topology, and
moreover the completion is identified with the w-adic completion of O}’x. Combining this fact with
Step 3, we know that the completion of (k,, k;) is a perfectoid pair over K” (and under (A4, A1)). Its
untilt over K is a perfectoid pair (I,1%) under (R, RT) where [ is a perfectoid field. Let y be the image
of the generic point under Spa(l,i*) — X. One checks that y is a preimage of x.

O

Corollary 2.5.5. FEvery perfectoid pair is stably uniform, and so the conclusions of Theorem 1.7.2
apply. Thus it is sheafy, the augmented Cech complez of any rational cover is exact, and Tate acyclicity
holds.

Definition 2.5.6. Let K be a perfectoid field. A perfectoid space over K is an adic space which is
locally isomorphic to Spa(R, R1) for perfectoid pairs (R, R") over K.
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2.6 Almost mathematics and almost acyclicity
Let K be a perfectoid field and let @ € K be such that |p| < |w| < 1.

Definition 2.6.1. An Ox-module M is almost zero, if mgM = 0. An Og-module morphism is an
almost isomorphism, if its kernel and cokernel are both almost zero.

Remark 2.6.2. Note that sup,¢,, . |z| = 1. Thus for an almost zero Og-module M, there exists € mg
whose absolute value is arbitrarily close to 1 (so « is “almost a unit”) and zM = 0.

Lemma 2.6.3. The class of almost zero Ok -modules is closed under sub, quotient, and extensions.
Proof. For extensions, use that for every x € mg there exist 21, x2 € mg such that zy2z3|z in Og. O
By the lemma and the general theory of Serre quotient category, we can form the quotient category
0% - mod := Ok - mod/(almost zero objects).

This is an abelian category equipped with a functor (-)* : Og - mod — O% - mod which sends every
almost isomorphism to an isomorphism and is universal for this property. We call this category the
category of almost O -modules. It has a symmetric monoidal structure ® such that the functor ()¢
is monoidal. This allows us to consider commutative algebras over O% (namely, commutative algebra
objects in O% - mod), as well as modules over them. A lot of the usual concepts in commutative
algebra have analogues in this setting.

Remark 2.6.4. Concretely, we can construct the category O% - mod as follows: Its objects are Og-
modules. For an Og-module M, we write M® for the corresponding object in O% - mod. Morphisms
are defined by:

Homps (M®, N*) := Home, (Mg ®o, M, N),

and compositions of morphisms are defined using the canonical isomorphism myx = m% =~ mx ®e, Mx.
Namely, for f: mg ®o, M — N and g : mg ®p, N — U, define their composition to be

idm e @ F
—_—

gof img o, M Z2mg Qo, Mg Qo,, M mK®oKNi>U.

Define the functor (-)* by sending every f : M — N to the morphism f*: M* — N® corresponding
to mg @, M — N,z ® m + xf(m). One checks that the pair (O% - mod, (-)*) indeed satisfies the
universal property.

Similarly, we define the category O% /w - mod of “almost O /w-modules”.

Definition 2.6.5. By a perfectoid algebra over Of%, we mean a commutative Of-algebra A which is
e w-adically complete: the natural map A — lim A/w™ is an isomorphism (of O%-algebras).
o flat: the functor A ®pe () : O% - mod — Of - mod is exact.

e the map Frob : A/w!'/? — A/w is an isomorphism (of O%-algebras). Here w!/P denotes any
element of O whose absolute value is |w|'/?.

Similarly, we define perfectoid O% /w-algebras. We denote the categories of them by O% - Perf and
0% /w - Perf.

Theorem 2.6.6. We have a sequence of equivalences of categories

K - Perf = 0% - Perf =5 0% /w - Perf — 0%, /" - Perf —> 0%, - Perf 5 K” - Perf.
ay K @ 9K/ w il 2 K (1)1

Moreover, the composition of all these equivalences is the tilting equivalence R — R°.

Sketch of proof. The functor (1) is given by R +— R°, and its quasi-inverse is given by A — A ®p, K
(or A A®o,, K »). The equivalence (3) arises from the canonical isomorphism O /w = Oy /@

(where w” € K” is such that |w”|” = |w|). The functor (2) is given by reduction mod w. The proof
that it is an equivalence will be sketched later using cotangent complexes. O
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Theorem 2.6.7. Let (R, R") be a perfectoid pair over a perfectoid field K, and let X = Spa(R, RT).
For any rational cover {U;} of X, the augmented Cech complex

0= Ox(X) = [Jox (V) = [[Oox(UinU)** — -+

%

is exact (in O% - mod). In particular, since the above complex is isomorphic to the complex of O%-
modules associated with the the augmented Cech complex for O}, we know that H (X, (’)}) is almost
zero for all i > 1.

Sketch of proof. Step 0. Reducing to a statement about norms.
We first reduce to showing that for a rational cover with two opens {U;,Us}, the complex

0— Ox(X)Oa — Ox(Ul)oa X Ox(UQ)oa — Ox(Ul n Ug)oa — 0

is exact. We then reduce to showing the following statement: The complex of K-Banach spaces

1) 0= 0x(X) L Ox(U1) x Ox(Us) L Ox (U1 N Ts) = 0

is almost optimal, in the sense that it is exact, and that the quotient norm on the image of each
map is equal to the subspace norm inherited from the target of the map. Here, every term is a
uniform Banach K-algebra, and we equip it with the unique power-multiplicative norm (which is
required to be K-homogeneous). Here uniqueness follows from the more general observation that
any continuous K-algebra map between Banach K-algebras equipped with power multiplicative norms
¢ : A1 — A must be norm-decreasing in that sense that ||¢(x)||a, < ||z||a,, Y& € A;. This is
because continuity of ¢ and the K-homogeneity of the norms imply that there exists a constant C' > 1
such that ||¢p(z)]|a, < Cllz|la,. One then applies this to 2™ and use power-multiplicativity to get
l6(@) 4, < CY/7lla ] a,.

Now we already know that () is exact by Corollary 2.5.5. The map f; is a continuous K-algebra
map, so it is norm-decreasing by the above observation. The norm on Ox (U;) x Ox (Uz) sends (z,y)
to max(||zl|ox @), l¥llox ws)), and fa sends (z,y) to gi(x) — g2(y) where g; is the natural continuous
K-algebra map Ox(U;) — Ox(U; NUs). Hence fo is also norm-decreasing by the strong triangle
inequality and the fact that ¢g; are norm-decreasing. Thus the condition that (}) is almost optimal is
equivalent to the condition that for each ¢ = 1,2, each x in the image of f;, and each C' > 1, there exists
a preimage of z along f; whose norm is less than C||z||. As an exercise (using the non-discreteness of
| KK*]), this condition is also equivalent to asking that every element of the image of f; of norm less
than 1 has a preimage of norm less than 1.

Step 1. Reducing to characteristic p.

By Theorem 2.5.4, the tilt of (1) is the similar complex for a rational cover of X” with two opens

b b
0= 00 (X?) I 00 (U) x 0 U8) 25 00U N UL) — 0.

(Here f} is literally the tilt of fi, and f5 denotes the map (x,y) — ¢5(x) — g5(y) where g2 : O (U?) —
O (U2 NUS) is the tilt of g;.) Supposing that this tilted complex is almost optimal, we show that ()
is almost optimal. We show that every element ¢ € im(f2) of norm less than 1 has a preimage along
f2 of norm less than 1; the similar property for f; is proved in the same way (and slightly easier). By
Proposition 2.4.5, ¢ has a lift 3 o [an]p™ € W(Ox» (U2 NU3)°) along

0:W(Ox (U NUS)°) = Ox (U NUL)°

such that every a, € Oy, (U? N U3) has norm less than 1. Then by our assumption, each a, has a
lift (b, cn) € Oxs (UD) x Oxs (U3) along f5 which has norm less than 1, i.e., both b, € Oy, (U?) and
cn € Ox (U3) have norm less than 1, and ¢%(b,) — g5(¢,) = an. Set

v =0, Blp") € Ox(T)°, y =6 lealp™) € Ox (Ua)",

n>0 n>0

where 60; is the f-map

W(Ox (U2)°) = Ox (U;)°.
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By our proof of the tilting equivalence (see Proposition 2.4.6), we have ||z|| < sup,, ||bn|@™ < 1 (where
we choose a € (0,1) arbitrarily) and similarly ||y|| < 1. Then (x,y) is the desired lift of ¢ along fs.

The above reduction method follows [KL15, Prop. 8.3.2, 3.6.9]. Alternatively, Scholze [Sch12] uses
Theorem 2.5.4 and Theorem 2.6.6 to reduce to characteristic p. The point is that for a complex of
Of%-modules whose terms are perfectoid O%-algebras, it being exact is equivalent to its reduction mod
w as a complex of O% /w-modules, whose terms are perfectoid O /w-algebras, being exact.

Step 2. Proof in the case of characteristic p.

We now show that (f) is almost optimal assuming that K has characteristic p. Let C' > 1. We
show that every = € im(f;) has a lift Z along f; such that ||Z|| < C|lz|l. By the Banach open
mapping theorem, there is a constant D > 1 such that every x € im(f;) has a lift Z along f; satisfying
|Z|| < D||z|. Applying this to 27", we find a lift y of 2P" satisfying ||y| < D||zP"||. But then y? " is
a lift of =, and it satisfies |y? || < DP "||z||. Choosing n sufficiently large such that DP" " < C, we
finish the proof. U

Remark 2.6.8. In [Sch12], the proof of Theorem 2.6.7 in the case of characteristic p consists in further
reduction to the p-finite case and invoking the classical Tate acyclicity in the topologically finite type
case. This is because at the time of that paper, Theorem 1.7.2 had not been discovered, so a priori
one cannot use Tate acyclicity of Ox in the proof. Rather, Scholze proves this as a consequence of
Theorem 2.6.7.

2.7 The cotangent complex

In the following, a ring always refers to a commutative ring with identity.

In classical commutative algebra and algebraic geometry, one encounters the following question: If
A — B — C are ring maps, then we have an exact sequence of C-modules (sometimes called the “first
fundamental exact sequence”)

C®p QB/A — QC/A — QC/B — 0.

How do we “complete” this exact sequence to a long exact sequence? The answer is provided by the
cotangent complex. For any ring map A — B, the cotangent complex Lp, 4 is a complex of B-modules
(+++ = My — M) in homological degrees > 0 that is well defined up to isomorphism in the derived
category. For A — B — C' as above, we have an exact triangle

C@RB? LB/A — LC/A — LC/B +—1>
In particular, the associated long exact sequence of homology completes the previous exact sequence:
o= Hy(Leyp) = Hi(C®% Lpya) = Hi(Leya) = Hi(Leyp) = C®pQp/a — Qcya — Qcyp — 0.

This long exact sequence entails another classical exact sequence when B — C' is surjective with kernel
I. In this case Qc/p = 0 and Hy(Le/p) = I/I? (as C = B/I-module). Hence we have the exact
sequence

I/I2 —C®p QB/A — QC/A — 0,

which is classically known as the “second fundamental exact sequence”.
Fact 2.7.1. In parts 1 to 8 below, assume that A is noetherian and A — B is of finite type.
1. If A — B is étale, then Lg,4 = 0.

2. If A — B is smooth, then Lg, 4 is isomorphic to Qp,a at degree 0, and 2p,4 is finite projective
over B.

8. If A — B is locally complete intersection, then Lg,a is isomorphic to (Py — Py) where P; are
finite projective over B.

4. Let A— B and A — A’ be ring maps, and let B’ = B® 4 A’. Assume that either one of A — B
and A — A’ is flat. Then we have

A' @Y Lp/a = Lp
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5. Let A — B be a ring map over characteristic p that is relatively perfect in the sense that the
A-algebra map B @A mob A — B,b® a > bP @ a is an isomorphism. Then L4 = 0.

Theorem 2.7.2 (Invariance of “étale like” algebras under nilpotent thickenings of the base). For
any ring A, let €(A) denote the category of flat A-algebras B such that Lgss = 0. (These are the
“étale like” A-algebras.) Then for any surjection A" — A with nilpotent kernel, the functor (1) @4 A :
C(A") = € (A) is an equivalence.

Proof. This is a special case of Illusie’s deformation theory. O

Lemma 2.7.3. Let K be a non-archimedean field, and w a pseudo-uniformizer. Let n € Z>1. Write
Ay, for Ok /w™. Let By, be a flat A, -algebra such that B, ®a, A1 is relatively perfect over Ay. Then
Lp,/a, =0.

Proof. We prove by induction on n. If n = 1, this is part 5 of Fact 2.7.1. Assume n > 2. Consider the
exact sequence of A,-modules

xwn !
0—- A4 —— A, — A, 1—0.
Applying (+) ®HAn Lp,a, toit and using part 4 of Fact 2.7.1, we get an exact triangle

+1
Lp,ja, = Lp,/a, = Lp, /4, , —

where B; := B, ®4, A; for i € {1,n —1}. By induction hypothesis, Lp, /4, = 0 for i € {1,n — 1}, so
Lg,/a, =0. O

Example 2.7.4. Let R be a perfect Fp-algebra. Then R is flat and relatively perfect over F,. By
Theorem 2.7.2 and Lemma 2.7.3, for any n > 1 there is a unique (up to unique isomorphism) flat
7 /p"-algebra lifting R. Moreover this algebra has trivial cotangent complex over Z/p"™. We know that
the ring of truncated Witt vectors W,,(R) = W(R)/p"™ is such a Z/p"-algebra. It then easily follows
that W(R) = lim Wy, (R) is the unique flat and p-adically complete Z,-algebra lifting R.

We can now prove the equivalence (2) in Theorem 2.2.7.

Theorem 2.7.5. Reduction mod @ induces an equivalence of categories O% - Perf — O% /w - Perf.

Sketch of proof. (See [Bhal7, Thm. 6.2.5].) Write %, for the category of flat Ok /w™-algebras B such
that B/w is relatively perfect over Ok /w. Write & for the category of flat and w-adically complete
Ok-algebras B such that B/w is is relatively perfect over Ok /wo. By Theorem 2.7.2 and Lemma 2.7.3,
the %,’s are all naturally equivalent to each other. By taking the inverse limit it is also easy to see
that they are all equivalent to €. (Starting with any B,, € %, for a fixed n, we get the corresponding
objects By, € %, for all m, and they form an inverse system (--- — By — Bjp). The inverse limit
@m B,, is then the corresponding object of %)

We now construct the inverse functor 0% /w - Perf — 0% - Perf as follows. Start with A €
O% /w - Perf. The functor (-)* from Og-algebras (resp. Ok /w-algebras) to O%-algebras (resp. O% /w-
algebras) has a left adjoint denoted by (-)n. One checks that A, € ;. Let A € € be the image of
Ay under the equivalence @ ~ €. Let A = A®. This is an O4-algebra, and one checks that it is
perfectoid. We define the desired inverse functor by sending A to A.

To check that A/w = A, we have

Ajw =A% w = (A)w)® = (Ay)* = A,

where the last isomorphism uses a general property of (-)u.
It remains to check that if A = B/w for a perfectoid O%-algebra B, then A constructed above is
naturally isomorphic to B. In this case, one checks that By € ¥. The imageNOf By under € ~ 61

is By/w = (B/w)y = Ay (as (-)y commutes with colimits). Hence By = A, and it follows that
B2 (By)* = A% = A. O
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