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REPRESENTATIONS OF P-ADIC GROUPS 3

A DESCRIPTION OF THE COURSE

The topic of the course is representation theory of p-adic groups. This is the study of typ-
ically infinite dimensional representations of certain “p-adic Lie groups”. More specifically,
we will work towards the statement and proof of Bernstein’s decomposition theorem
for the category of smooth representations of a p-adic reductive group, after laying foun-
dations in the general theory of representations of locally profintie groups and recalling
the basic structure theory of p-adic groups. If time allows, we will discuss the Langlands
classification of representations and/or the Local Langlands Correspondence.

Prerequisites. Familiarity with the representation theory of finite groups will be helpful to
build some intuition, although not strictly necessary. No prior exposure to representation
theory beyond that is required. Knowledge about the general theory of linear algebraic
groups over a field will be helpful, as we will go through that pretty fast. Basic familiarity
with the p-adic numbers will be assumed.

References. We will loosely follow Renard’s book [Renl0]. Another source is Alan Roche’s
lecture notes (=Chapter 1 of the Ottawa Lectures [CN09]). Also useful is Ng6’s lecture notes
[Ng616]. For a guide to the literature see [Renl0].

1. MOTIVATIONS

We start by recalling the field of p-adic numbers Q,. Let p be a prime. On Q, we have
the p-adic absolute value | - |, defined as follows: If = 0, then |z|, = 0. If # # 0, then
write z = p™y with n € Z and y € Q* such that y has a reduced fraction in which p does
not appear in the numerator or denominator. Then |z|, = p~™". We define Q, to be the
completion of Q with respect to | - |,; this is analogous to R as the completion of Q with
respect to the usual absolute value | - |-

Over R, we have the theory of Lie groups, which are smooth manifolds (locally isomorphic
to R™) equipped with a group structure. Over Q,, one might also consider “p-adic Lie
groups” as “smooth p-adic manifolds” with a group structure. For our purpose, we do not
need to go into the question of how to make sense of these. Instead, we simply consider p-adic
algebraic groups, i.e., subgroups of GL,,(Q,) = {invertible n x n matrices over Q,} defined
by systems of polynomial equations over @, in the n? coordinates.! We shall also impose
two more conditions: reductive, and connected (which are conditions for the underlying
algebraic group over Q).

Example 1.1. We have the following examples of connected reductive p-adic algebraic
groups:
o GLy(Qp), SLn(Qp) = {g € GLn(Qp) | det(g) = 1}.
o Fix a degree d extension E/Q,. Fix a Q,-basis of E. Then we have an injective ring
homomorphism E — Mxq(Q)), sending « € E to the Qp-linear endomorphism of
E = (@g given by y — zy. The resulting map GL,(E) < M,4xna(Q,) induces
an injective group homomorphism GLy,(E) — GL,4(Q)), and this is a subgroup
defined by polynomial equations over Q.

Exercise 1.2. Find these equations, and justify the other claims made above.

LThe correct definition is more general, in that we allow polynomial equations in n?+1 variables: The first

n? variables a;; stand for the coordinates, and the last variable b satisfies the equation that det(a;;)b = 1.

In other words, we allow polynomial equations in the n2? coordinates and det™?.
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Similarly, SL,,(E) < SLyq(Qp).

e Fix J € GL,(Q,) anti-symmetric, i.e., J = —J'. (Thus n is even.) We have the
symplectic group Sp(J) = {g € GL,(Q,) | ¢'Jg = J}.

e Fix J € GL,(Q,) symmetric, i.e., J = J'. We have the special orthogonal group
SO(J) = {g € SL,(Q,) | ¢*Jg = J}.? B

e Fix a quadratic extension E/Q,, and fix J € GL,(F) hermitian, ie., J' = J,
where () denotes the non-trivial element of Gal(E/ Q,). We have the unitary group
U(J) ={g9 € GL,(F) | g*Jg = J}. Using the method in the second example above,
one shows that U(J) is a subgroup of GL2,(Q,) defined by polynomial equations

over Qp.
Exercise 1.3. Show this.

We will also replace @, by a more general non-archimedean local field F', and consider
connected reductive algebraic groups G C GL,(F) defined by polynomials over F. We
endow G with the subspace topology inherited from GL,(F) C F n* Here F™ has the
product topology of the natural topology of F' as a local field. For instance, if F' = Q,,
the topology is defined by | - |,. Then G is Hausdorft, locally compact, and 1 € G has a
neighborhood basis consisting of compact open subgroups of G. For instance, 1 € GL,,(Q,)
has a neighborhood basis 1 + p¥M,,«n(Z,),k > 1, which are compact open subgroups.
Moreover, G is totally disconnected, meaning that each connected component in G is a
singleton.® Totally disconnected spaces are very different from the “everyday topological
spaces” such as manifolds: In a manifold, every point has a neighborhood homeomorphic
to an Euclidean space, which is connected and infinite. On a general totally disconnected
space, there is no interesting way of doing analysis (differentiation, etc.), and this fact
actually simplifies the theory considerably.

Definition 1.4. A representation of G is a vector space V over C (typically infinite dimen-
sional) together with a homomorphism 7 : G — Aut(V). We often write ¢g-v for 7(g)-v,g €
G,v € V. We call (V,m) smooth, if for all v € V, the stabilizer Stab,G ={g € G | g-v = v}
is open. Equivalently, the action map GxV — V| (g,v) — g-v is continuous, for the discrete
topology on V.

Exercise 1.5. Show the equivalence. Also show that the smooth condition is equivalent to
the condition that for each v € V| the map G — V, g — g - v is locally constant.

We are interested in the category M(G) of all smooth representations of G. Here a
morphism (V,7) — (W, p) is by definition a linear map ¢ : V' — W that is G-equivariant,
ie, d(g-v)=g-¢(v) forall g € G,v € V. (We also call such a map a G-map or a G-linear
map.)

Why do we care about smooth representations of G7

(1) p-adic groups are important, so we should study their representations. Smooth
representations turn out to form a very natural class.

(2) Smooth representations of G arise as local components of automorphic representa-
tions. Consider a reductive group G over a global field, say Q. Then the theory

2This satisfies the connected condition, whereas the orthogonal group O(J) = {g € GL»(Qp) | gtJg = J}
does not.

3This does not contradict with our assumption that G is a connected algebraic group, as the latter refers
to the Zariski topology of the underlying algebraic variety, which is very different from the topology coming
from F'.
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of automorphic representations of G roughly amounts to the study of functions on
G(Q)\G(A), where A is the ring of adeles over Q. This theory is a vast generaliza-
tion of the theory of modular forms, and it has utter importance in number theory
and the Langlands program. It turns out that each automorphic representation is
determined by the data of a smooth representation of the p-adic group G(Q,), one
for each prime p, together with a certain representation of the real Lie group G(R).

(3) Roughly speaking, the Local Langlands Correspondence (LLC) predicts a rela-
tionship between M(G) and the category of (certain) “G-valued representations
WDr — LG. Here WDpF is the Weil-Deligne group of F, a variant of Gal(F/F),
and LG is the Langlands dual group of G. When G = GL,(F), YG = GL,(C).
For G = GLy(F), the LLC is essentially local class field theory for F. Thus M(G)
secretly carries arithmetic information about F'. For p-adic groups G other than
GL,,, the LLC is a topic of active current research.

The structure of M(G) is much more complicated than representations of a finite group.
Recall that every representation of a finite group I' (over C) is a union of finite dimensional
representations, so in particular irreducible representations (i.e., those that do not have non-
trivial sub-representations) must be finite dimensional. The category of finite dimensional
representations of I' is a semi-simple category, i.e., every finite dimensional representation is
the direct sum of irreducible representations. Moreover, the number of isomorphism classes
of irreducible representations is finite, and equal to the number of conjugacy classes in I". In
contrast, the irreducible representations in M(G) are in general not finite dimensional, and
the number of isomorphism classes of them is also infinite. For this reason, we would lose too
much if we only consider finite dimensional smooth representations, and that is why in our
definition of M(G) we allow infinite dimensionality. The category M(G) is not semi-simple;
there exist smooth representations which are not direct sums of irreducible ones. One goal
of our course is to decompose the category M(G) into a direct sum of certain subcategories,
and moreover say something about the structures of these subcategories. Concretely, this
means for every (V,7) € M(G) we decompose it into a direct sum in a canonical way
such that each summand belongs to one of these prescribed subcategories, and moreover we
require that the decomposition be respected by all morphisms in M(G). This is the content
of the Bernstein decomposition theorem.

2. TD SPACES AND GROUPS

Recall profinite topological spaces. Let (I, <) be a directed set (i.e., < is a reflexive and
transitive relation on I, and for any i,j € I there exists k € I,i < k,j < k), and let (X;)ier
be a projective system of finite sets. Thus each X; is a finite set, and for each pairi < j € I,
we have a transition map ¢; ; : X; — X, satisfying ¢; jod;r = s : X — X fori < j < k.
(Similarly, one defines the notion of a projective system in an arbitrary category.)

The inverse limit lim, _, X; is the subset of [1;c; Xi consisting of (x;); such that ¢; ;(x;) =
x; for all 4,5 € I with ¢ < j. We endow it with the subspace topology inherited from the
product topology on [];.; X; (each X; having the discrete topology). Concretely, a basis of
the topology of []..; X; is given as follows. Fix a finite subset Iy C I, and for each i € I

fix Y; C X;. Let
v= [ xix][v-
iel—Io icly
For varying choices of Iy and (Y;);ey,, the U’s form a basis of the topology.

i€l

Exercise 2.1. The set U as above is also closed in [[;.; X;.

Lect.3, Jan 30
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Definition 2.2. A topological space X is profinite if it is homeomorphic to @iel X, for a
projective system of finite sets as above.

Lemma 2.3. A topological space X is profinite if and only if it is Hausdorff, compact, and
totally disconnected, i.e., every connected component is a singleton.

Proof. “Only if”: Write X = @ie s X;. Hausdorff is easy to check. For compactness,
note that X is a closed subspace of [[,.; X;. The latter is compact by Tychonoff’s theorem
(product of compact spaces is compact), and so X is compact. For totally disconnectedness,
use that the image of a connected subset of X in each X; must be connected, and therefore
a singleton.

“If”: Let I be the set of maps f : X — Z such that im(f) is finite and each f~!(n)
is open. Informally, I is the set of ways of decomposing X into a finite disjoint union
of open subsets. For f,g € I, define f < g if there exists a (necessarily unique) map
¢fq :1im(g) — im(f) such that f = ¢4 0 g (i.e., the partition corresponding to g refines
that to f). Then (im(f))ser is a projective system of fintie sets, and we have a natural
continuous map ¢ : X — LiilfeIim(f),x — (f(x))r. We claim @ is a homeomorphism.
Since the source is compact and the target is Hausdorff, it suffices to check that ® is a
bijection.

To show @ is surjective, let n = (ny)s € @f im(f). We need to find a preimage of n.
For each f € I, let C; = f~%(ns). Then Cy is clopen®’, and we have C;, C C; whenever
f < g. Note that ®~1(n) = ﬂf Cy. If this were empty, then by compactness of X we know
that a finite sub-intersection is empty. Finding a common upper bound of the indices, we
get some f € I such that C is empty, a contradiction. This shows that ® is surjective.

To show ® is injective, by Lemma 2.4 below, we have {z} is the intersection of all clopens
containing x, for any x € X. If ®(x) = ®(y), then for any clopen U containing z it
also contains y, since the characteristic function 1y of U is an element of I. Taking the
intersections of all such clopens we conclude z = y. O

Lemma 2.4. Let X be a Hausdorff compact topological space. Then for any x € X, the
connected component of X containing x is the intersection of all clopens containing x.

Proof. Fix z € X, and let (Z;);er be all clopens containing «. Let S = (), Z;. Clearly
the connected component containing x is contained in S, so it remains to show that S is
connected. Suppose not. Since S is closed, we have S = A U B for two disjoint non-empty
closed subsets A, B of X. Since X is compact, so are A, B. Since X is Hausdorff, the compact
subsets A and B are separated by open neighborhoods, i.e., there are disjoint opens U and
V in X such that A C U,B C V. Since X —U UV is compact and (X —UUV)NS =0, we
know that X — U UV is disjoint from a finite sub-intersection of the Z;’s, which is itself a
Z;. Namely, Z; CUUV,and so Z; = (Z; NU) U (Z; N V). It then follows that both Z; N U
and Z; NV are clopens. Suppose without loss of generality € A. Then Z; N U is one of
the Z,’s, and hence S C Z; NU C U, and so B = {), a contradiction. O

Corollary 2.5. A closed subset Z of a profinite space X is profinite. Moreover, X has a
basis of topology consisting of compact open profinite subsets.

Proof. We know Z is still Hausdorff and compact. Clearly Z is totally disconnected as X
is. Hence Z is profinite by Lemma 2.3. For the second assertion, we have already seen in

4“Clopen” stands for “closed and open”.
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Exercise 2.1 that X has a basis of topology consisting of clopens. But by the first assertion
every clopen is compact and profinite. O

Proposition 2.6. Let X be a Hausdorff topological space. TFAE:

(1) The topology has a basis consisting of open compact sets.
(2) X is locally compact and totally disconnected.
(3) FEach point has an open neighborhood that is a profinite space.

Proof. (1) = (2). Locally compact is clear. To see totally disconnected, let z,y € X
be distinct. Then z and y are separated by open compact neighborhoods, which are in
particular clopens. Hence x,y cannot be in the same connected component.

(2) = (3). Let x € X. Since X is locally compact, there exist open U C X and compact
K C X such that + € U C K. Now K is Hausdorff compact totally disconnected, so
profinite by Lemma 2.3. Therefore by Corollary 2.5 , the open set U in K must be a union
of opens U; in K which are profinite. The point x must lie in such a U;. But U; is open in
K and contained in U C K, so it is open in U, which implies that it is open in X. Hence
we have found an open neighborhood of x in X which is profinite.

(3) = (1). This follows from Corollary 2.5.

|

Definition 2.7. A Hausdorff topological space satisfying the above equivalent conditions
is called a td space, or a locally profinite space.

Remark 2.8. A topological space is profinite if and only if it is td and compact.

Definition 2.9. A topological group is called a td group, or a locally profinite group, if its
underlying topological space is td.

Remark 2.10. A topological group is td if and only if it is Hausdorff and 1 has an open
neighborhood that is a profinite space. This is sufficient because we can translate the neigh-
borhood U of 1 to a neighborhood gU of g for any g in the group, and gU is homeomorphic
to g.

Fact 2.11. Let G be a td group. Then 1 € G has a neighborhood basis consisting of open
compact subgroups.

In practice, the td groups we are interested in (the p-adic groups) will be easily seen to
satisfy this fact.

Exercise 2.12. Prove Fact 2.11 as follows. Let K be an arbitrary compact open neighbor-
hood of 1. It suffices to construct a compact open subgroup H of G contained in K. Do
this in the following steps:

(1) For every x € K there is an open neighborhood V,, of 1 such that 2V;? C K.

(2) There is an open neighborhood V' of 1 such that KV C K. In particular, V C K
and V2 C K.

(3) We may take V in (2) to satisfy V=1 =V.

(4) Let H be the subgroup of G generated by V. Then H is an open subgroup of G,
and H C K.

(5) Any open subgroup of a topological group is closed. Hence H is closed, and therefore
compact as it is contained in K.

Lect.4, Feb 1
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Example 2.13. Let p be a prime. Then Z, = mn Z/p™Z is a profinite group (under
addition). It is identified (as a topological group/ring) with the subgroup/subring {z € Q, |
|z], < 1} of Qp, which is open in Q,. Thus Q, is a td group. The subgroups p"Z,,n > 1,
are open and compact, and form a neighborhood basis of 0.

Similarly, the group Z, of multiplicative units in the ring Z,, is profinite and has presen-
tation Z; = @n(Z/p"Z)X. It is an open subgroup of Q.. Hence Q,' is td. The subgroups
1+p"Zy,n > 1, are open and compact, and they form a neighborhood basis of 1.

Example 2.14. For any prime p, GL, (Q,) is a td group, and GL,(Z,) C GL,(Q,) is an
open, profinite subgroup. In fact, GL,,(Z,) = l'glk GL,,(Z/p*Z) as topological groups. It is
open in GL,,(Q,) because it is defined by the (non-strict) inequalities |a;;|, < 1, |det(a;;)|, =
1. We have compact open subgroups 1+ p*M,,(Z,) of GL,(Z,) for k > 1, and they form a
neighborhood basis of 1.

Example 2.15. More generally, let F' be a non-archimedean local field. Recall that this
means F' is a complete topological field with respect to a discrete non-archimedean absolute
value || (i.e., an absolute value satisfying the strong triangle inequality |a+b| < max(|al, |b])
and such that |F*| is a discrete subgroup of R*) such that the topology is locally compact.
The locally compact condition is equivalent to the condition that the ring of integers Op =
{z € F | |z| < 1}, which is an open subring and a DVR, should have finite residue field.
Any generator m of the unique maximal ideal of Op is called a uniformizer. We have
Op = l&nlc Op /7" is a profinite group, with each Op /7" being a finite ring. Also Op =
@k(op/wk) * is profinite. The groups F, F* are td, containing O, O as open subgroups
respectively. As before, GL,,(OF) = @k GL, (OF/7*) is profinite, and open in the td group
GL,(F). We have compact open subgroups 1+ 7% M, (OF), forming a neighborhood basis
of 1.

Clearly if G is a closed subgroup of GL,(F'), then G is also td, and G N GL,,(OF) is
an open profinite subgroup of G. The compact open subgroups G N (1 + 7% M,,(OFr)) of G
form a neighborhood basis of 1. This applies in particular to the case where G C GL,, (F)
is defined by polynomial equations.

3. FUNCTIONS AND DISTRIBUTIONS

Let X be a td space. Define®

o (°(X) = the C-vector space of locally constant functions X — C.

e (C°(X) = the subspace of C*°(X) counsisting of compactly supported functions. We
define the support of f € C°(X) to be the smallest (i.e., intersection of all) compact
set K C X such that f = 0 outside K.

e ('~°°(X) = the linear dual of C°(X).

o O °(X) = the C-vector space of linear maps a : C*°(X) — C satisfying the
following compactly supported condition: there exists a compact subset K C X
such that («, f) =0 for all f € C*°(X) such that f|x = 0. We define the support
of a to be the smallest such K, i.e., the intersection of all such K.

The dual of the inclusion C°(X) < C*°(X) is a (surjective) map C°(X)* — C~°°(X).
Composing with the inclusion C;*°(X) — C*°(X)*, we obtain a map

O7%(X) — C~%(X).

c

50ur notations Cg°,C~%°,Cy > correspond to the symbols D, D’,E" in [Renl0].
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Lemma 3.1. This map s injective.

Proof. Let « be in the kernel. Since the topology of X has a basis consisting of compact
open sets, the compact support of « is contained in a compact open set K C X.For any
f € C®(X), define f€ : X — C to be the same as f on X — K and 0 on K. Then
f¥ € C*(X) since both X — K and K are open. Moreover f — fK € C(X). Since
alce(x)y = 0, we have (a, f) = (o, f&), which is zero since f¥X vanishes on K. Hence
a=0. (]

We shall think of the injection C;*°(X) — C~°°(X) as inclusion, think of C~°°(X) as
the space of all distributions on X, and C,°°(X) as the space of all compactly supported
distributions on X.° Note that C;°°(X) is also identified with the set of a € C~°(X)
for which there exists a compact set K such that («, f) = 0 for all f € C°(X) such that
Example 3.2. For any compact open subset K C X, its characteristic function 1x is in
C(X). It is locally constant because both K and X — K are open.

Exercise 3.3. Every function in C2°(X) is a finite linear combination of characteristic
functions of disjoint compact open subsets of X.

Example 3.4. Fix z € X. We have the Dirac distribution §, : C*(X) — C, f — f(x).
We have 6, € C;°°(X), and its support is {z}.

Example 3.5. Let X be an infinite set equipped with discrete topology. Then X is td. We
have an identification
(X)) = I[C f= (@)
reX
under which
cr(x) = e,
reX
and an identification
C_OO(X) = H C, ar— (<Oz7 1{I}>)z,
reX
under which
C2(X) S e
zeX
For instance, consider the functional o : C°(X) — C, f = > f(z). The sum is always
finite, hence well defined. Then this « corresponds to (1,1,--+) in the third identification
above, and o € C~°(X) — C7>°(X).

We think of the natural pairing C>°(X) x C*(X) — C, («, f) — («, f) as “integrating
f against ”, and sometimes even write’

/ f(@)a(x), or simply / fa
reX X

6We have pairings C~°°(X) ® C2°(X) — C and C; ®(X) ® C*(X) — C. The way to remember is that
oo and —oo both appear, and ¢ appears once.

"Here the notation o(z) is formal, as the “value” of a at * € X does not make sense. However, the
physicists would think that «a(z) is an actual function. For instance, the Dirac distribution 9 over R
supported at 0 would be thought of as an actual function on R such that do(z) = 0 for  # 0, 60(0) =
400, and fR do(z)dz = 1. Then by formal manipulation one shows that for any f € C°°(R), indeed
Jg f(2)do(x)dx = f(0). Thus integration against the “function” do(x) (or rather &o(z)dzx), plays the role of
the Dirac distribution f +— f(0).

Lect.5, Feb 3
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for {a, f). As a generalization, we would like to integrate vector-valued functions f against
a € C;°(G). Thus let V be a C-vector space (maybe infinite dimensional), and let
C>(X,V) denote the space of locally constant functions X — V. Let o € C*°(X) and
f € C>®(X,V). As in the above proof, « is supported in a compact open K C X. Since
f is locally constant, there is a partition of K into finitely many open subsets Uy, --- ,U,
such that f takes constant value v; € V' on each U;. Define

/X fa={a, f):= Z(a, 1y,)v; € V.

This definition is motivated by the following formal computation:

LEX f@)a(z) = ~/$GK f@)a(z) = zi:/gpem f()alz)
([ o) 2 i)

7

The definition of [, fo is independent of choices and gives a bilinear pairing C;*°(X) ®
C>®(X,V) — V. When V is finite dimensional and identified with C", we can identify
f € C®(G,V) with a tuple (f1, -+, fn) € C®(G)". Then [ fa= ([ fra,---, [ faa) € V.

Exercise 3.6. Verify these claims.

Example 3.7. Let 29 € X and let d,, be the Dirac distribution. For any f € C*(X,V),
we have (da,, f) = [ f(2)0zy(2) = f(x0).

4. DISTRIBUTIONS ON A TD GROUP

Let G be a td group. We have two representations [,r of G on C®°(G), called left
translation and right translation:

U N(@) = flg7 2),  (r(9)f)(x) = f(zg).
(The ¢! in the first formula is to make sure [ is a left action.) Since G is a topologi-
cal group, left or translation of a function indeed preserves the property of being locally
constant. Moreover, it preserves the property of compactly supported. Thus we have
sub-representations (C°(G),l) C (C*(G),1), (CX(G),r) C (C*(G),r). Define left/right
translation on C~°°(G) by

g, f) = (a g™V f)s  (r(9)a. f) =(a,r(g™h)f),  YVae C=(G), f € CZ(G).
(Again the negative powers are introduced to make left actions.) Similarly, define left/right
translation on C,°°(G). Then again C*°(G) is a sub-representation of C~°°(G) when we
consider the left /right translation.

Lemma 4.1. Let G be a td group. Every element of C°(G) is right invariant by a compact
open subgroup K C G, i.e., fized by r(K). In particular (C°(G),r) is a smooth representa-
tion. Same for “right” replaced by “left”.

Proof. Let f € C°(G). By Exercise 3.3, we may assume that f = 1y for a compact open
subset Y C G. For each y € Y, y~'Y is a neighborhood of 1, and hence contains a compact
open subgroup K, C G. That is, yK, C Y. Since Y is compact and each yK, is open,
there exist finitely many y1, -+ ,y, € Y such that Y = {JI_, y;K,,. Let K = (), Ky,.
Then K is a compact open subgroup, and Y is right invariant by K. Hence f = 1y is right
invariant by K. ]
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Exercise 4.2. Let K be a compact open subgroup of G. Then C°(G)"¥) has basis
{lyx | gK € G/K}. In particular this is identified with the space of finitely supported
functions on G/K.

Theorem 4.3. Let G be a td group. Then C—(G)"S) is one-dimensional. Moreover, one
can choose a basis [ to be positive in the sense that (u, f) > 0 for every non-zero f € C°(Q)
such that f > 0.

Remark 4.4. Such a positive p will be called a Haar distribution, or more precisely a
left Haar distribution; it is unique up to scaling by Rsg. It is an incarnation of a (left)
Haar measure, which is a left G-invariant Borel measure vol(-) on G, unique up to R, for
any locally compact Hausdorff topological group G. Namely, our u is given by integration
against a Haar measure. Conversely, given u, we can recover the measures of compact open
sets K by vol(K) = (u, 1x). If we replace “left” by “right”, we obtain the notion of a right
Haar distribution, which is again unique up to scaling by R~y. When the adjective “left”
or “right” is omitted, “left” is always understood.

Proof of Theorem 4.3. Fix a compact open subgroup Ky, and let S be the set of all compact
open subgroups of Ky. Then S is a neighborhood basis of 1. By Lemma 4.1, we have

(@) = cxe)r®.

KeS
Hence
C™®(G) = lim (CZ(Q)" ™)),
KeS
and

(6D = lim {left G-inv elts of (C°(G)" )"}
KeS
Denote by Vi the space of left G-invariant elements of (C2°(G)"5))* ie., u € (C2(G)F))*
such that
(lg)f) = (u, ), Vf € CE(G) ™) geG.

(Note that C°(G)"%) is stable under I(g), so the above makes sense.) Let us analyze V.
By Exercise 4.2, CZ° (G)T(K ) can be identified with the space of finitely supported functions
on G/K. From this one sees that its dual space is naturally identified with HG/K C. Since
left multiplication by G is transitive on G/K, we see that Vi is one-dimensional, with a
canonical basis ax = (1,1, - ) defined by

yeG/K
Exercise 4.5. Verify this.
Moreover, if K,L € S with K C L, then the transition map Vx — Vj, sends ax to
[L : Klar. Thus to give a left G-invariant element of C~°°(G), is the same as giving a
number cg for each K € S, satisfying ¢;, = [L : K]cx whenever K C L. Clearly this is

possible by taking cx := ¢/[Ky : K] for a constant ¢, and unique up to scaling (i.e., the
choice of the constant ¢). If we choose ¢ > 0, then the resulting p will be positive. ]

By the proof of Theorem 4.3, we know that

/ f(9)u(g)
G

Lect.6, Feb 6
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can be computed as follows: Find a sufficiently small compact open subgroup K such that
f is right K-invariant. Then

/G f@ue) = 3 fly)vol(K),

yeG/K

where vol, (K) := (u, 1x). Moreover, we know that vol,(-) satisfies that for any compact
open subgroups K, L with K C L, we have

vol,, (L) = [L : K]vol,(K).

Finally, the left G-invariance of  clearly follows from the fact that the expression > yeG/K f(y)
is invariant under left translation on f.

Now C~°(G)"E) ¢ C~>°(@) is stable under right translation, so it is a one-dimensional
sub-representation of (C~°°(G),r). Therefore r(G) must act on it by a homomorphism
Ag : G — C*. That is, we have

r(g)n = Ac(g)u
for all g € G and p € C~>°(G)"9).

Definition 4.6. We call Ag the modulus character of G. 1f it is trivial, we call G unimod-
ular.

Remark 4.7. G is unimodular if and only if a left Haar distribution is the same as a right
Haar distribution.

Remark 4.8. Let u be a Haar distribution. For h € G, the number Ag(h) is characterized
by the equation

/ Fgh Yulg) = A (k) / foulg), Ve Q).
G G

If K is a compact open subgroup, we get Ag(K) = {1} by taking f = 1x and h € K
in the above. Thus, as a function on G, Ag is left and right invariant by any compact
open subgroup K. We also conclude that any compact td group (i.e. profinite group) is
Lect.7, Feb 8 unimodular.

Remark 4.9. We have seen that C~°° (@) contains the one-dimensional subspace C~(G)"(%).
Also recall that C~°°(G) contains C; *°(G), the space of compactly supported distributions.
These two subspaces are in general disjoint (unless G is compact), since the conditions “left
G-invariant” and “compactly supported” are not compatible.

5. THE HECKE ALGEBRA
Let G be a td group.

Definition 5.1. Let H(G) = g C-®(G)!'¥) ¢ C7>=(G), where K runs over compact
open subgroups. We call H(G) the Hecke algebra of G. (Right now H(G) is just a C-vector
space, but later we will define a product on it.)

Clearly H(G) is stable under right translation by G. It is also stable under left translation
by G, since the conjugate of a compact open subgroup is still a compact open subgroup.

For any fo € C°(G) and av € C~°(G), we write foo for the functional C>*(G) — C, f —
{a, f fo). This makes sense since f fo € C°(G). Moreover, fya is compactly supported since
a is, i.e., foa € C7°(G). Actually, it is easy to see that all elements of C°°(G) are of this
form.
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Proposition 5.2. Let u be a Haar distribution. Then H(G) = {fop | fo € C(G)}.

Proof. The containment “D” is clear since each fy € C°(G) is left invariant under some K,
and p is left invariant under G. We now prove “C”. Let a € H(G), and suppose it is left
invariant by a compact open subgroup K. There exist finitely many cosets Kg1,---,Kgn,
whose union contains the support of a. Then

a = E 1Kg¢04-
i

Note that each 1gg4,a is still left K-invariant, and is supported inside Kg;. Thus up to
replacing a by 14, we may assume that o is left K-invariant and supported in Kg; for
some g1 € G. The space {fou | fo € C°(G)} is stable under right translation by G (since
any right translate of u is a scalar multiple of ), so we may replace « by a right translate
of it. Thus we may assume that « is left K-invariant and supported in K. Since K has
unique Haar distribution up to scalar, we know that there exists ¢ € C such that

(a, f) = e{p, [)
for all f € C2°(G) supported in K. But this means a = ¢l g p. O

Corollary 5.3. We have H(G) = | Co°(G)" ) =, O7®(G) ) where K runs
over compact open subgroups.

Proof. The second equality follows from the first, and for the first we only need to prove the
direction “C” by symmetry. By Proposition 5.2, it suffices to show that for any fo € C(G),
the element o = fou is right invariant by some compact open subgroup. Now f; is right
invariant by some compact open subgroup K, and p is also right invariant by K, since
Aglk = 1. |

~

Corollary 5.4. Fiz a Haar distribution . We have an isomorphism C°(G) — H(G), fo —
fop. This is an isomorphism between the left translation representations.

Proof. We only need to prove injectivity. Suppose fo € C°(G) is such that fou = 0. Let
fo be the complex conjugate of fy. Then

0 = (fou, fo) = {(u, fofo),
which implies fofo = 0 by the positivity of  and the fact that fofy > 0. Hence fo =0. O

Remark 5.5. By symmetry, if we pick a right Haar measure p’, we also have an isomorphism
C®(G) = H(G), fo — fou', between the right translation representations.

6. SMOOTH REPRESENTATIONS AND CONVOLUTION

Let G be a td group. A representation (V,7) of G is called smooth, if for every v € V|
Stab, G is an open subgroup of G. Equivalently, V = [Jg VE where K runs through
compact open subgroups of G.

Exercise 6.1. Show the equivalence. (Use that a subgroup of G is open if and only if it
contains an open subgroup of G.)

Example 6.2. We have already seen four examples of smooth representations: (CS°(G),1),
(C&(G),r), (H(G),1), (H(G),r). The first is isomorphic to the third by multiplying with
a Haar distribution. Similarly, the second is isomorphic to the fourth, by multiplying with
a right Haar distribution. Actually the first two are also isomorphic to each other under
f— f, where f(g) = f(g~1). Note that (C*(G),1 or r) is in general not smooth.
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Exercise 6.3. Let G = SL2(Q,). Show that every finite dimensional smooth representation
(V,m) of G is trivial, i.e., w(g) = idy,Vg € G, in the following steps. (This exercise also
works with slight modification for Q, replaced by any non-archimedean local field.)

(1) The subgroup K :=ker(w : G — GL(V)) is open.
x

(2) Suppose H is a normal subgroup of G containing 1

> and for all z € Q,. Then

H also contains <313 1) for all z, and G is generated by H.
(3) Show that K = G by using (2) and noting that

) (D0 )= ()

We now introduce a construction of vital importance. Let (V,7) be a smooth represen-
tation. For each v € V| the function F, : G — V,g — g - v is locally constant (since it
is right invariant by some compact open subgroup K fixing v). Sending v to F), defines a
linear map V — C*(G, V).

Definition 6.4. Define a linear map C; *°(G) — End(V),a — 7(«a) by
m(a)-vi={(a,F,) €V, YveV,
where (,) is the pairing C*°(G) ® C*°(G,V) — V. In the integral notation, we have

m(a) v = /G F,(g)a(g) = /G (n(g)v)a(g).

To do the above “integral”, we can find a sufficiently small compact open subgroup K
such that F, is right K-invariant, and find finitely many cosets g1 K,--- , g, /K covering
supp(«). Then the integral is by definition equal to

n n

Y (el x) Folgi) = D (e Lo, )m(gi)v.

i=1 i=1
Note that F, is right K-invariant precisely when v € VX. Hence we have the following
formula:

(6.1) ml@)-v="Y (o l)w(gv, VoeVK,
gKeG/K
where it is understood that only finitely many summands are non-zero.
Example 6.5. Consider the Dirac distribution d,, € C; *°(G) at a fixed go € G. Then in
the summation (6.1), only the term indexed by gK = goK survives, and that term is equal

to 7(go)v. Hence we have 7(dg,) = m(go). In this sense the action of C2°(G) on V extends
the original action of G on V.

Example 6.6. Let K be a compact open subgroup, and p a Haar distribution. Let
a=vol,(K) 'k -p € H(G) C C;>(G).
Note that the definition of a depends only on K, not on the choice of u. Let v € V', and let

U be a compact open subgroup contained in K such that v € VY. Then by (6.1) (applied
to U) we have

m= Y (o lg)m(gv= > vol,(K) 'vol,(U)r(gv=[K:U]"" Y =(g).

gUEG/U qUEK /U qUEK /U
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This is the average of the finite K-orbit of v.

Example 6.7. Let K be a compact open subgroup, p a Haar distribution, and gy € G. Let
a=vol,(K) 1k pu€H(G). Let v € VE. Then

m(a)v = vol, (K)™* Z (1 Lgox 1gr)m(g)v = m(go)v.
gKeG/K
Definition 6.8. Take (V,7) = (C>(G),!1) or (H(G),l). For a € C;*°(G) and v € V, we
denote () - v by a * v, and call it the convolution product, which is C-bilinear. Note that
if we fix a Haar distribution p and write elements of H(G) as fop with fo € C°(G), then

ax (fou) = (a* fo)u.
Concretely, for a € C;*°(G) and f € C°(G), the value of the function a * f € C°(G)
at h € G is

( / EG(I(g)f)a(g)) w=[ s hats)

g€
(The first integral is valued in C2°(G), and we evaluate it at h.) In the special case where
a = fou € H(G), we have

@) = [ fo) e miuta)
This integral is also called the convolution of the functions fy and f (with respect of p).
Proposition 6.9. Let (V,7) be a smooth representation of G. Let o € C;°°(G) and
B € H(G). Then for every v € V, m(a x B)v = 7(a)w(B)v.
Corollary 6.10. The convolution product on H(G) is associative.
Proof. Apply the proposition to (V,7) = (C°(G),1). O

Thus we have an associative ring (H(G), *). (We know x is C-bilinear, so in particular
we have the distributive laws.) It is in general non-commutative, and non-unital (i.e., not
having a multiplicative identity), as we will soon see later.

Corollary 6.11. Let (V, ) be a smooth representation. Then the C-linear map (H(G), ) —
(End(V),0),a — w(a) is a ring homomorphism, in the sense of non-unital rings.

Proof. Immediate from the proposition. |

Proof of Proposition 6.9. Fix a Haar distribution p, and write 5 = fou with fo € C°(G).
Let K be a compact open subgroup fixing v. Up to shrinking K, we may assume that fy
is right K-invariant, and thus reduce, by linearity, to the case fo = 14,k for some go € G.
Let U = goKg, ! which is also a compact open subgroup of G. Then fo is left U-invariant.
Hence by (6.1) we have

ax* fo = Z (a, Lyu)l(g9) fo = Z (a, 1gu)lggekc
gUeG/U gUeG/U

and

axf= Z (o, 1gu)lggore - -

gUeG/U
Since v € VK, by Example 6.7 we have

m(a* B)v = Z (o, 1gg7) vol, (K)m(ggo)v.
gUeG/U
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On the other hand, since v € VX by Example 6.7 we have
m(B)v = vol,.(K)7(go)v,
and this is fixed by U = gngo_l. Hence by (6.1) we have
m(a)m(B)v = vol,(K) Y {a,1)m(9)m(go)v.
gUeG/U
The proof is complete since 7(ggo) = 7(g)7(go)- O

For any compact open subgroup K C G, define ex € H(G) by
e = 1gvol, (K) ',
where p is a Haar distribution. This definition is independent of p.

Proposition 6.12. The following statements hold:
(1) Let (V,m) be a smooth representation. Then m(ex)V = VE. Moreover v € V is in
VE if and only if m(ex)v = v.
(2) ex *ex = ek.
Proof. For (1), we have already noted in Example 6.6 that for any v € V, w(ex)v is the

average over the finite K-orbit of v. It is then elementary to check the statements in (1).
(2) follows from (1) since ey is fixed by I(K). O

Remark 6.13. By (1), we know that if v € w(ex)V then v = m(ex)v = v. This also
formally follows from (2) and the fact that 7 : H(G) — End(V) is a ring homomorphism.

Recall that H(G) = U Co(G)F)mE) g0 its definition is “unbiased” towards “left”
or “right”. The following exercise makes precise the symmetry between “left” and “right”.

Exercise 6.14. Consider the involution o — o’ on C~°°(G) given by pull-back along the
homeomorphism G — G, g — ¢g~'. Concretely, (o/, f) = (a, f), where f(g) = f(g~!), for
all f € CX(G).
(1) For any g € G and a € C~*°(G), (I(9)a) = r(g)c’.
(2) The subspaces H(G) C Co*°(G) C C°(G) are both stable under the involution
a— o
(3) For each compact open subgroup K C G, the element ex € H(G) satisfies e = ek.
(Hint: beware that in general if 1 is a Haar distribution on G then p # u'; however
use that K is unimodular.)

Lemma 6.15. For «, 8 € H(G), we have ax B =r(f")a.

Proof. Fix a Haar distribution p, and write o = fipu, 8 = fap, for fi1, fo € C°(G). Find a
compact open subgroup K such that f; is right K-invariant, and f; is left K-invariant. By
bilinearity, we may assume that fi = 14, k, fo = 1xg, for g1,g2 € G. Write v for vol, (K).
Since g is fixed by I(K), we have

axf=la)f= Y UgB- (o lgx)=vlg1)8 = vlg Kot
gKeG/K
Since « is fixed by r(K), we have
r(Ba= Y rl@a- (B 1x) = Y r(@a- (B lkg) =rlgy el 1kg).

gKeG/K gKeG/K
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Now
(g5 ) = lgxg, - 7(97 ) = D95 ) gy Kgatts
and
(1 1acge) = (1, m(95 1) = (r(g2)m, 1) = Ac(g2)v.
Hence r(f")a = vlg kg, pt = a % (. O

Corollary 6.16. Let a« € H(G) and K be a compact open subgroup. Then « is left
(resp. right) K-invariant if and only if ex * @ = « (resp. a *x e = ), if and only if

a € ek *H(G) (resp. o € H(G) *ex ).

Proof. The version with “left” follows from Proposition 6.12 applied to (V,7) = (H(G),1).
The version with “right” follows from Proposition 6.12 applied to (V, ) = (H(G),r), Exer-
cise 6.14 (3), and Lemma 6.15. O

Corollary 6.17. For every compact open subgroup K C G, we have
ex *H(G) xex ={a e H(G) | a = ek *axex} = H(G)FDrE),

Proof. The first equality follows from the fact that ex * ex = ex. The second equality
follows from Corollary 6.16. |

Corollary 6.18. We have

H(G) = Jex * H(G) = JH(G) xex = | Jex * H(G) * ex,
K K K

where the unions are over compact open subgroups K.

Exercise 6.19. For a compact open subgroup K, the subset ex * H(G) xex C H(G) is a
subring of H(G), and it has the multiplicative unity ey.

Example 6.20. Let G be a finite, discrete group. There is a canonical choice of Haar
distribution g, namely that normalized by vol,({1}) = 1. We have C*(G) = C*(G) =
H(G) = C7=(G) = C~=(G), and for f € C®(G),(u, [) = > yeq f(g9). We can identify

H(G) with the group ring C[G], where [g] € C[G] corresponds to the Dirac distribution
dg = Lygyp. Then * on H(G) corresponds to the usual product on C[G].

Example 6.21. If G is discrete, the multiplicative unity of (H(G), %) is ek, for K = {1}.
This is nothing but the Dirac distribution §; at 1 € G.

Proposition 6.22. Let G be a non-discrete td group. Then H(G) does not have a multi-
plicative unity.

Proof. Suppose e is the multiplicative unity. Let K be a compact open subgroup such that
e is left invariant by K. Then e € ex * H(G), and so e x e = ¢ = ex. But if K’ is any
compact open subgroup of K, then the same argument shows e = eg/. Hence K = K’,
which implies that G has a smallest compact open subgroup. This is only possible when G
is discrete. O

Lect.10, Feb 15
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7. SMOOTH REPRESENTATIONS AS HECKE MODULES
Let G be a td group.

Corollary 7.1. Let (V,m) be a smooth representation of G. We have V. = |J, m(ex)V,
where K runs over compact open subgroups of G.

Proof. We have 7(egx)V = VE. O

Definition 7.2. A (left) H(G)-module is an abelian group V together with a ring homo-
morphism 7 : H(G) — End(V) (i.e., m(ax f) = n(a) £ 7(B), m(a* 8) = m(a) o () for all
a,B € H(G)). It is called non-degenerate, if V- = |J, m(ex)V where K runs over compact
open subgroups of G. Let M(H(G)) be the category of non-degenerate H(G)-modules, with
the obvious definition of morphisms. Given an H(G)-module (V, ), we often write « - v for
m(a) - v for « € H(G),v e V.

Remark 7.3. Since H(G) = Uy ex * H(G), an H(G)-module V is non-degenerate if and
only if V = n(H(G)) - V. Thus the notion of non-degenerate modules is intrinsic to the ring
H(G) itself, and does not depend on the relationship between H(G) and the group G.

Exercise 7.4. Recall that H(G) has multiplicative unity if and only if G is discrete, and in
this case the multiplicative unity is e = §;. Suppose this is the case. Then a H(G)-module
V' is non-degenerate if and only if e acts by 1.

Exercise 7.5. Let V be a non-degenerate H(G)-module. Then there is a unique structure
of C-vector space on V such that

Ma-v)=(Aa) v, VaeH(G),veV,AeC.

Moreover, the map = : H(G) — End(V) factors through a C-linear map H(G) — End¢(V).
Every morphism in M(H(G)) is automatically C-linear.

Example 7.6. Let H(G) act on Z by zero. Then Z is a degenerate H(G)-module, and there
is no C-vector space structure.

Starting with a smooth G-representation (V,7), we have constructed a non-degenerate
H(G)-module structure on V', namely

m(a)v = /EG m(g)va(g), VYa € H(G),v e V.

(It is non-degenerate by Corollary 7.1.) Now if (V,x) is non-degenerate H(G)-module, we
can also construct a smooth G-representation on V', as an inverse to the previous construc-
tion. To wit, let v € V and g € G. We define 7(g) - v as follows. Let K be a compact open
subgroup such that v € w(ex)V. Define

-1

m(g)v = 7m(l(g)ex)v = m(1gx vol, (K) ™ ) - v.

Exercise 7.7. Check that this way we indeed obtain a smooth representation of G on V.
Also check that for a fixed C-vector space V, the two constructions described above give
inverse bijections between the set of smooth G-representation structures on V' and the set
of non-degenerate H(G)-module structures on V.

Lemma 7.8. Let (Vy,m), (Va,m) be smooth G-representations. A linear map ¢ : Vi — Vs
is a morphism of G-representations if and only if it is a morphism of H(G)-modules.
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Proof. The “only if” direction is easy to verify. We check the “if” part. Thus we assume ¢
satisfies ¢ o m1 () = ma(a) 0 ¢ for all @« € H(G). Let v € V; and g € G be arbitrary. We
need to check

o(mi(g)v) = m2(g)d(v).
Let K be a compact open subgroup fixing both v and ¢(v). Let o = I(g)ex. Then

d(mi(g)v) = d(mi(a)v) = ma(a)p(v) = m2(g)P(v).
O

In summary, a smooth G-representation is “the same thing” as a non-degenerate H(G)-
module, and a morphism between smooth G-representations is “the same thing” as a mor-
phism between non-degenerate H(G)-modules. Abstractly, this implies we have an equiva-
lence of categories

F: M(G) = M(H(G)),
inducing the identity functor on the underlying vector spaces. Note that this is a very
special kind of equivalence, as F has a literal inverse: a functor F~1 : M(H(G)) — M(G)
such that F o F~! and F~! o F are the identity functors on the nose (not just isomorphic
to the identity functors).

Clearly M(G) and M(H(G)) are both abelian categories (that is, the kernel and cokernel
of a morphism are naturally smooth G-representations or non-degenerate H(G)-modules),
and F' is an equivalence of abelian categories.

Example 7.9. In M(G) we have (H(G),!). The corresponding object in M(H(G)) is H(G)
as a left H(G)-module by left multiplication.

8. THE CATEGORICAL CENTER

Let C be an abelian category. We define its center to be Z(C) = End(id¢), the endomor-
phism ring of the identity functor C — C. Concretely, an element F € Z(C) is a family of
endomorphisms Fy; € End(M) for all M € C, such that for any morphism ¢ : M7 — Ms in C
we have ¢po Fyy, = Fip,0¢. To add or multiply two elements F, G € Z(C), we add or multiply
there components Fyy, Gy € End(M). Here multiplication in End(M) is composition.

Example 8.1. Let A be a (non-commutative) unital ring, and C the category of left A-
modules such that 1 € A acts as identity. There is natural ring isomorphism between
Z(C) and Z(A), the center of A. Given z € Z(A), we define Fj;(m) = zm for all M €
C and m € M. Then Fy € End(M) because left multiplication by z commutes with
left multiplication by A. Moreover, the F);’s are compatible with morphisms. Hence we
obtain an element F' = (Fy)y € Z(C). We define ® : Z(A) — Z(C) sending z to F.
Conversely, suppose F' = (Fyr)m € Z(C). Consider the left A-module A. Let z = Fyu(1).
Note that Fy : A — A commutes with left multiplication by A (since it is an A-module
endomorphism), and commutes with right multiplication by A (since right multiplication by
any fixed a € A is an endomorphism of the left A-module A). Hence for all a € A we have
Fa(a) = Fa(a-1) = az = Fa(l-a) = za, and so z € Z(A). We define ¥ : Z(C) — Z(A)
sending F' to z. Clearly U o ® = id. We show ®o ¥ =1id. Let F' € Z(C) and z = ¥(F).
Now for arbitrary M € C and m € M, we have a morphism ¢ : A — M,a — am. Then
Frr(m) = Far(9(1)) = ¢p(Fa(l)) = ¢(2) = zm. Hence F = ®(z).

Now let G be a td group. Write H for H(G), and we simply write « - 8 or af for the
convolution product « * 8. For each compact open subgroup K, we write Hg for exHey .
Recall that this is a subring of H(G), and it is unital with unity ex. The centers Z(H)
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form a projective system as follows: If K’ C K, then Hx C Hg/, and we define the
transition map Z(Hg') — Z(Hk),z — exzex = ze3 = zex. This is well defined, and
is a unital ring homomorphism (since zw — zwex = zegw = zegexgw = zegwerg, and
e — exexg = ex). When K"’ C K’ C K, the transition map Z(Hg~) — Z(Hk) is
indeed the composition of the transition maps Z(Hg») — Z(Hi') and Z(Hi:) — Z(Hk)
since eg e = ex.

Definition 8.2. The Bernstein center of G is the ring Z¢ = @K Z(Hk). This is a
commutative unital ring.

Theorem 8.3. We have Z(M(G)) = Z(M(H)) = Zg.

Proof. Let z € Zg. Write zi for the component of z in Z(Hg). We define F' € Z(M(H))
associated with z as follows. Let V € M(#H) and v € V. Then v € exV for some compact
open subgroup K. Define Fy (v) = zkv.

We check this is independent of the choice of K. For this, it suffices to show zxv = zg/v
for K/ C K and v € egV. We have zg = zg/ek, so

ZKUV = ZK'EKUV = ZK'U,

since v = egw.

We now check that Fy is an H-module endomorphism of V. Let a € H(G) and v € V.
Find K such that & € Hx and v € exV. Then av € exV, and so Fy(av) = zxav =
azgv = aFy(v).

It is easy to see that the family F' = (Fy )y is compatible with morphisms in M(#), and
we omit the proof. Thus starting with z € Z¢, we have constructed F' € Z(M(H)). We
denote this map by @ : Zg¢ — Z(M(H)).

Conversely, let F = (Fy)y € Z(M(H)). Take V. = H as a left H-module by left
multiplication (which is non-degenerate), and write Fy for the corresponding Fy . For every
compact open subgroup K, let zx = Fy(ex). Note that for any «, 8,7 € H(G), we have
Folapy) = aFy(B)7y, where o comes out since Fp is an endomorphism of the left H-module
‘H, and B comes out since right multiplication by 3 is an endomorphism of the left H-module
‘H. Hence

2k = Foexexex) = ex 2k ek,
which implies zx € Hg, and moreover for all a € Hx we have
azg = azgeg = F(aegerg) = F(a) = F(egexa) = exzra = zga,
which implies zx € Z(Hx).
If K’ C K, then
ZK = Fo(eK) = FO(GK’EKGK’) = EK'ZKEK!.
Hence (2x)x € Za.

We define ¥ : Z(M(H)) — Zg sending F to (zx) as above. It is easy to see that
U o ® =id. We now show ® o ¥ = id. Suppose U(F) = z.

For general V € M(H), and for v € V, consider the morphism ¢ : H — V,a — av.
Assume v € e V. Then

Fyv(v) = Fy(¢(ex)) = ¢(Folex)) = d(zx) = zkv.
Hence F = ®(z). O

Remark 8.4. If G is discrete, then # is unital, and Z5 = Z(#H). In this case Theorem 8.3
is a special case of Example 8.1. In fact, one can generalize Theorem 8.3 to the following
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purely algebraic setting: Let H be an associative (non-unital) ring satisfying H = (J,; eHe,
where I is the set of idempotents of H (i.e., elements e satisfying e? = ¢). Assume that
for any e, f € I, there exists g € I such that e, f € gHg. Then one can define a projective
system of commutative unital rings Z(eHe) indexed by e € I as before, and the inverse limit
is identified with the center of the category of non-degenerate left H-modules.

9. CONTRAGREDIENT AND ADMISSIBLE

Let G be a td group. Given an arbitrary representation (V, ), define the smooth part:
Vo= U VE = {v € K | Stab, G is open}.
K c.o.s.

This is a sub-representation of (V,7), and is itself a smooth representation.
Example 9.1. (H(G),!) is the smooth part of (C; *°(G),1).

Let (V,7) be a smooth representation. Then the linear dual V* is naturally a G-
representation via

(g-f,v)=(f,g7 -v), YgeG,feV* vecV.

Definition 9.2. The contragredient of V is (V*)*°. We denote it by (VV, 7). This is a
smooth G-representation.

Let (V, ) be a smooth representation. The natural map ¢ : V. — (VV)*,v = (f — f(v))
is G-linear, and hence ¢(V) lies in the smooth part of (VV)* i.e. (VV)V. Therefore we have
a natural G-linear map ¢ : V — (VV)V. If V is finite dimensional, then V¥ = V* and ¢ is
an isomorphism. In the infinite dimensional case, ¢ need not be an isomorphism.

Definition 9.3. A smooth representation V is called admissible, if VX is finite dimensional
for every (compact) open subgroup K.

Remark 9.4. It suffices to check the condition for all sufficiently small K.

Example 9.5. For (V,7) = (C*(G),1), for every compact open subgroup K, VX has a
basis {1k, | Kg € K\G}. Hence this representation is admissible if and only if K\G is
finite for every K, if and only if G is compact.

Lemma 9.6. Let (V,m) be a smooth representation, and K a compact open subgroup. The

restriction map v : (V)& — (VE)* is an isomorphism, and its inverse is given by f — f =
fom(ex). In particular, if (V,7) is admissible, then so is its contragredient.

Proof. We define the inverse map. Recall that we have a linear map
mlex):V = w(eg)V =VE,

and m(ex)|yx = id. Hence for every f € (VE)*, we can extend f to f : V — C,v
f(m(ex)v). For any k € K and v € V,

f(m(k)v) = f(r(ex)m(k)v) = f(m(ex)v) = f(v)
(because 7(ek) is taking average over K-orbits, and the K-orbit of 7(k)v is the same as
that of v). Hence f € (V*)X. We claim that f — f is inverse to 7. We already know
ro- =1id. To check “or =id, let F € (V*)X and let f = r(F). Then for every v € V,
F(v) = F(r(ex)v) = f(m(ex)v) = f(v), where the first equality is because m(ef ) is taking
K-averages and F' is K-invariant. O
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Theorem 9.7. Let V' be a smooth representation. Then V is admissible if and only if the
natural map ¢ : V. — (VY)Y is an isomorphism.

Proof. For each compact open subgroup K, ¢ induces a map ¢x : VE — (VV)V)K. By
Lemma 9.6 (and the fact that ((-)*)X = ((-)V)X), we know that ((VV)V)¥ is naturally
identified with ((VE)*)*. Under this identification, ¢x is the natural double dual map
VE — (VE)*)* for the vector space V. This is an isomorphism if and only if V¥ is finite
dimensional.® Now since V and (VV)V are both smooth, ¢ is an isomorphism if and only if
¢x is an isomorphism for all K. O

10. SCHUR’S LEMMA AND THE SEPARATION LEMMA

Let G be a td group. A smooth representation (V, ) is called irreducible, if it does not
have non-trivial sub-representations. It is called finite-length, if there is an integer n > 0
such that every chain of proper sub-representations 0 = Vo C V4 C --- C Vi, = V satisfies
k < n. The minimal such n is called the length of (V7). Thus the length of a non-zero
irreducible representation is 1.

Proposition 10.1. Let (V,x),(V',n’) be two irreducible representations. Every non-zero
element ¢ € Homg(V,V) is an isomorphism.

Proof. Since im(¢) is a non-zero sub-representation of V', im(¢) = V'. Also ker(¢) is a
proper sub-representation of V', so ker(¢) = 0. Hence ¢ is an isomorphism. O

When (V, ) and (V’, 7’) are not isomorphic, the proposition implies that Homg (V, V') =
0. When they are isomorphic, we can pick an isomorphism ¢g : V' — V’. Then we have a
bijection Endg (V) = Homg(V, V) — Homg(V, V'), ¢ — ¢g 0. The study of Homg(V, V")
reduces to Endg (V). Note that Endg (V) is a unital C-algebra, with multiplication given
by composition.

Definition 10.2. We call a td group G countable at infinity, if for any compact open
subgroup K, G/K is countable.

It suffices to check the condition for one K, since for compact open subgroups K and K’,
K NK'is also a compact open subgroup, and both [K : KNK'] and [K’ : KN K] are finite.

Recall that a topological space is called second countable, if it admits a countable basis
of opens.

Lemma 10.3. Let G be a second countable td group. Then G is countable at infinity.

Proof. Let K be a compact open subgroup. Let {U;};cz be a basis of opens. Then each
9K € G/K contains a U;, so by the axiom of choice we get a map ¢ : G/K — Z such that
gK contains Uy 4k for every gK € G/K. This map is obviously injective. O

Example 10.4. Let F be a non-archimedean local field. Then every subspace of F" is
second countable, so in particular, every closed subgroup of GLx(F) is a second countable
td group.

To check this, it suffices to check that F' is second countable. But F =2 FO[F:FO] where
Fy = Q, or Fy((t)), so we reduce to the case F' = Fj. Since F is a metric space, it suffices to
find a dense countable subset X C F. One then obtains a basis consisting of balls B(z, r)

for x € X,r € Q5. We can take X = Q if F'=Q,, and X =TF,(¢) if F =Fy((¢)).

8For an infinite dimensional vector space W, the cardinality of W is strictly smaller than that of W*.
(This uses the axiom of choice.)
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Theorem 10.5 (Schur’s Lemma). Assume that G is countable at infinity. For any non-zero
irreducible smooth representation (V,m), we know that dimV is at most countable, and we
have Endg(V) = C.

Proof. Let v € V — {0}. Then v is fixed by a compact open subgroup K. The sub-
representation generated by v is non-zero, hence equal to V, and as a vector space it is
generated by the G-orbit of v. But the G-orbit of v has cardinality at most that of G/K.
Hence V is countably generated as a vector space.

Now suppose E = Endg (V) is strictly larger than C, and let ¢ € E — C. By Proposition
10.1, every non-zero element of the (unital) ring E is inveritble, i.e., E is a division algebra.
We have the C-algebra map 7 : C[t] — E,t — ¢. Let kery = (f(¢)). If f # 0, then since
C[t]/(f(t)) is a division algebra, deg f = 1. (If deg f > 2, then C[t]/(f(¢)) has zero divisors.)
This means ¢ € C, a contradiction. Hence ker~y = 0, i.e., v is injective. Since E is a division
algebra, v induces an injective map C(t) — E.

Note that for each fixed v € V' — {0}, the map ev, : E — V, p — p(v) is injective. Indeed,
if p(v) = 0, then ker p # 0, and then since V is irreducible we have ker p = V', from which
p = 0. Since V has at most countable basis, the same holds for the C-vector space E. But
C(t) does not have countable basis, as {(t—a) ! },ec is an uncountable linearly independent
set. A contradiction.

Let G be a td group. There is a natural multiplicative map Z(G) — Z¢ sending z to
(Fyv)y where Fy = 7(z2) for (V,7) € M(G).

Proposition 10.6. Let (V,x) be a smooth representation of a td group G such that Endg (V) =

C. Then the following statements hold.

(1) There is a unique character (i.e., group homomorphism) x : Z(G) — C* such that
w(z)v = x(2)v for all z € Z(G),v € V. Moreover, x is trivial on Z(G) N K for
some compact open subgroup K C G.

(2) There is a unique character (i.e., unital ring homomorphism) X : Zg — C such
that Fy(v) = x(F)v for all F = (Fy)y € Zg,v € V. Moreover, X factors through
Za — Z(MHk) for some compact open subgroup K.

(3) x and X are compatible with respect to Z(G) — Zg.

Proof. Obvious. (For the “moreover” parts in (2) and (3), take v € V' — {0} and let K be
such that v € VX, Then test Z(G) or Zg on v.) O

We call both x and x the central character of (V, ), by abuse of language. These exist
when G is countable at infinity and (V, ) is irreducible.

Corollary 10.7. Let G be an abelian, second countable td group. Then every irreducible
smooth representation of G is one-dimensional.

Proof. By Theorem 10.5 and Proposition 10.6, G must act on any irreducible smooth rep-
resentation by a character G — C*. O

We now proceed to discuss the separation lemma. We first state a lemma in abstract
ring theory.

Lemma 10.8. Let R be an associative ring, not necessarily unital or commutative. Assume
that R is a C-algebra (i.e., R is a C-vector space such that the multiplication map Rx R — R
is C-bilinear), and assume that dim¢ R is at most countable. Let ¢ € R be a non-nilpotent
element. Then there exists a simple left R-module M on which ¢ is non-zero.

Lect.14, Feb 24
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Theorem 10.9 (The separation lemma). Let G be a second countable td group. Then
dimc H(G) is at most countable, and for every non-zero o € H(G) there exists an irreducible
(V,m) € M(G) such that w(c«) # 0. (Thus every pair of distinct elements of H(G) can be

separated by an irreducible smooth representation.)

Proof. We prove the theorem using Lemma 10.8.

Since G is second countable, 1 € G has a countable neighborhood basis. Since every
neighborhood of 1 contains a compact open subgroup, there exists a countable decreasing
sequence of compact open subgroups K7 D Ky D --- forming a neighborhood basis of 1.
Then H(G) is the increasing union J,, H(G)k,. Each H(G)k, is countable-dimensional
since it has a basis indexed by K,\G/K,, and G/K, is already countable by Lemma 10.3.
In general, a countable increasing union (J,, W, of countable-dimensional vector spaces
Wy, C Wy C W5 C --- is countable-dimensional.” This implies the first statement.

To show the second statement, it suffices to find o/ € H(G) such that axa’ is non-nilpotent
and then apply Lemma 10.8. Indeed, note that a simple H(G)-module V is necessarily non-
degenerate, since H(G)V C V is a non-zero sub-module and must equal V. Thus the simple
H(G)-module provided by Lemma 10.8 will be an irreducible smooth G-representation V'
on which aa’ is non-zero. In particular « is non-zero on V.

We now show the existence of o’. Fix a Haar distribution p and use this to identify H(G)
with C2°(G). Let « correspond to f # 0 in C°(G). Define f* € C°(G) by f*(g) = f(g~1).
Let fo = f * f*. Then

fo(1) = (f f1)(1) = F(9)f* (g7 )ulg) =/ [F(9)*1(g) >0,

geG geG

and so fa # 0. Note that for general F, H € C°(G) we have (F x H)* = H* « F*. Hence
fo =17+ =Fxf"=f

Define fy = fo* f5 = fox fa. As before fy # 0, and ff = f4. Then define fs = f4 * f4, etc.
Take o/ = f* = f*u. Then (ao/)Qni1 = fonp # 0. Hence aa’ is non-nilpotent. O

Proof of Lemma 10.8. We first reduce to the case where R is unital. Define R = R & C,
and define multiplication on R by (r,a)(1’,a’) = (r' +a'r + ar’, aa’). (Here a/r and ar’ are
defined by the scalar multiplication on R.) Then R is a unital C-algebra, with unity (0,1).
The inclusion R < R is a ring homomorphism, so ¢ remains non-nilpotent in R. Note that
if M is a simple unital R-module, then it is also a simple R-module. Indeed, if M is a unital
R-module, then a subgroup of M is R-stable if and only if it is R-stable.

We can thus assume that R is unital, and we need to find a simple unital R-module M
such that ¢ is non-zero on M.

Since R is unital, we have C C R. We claim there exists a € C* such that ¢ — a is not
invertible. Suppose not. Then (¢—a)~! is an uncountable collection of elements, for a € C*.
Hence they are linearly dependent, and so there exist ¢i,--- ,¢, € C* and ay,--- ,a, € C*
such that the a;’s are distinct and

ch((ﬁ — ai)_l =0.

%

9Such a space can be written as a countable direct sum of conutable-dimensional subspaces, by splitting
each Wy, — Wy 41 as Wy41 =W, @Yy, Then use N x N = N.
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Clearing the denominators we get P(¢) = 0 with P(X) = 3, ¢; [[; (X —a;) € C[X].

Note
P(a;) =¢; H (a;i —az) #0,
JiJ#i

so P # 0. Hence the ideal I C C[X] consisting of f(X) such that f(¢) = 0 is non-zero. Let
I = (f). Then f has a non-zero root a € C* since otherwise f(X) = X™ and ¢ is nilpotent.
But ¢ — a is invertible, so f(X)/(X — a) is also in I, a contradiction.

We have proved the claim. Now let a € C* be such that ¢ — a is not invertible. Let
J C R be a maximal left ideal containing ¢ — a (which exists by Zorn’s lemma, just as in
the commutative case). Then M = R/J is a simple, unital, left R-module. If ¢ acts as zero
on M, then ¢(1+J) =0+ J, so ¢ € J. Since ¢ —a € J, we have a € J, a contradiction
since a is invertible. Hence ¢ is non-zero on M. ]

The following result is the converse of Corollary 10.7.

Corollary 10.10. Let G be a second countable td group. Suppose every irreducible smooth
representation of G is one-dimensional. Then G is abelian.

Proof. Let o, 8 € H(G). Then for every irreducible (V,7) € M(G), we have w(a)m(B)
m(B)m(a) since dimV = 1. Then by Theorem 10.9, a8 = fa in H(G). Hence H(G) is
commutative. Now let g, h € G, and let K be a compact open subgroup. Then

(l(g)ex) * (I(h)ex) = l(g)(ex * I(h)ex) = U(g)(I(h)ex = ex) = l(gh)ex-
Similarly this is equal to l(hg)ex. Thus ghK = hgK. Since K is arbitrary and G is
Hausdorff, we have gh = hg. O

Exercise 10.11. In the above proof we have shown that any td group whose Hecke algebra
is commutative is necessarily abelian. The converse is also true. (Check that a Haar
distribution on an abelian td group is invariant under g ++ g~1.)

11. FIXED VECTORS UNDER A COMPACT OPEN SUBGROUP

Let G be a td group. Write H for H(G), and write Hx for exHey, for every compact
open subgroup K C G. In the following, by H x-modules we mean left unital H x-modules.
Let M(Hg) be the category of them. We have a functor (V,7) — V& from M(G) to
M(Hi). Indeed, the H-action on V restricts to an H-action on VE since VE = 7(ek)V.

Theorem 11.1. A smooth representation (V,7) € M(G) is irreducible if and only if for
all compact open subgroups K, VX is a simple Hy-module. (We count 0 as a simple H -
module. )

Proof. “Only if”. If VX = 0, there is nothing to prove. Suppose 0 # v € V. Since V is
irreducible, it is a simple H-module. Now Hv is an ‘H-submodule of V', and it is moreover
non-degenerate since H = HH. Therefore Hv is a non-zero (as it contains exv = v) sub-
representation of V', and hence it is equal to V. Then VE = exV = exHv = exgHexv =
Hyv. Hence the Hy-module VX is generated by v. Since v € VX is arbitrary, VX is
simple.

“If”. Suppose W C V is a non-zero sub-representation. Then for each K, WK c V&
is an Hx-submodule, and for sufficiently small K we have W # 0. For such K, we must
then have W = V¥ by the simplicity of V. Taking the union over K weget W =V. 0O

Our next goal is the proof of the following theorem. From now on, we fix a compact open
subgroup K C G.
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Theorem 11.2. The construction V — VX induces a bijection from the set of isomorphism
classes of irreducible V. € M(G) with VE = 0 (such representations are said to be K-
spherical), to the set of isomorphism classes of non-zero simple Hx-modules.

We need several lemmas in preparation.

Lemma 11.3. The functor M(G) = M(Hg),V — VE is exact, i.e., it takes ezact se-
quences to exact sequences.

Proof. Taking invariants under a group is always left exact. Hence we only need to prove that
if V. — W is a surjection of smooth G-representations, then the induced map VF — Wk
is surjective. Let w € W, and let v € V be an arbitrary lift. Then exv € VX is a lift of
wW = exgW. O

Lemma 11.4. For anyV € M(G), the set of sub-representations W C V such that WX =0
has a unique mazximal element.

Proof. If Vy, V, are sub-representations of V such that V¥ = Vi = 0, then applying the
exact functor (-)% to the exact sequences 0 — Vi — Vi + Vo — Vo/(Vi N Vz) — 0 and
0= VinVy = Vo = V/(ViNVy) — 0 we get (Vi + Vo)X = 0. Take the sum of all
sub-representations W such that W = 0. O

Definition 11.5. For V € M(G), let V° be the maximal sub-representation such that
(VK =0. Let Vo = V/VO.

Remark 11.6. Applying the exact functor ()% to the exact sequence 0 — V0 — V —
Vo — 0, we see that the natural map V — V; induces VE = VK.

Lemma 11.7. For any V € M(G), we have (V5)? = 0.

Proof. Let W = (Vp)?, and let W be the preimage of W in V. Then W = 0. By
the exactness of () and the short exact sequence 0 — VO - W — W — 0, we have
WE = (VXK =0. Hence W C V°, and so W = 0. O

Proof of Theorem 11.2. We have already seen that this map is well defined. We now give the
inverse construction. For any W € M(H ), consider H ®4;,, W, which is a non-degenerate
‘H-module and hence an object of M(G) =2 M(H). Define F(W) = (H @4, W)o € M(G).
We will check that F induces the inverse of the map in the theorem.

Step 1. For any W € M(Hg), we have F(W)K = W as Hy-modules. We have
FW)E =2 (H @y, W)E = exH @4, W and we have a H -module map

W —exH @y, Wiw—ex @w.
This map is surjective since every pure tensor exo @ w € exH @4, W is equal to
ERO®EeRW = egaeg QW = egegaerx QW = ex @ (exaer)w.

It is injective since its composition with exH Q3,0 W — W,exa @ w — (exaer )w (which
is well defined!) is the identity on W. Thus F(W)% =2 W as H x-modules.

Step 2. For any non-zero simple H x-module W, F(W) is irreducible. We first show a
weaker statement. We call a G-representation good if it is generated as a representation by
its K-fixed vectors. We shall show that F(W) is good. We observe that H ®3, W is good.
Indeed, for any a ® w € H @y, W, it is equal to a ® exw = aex ® w, and hence lies in
the H-submodule generated by ex @ w € exH @3, W = (H @, W)E. Now (-)X is exact,
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from which it is easy to see that the quotient of a good representation is good. Hence F(W)
is good.

We now show that F(W) is irreducible. Suppose it has a sub-representation U. If
UK #£0, then UK ¢ F(W)E =2 W and so UE = F(W)X since W is a simple H g-module.
Then U = F(W) since F(W) is good. Thus assume UX = 0. By Lemma 11.7 we have
F(W)? = 0. Since U is contained in F(W)?, it is zero.

Step 3. If V € M(QG) is irreducible with VX #£ 0, then V = F(VX). We already know
that VE is a simple H-module, and in the above we have already shown that F (V)
is irreducible. Hence it suffices to construct one non-zero G-map between V and F(VE).
Define ¢ : H @u,. VX — V by a® v+ av. Clearly ¢ is well defined and is a H-module
map. If we take v # 0 in VX then ¢(ex ® v) = v, so ¢ # 0. It remains to show that ¢
factors through F(VE), i.e., it kills U = (H @, VE)0. Clearly ¢(U) C V° C V. Since V
is irreducible and VX # 0, we have V° = 0. Hence ¢(U) = 0 as desired. O

Exercise 11.8. Check the details of the proof of injectivity in Step 1.

Theorem 11.9 (Schur’s lemma at finite level). Assume that Hy is countable-dimensional
(which is true if G is countable at infinity). Then for every non-zero simple H -module W,
we have dimc W is at most countable, and Endy, W = C.

Proof. The first statement follows from the fact that W is a quotient vector space of H .
The second statement is proved in exactly the same way as Theorem 10.5. (]

Corollary 11.10. Assume that Hyx is countable-dimensional, and that it is commutative.
Then the irreducible V- € M(G) with VE # 0 are classified by characters (i.e. unital ring
homomorphisms) x : Hx — C, i.e., the C-points of Spec Hx .

Proof. In this case, all non-zero simple H x-modules are one-dimensional by Theorem 11.9,
and their isomorphism classes are in bijection with characters Hx — C. O

Example 11.11. We have seen that G is abelian if and only if H = H(G) is commutative.
However, Hx can be commutative without G being abelian. For example, let G = GL,, (F)
and K = GL,(Op), where F is a non-archimedean local field. Then Hy is commutative.
In fact, it is isomorphic to C[tli,~-~ ,t]5" by the Satake isomorphism. Characters on
‘Hy are thus classified by unordered mn-tuples of elements of C*. For a given irreducible
(V,7) € M(G) with VE #£ 0, the corresponding n-tuple in C* is called the Satake parameter
of (V, ).

Note that there exist plenty of irreducible (V, 7) € M(G) with VK = 0 for K = GL,,(OF).

For instance, one can always twist an irreducible (V, 7) with VX # 0 by the one-dimensional
representation G ety px B, C*, where p is a ramified character (i.e., :“|o; is not constantly

1), and obtain an irreducible representation whose K-fixed part is 0.

12. COMPACT REPRESENTATIONS

Let G be a td group. We assume that it is unimodular.

Definition 12.1. A smooth representation (V, ) is called compact, if for every compact
open subgroup K C G and v € V, the map fx ., : G — V,g — m(ex)m(g~")v is compactly
supported.

Lect.17, Mar 3
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Let (V, ) be a smooth representation. Let v € V and A € V'V i.e., A is a linear functional
on V invariant under some compact open subgroup. Associated to (v, \) we have the matriz
coefficient ¢y » : G — C, g+ (A, m(g7)v). Clearly ¢, » is bi-invariant under some compact
open subgroup K, namely any K fixing both A and v. In particular, ¢, » € C*(G).

Theorem 12.2. Let (V,7) € M(G). Among the following conditions, (1) is equivalent to
(2), and they both imply (3).
(1) (V,7) is compact.
(2) For allve V,\ e VY, the function ¢, x is compactly supported.
(3) For all compact open subgroup K C G andv € V, im(fx ,,) spans a finite-dimensional
subspace of V.

Proof. (1) = (2). Let K be a compact open subgroup fixing A. Then
Pon(9) = (A m(g™ o) = (A mlex) (g™ )v) = (A frw(9))-

Hence the support of ¢, \ is contained in that of fx ,, which is compact.

(2) = (3). If not, then there are infinitely many g1, g2,--- € G such that fx ,(g;) =
m(ex)m(g; ')v are linearly independent. Note that these vectors are all in V. Hence
we can extend them to a basis of VX (by Zorn’s lemma), and then define a functional

N @ VE — C taking all fx,(g;) to 1. Define A as the composition V mlex), yr Ny
Then A is in V'V since it is K-invariant. Moreover, X takes every fx ,(g;) to 1. Since X is
K-invariant, we have

¢Ua)\(gi) = <>‘afK,'u(gz)> = 1.

By assumption ¢, » is compactly supported, and by construction it is right K-invariant.
Hence ¢1K,¢2K,--- , are only finitely many right K-cosets. But then fx ,(g;) are only
finitely many distinct vectors, a contradiction.

(2) + (3) = (1). For arbitrary K, v, we need to show fg ,, is compactly supported. Let E
be the span of im(fx ), which is finite-dimensional by assumption. Since E C VX we can
find finitely many linear functionals \, : VX — C whose restrictions to F form a basis of
E*. Extend each A, to \; : V — C as before via w(ex) : V — VE. Then \; are K-invariant
and in particular in V'V, and we have supp(fx,») C U, supp(éy,»,). Indeed, if fx ,(g) # 0,
then there exists 1 < ¢ < n such that

0# (N frw(9)) = Mo frw(9)) = o (9)-
]

We say a representation (V,7) is finitely generated, if there is a finite subset S of V
such that no proper sub-representation of V' contains S. Equivalently, V' is spanned by
Upes m(G)v. If (V,7) is irreducible, then it is finitely generated and in fact generated by a
single non-zero vector.

Corollary 12.3. Let (V,m) be a compact, finitely generated representation. Then it is
admissible.

Proof. Let K be a compact open subgroup. We need to check that V¥ is finite-dimensional.
Let vy,---,v, € V generate V as a G-representation, i.e., V is spanned by |J, 7(G)v;. Let
E; be the span of im(fk ). Then Y, E; contains w(eg) - >, 7(G) - v; = w(ex)V = VE.
By Theorem 12.2 E; is finite-dimensional. Hence V¥ is finite-dimensional. |
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We can understand the matrix coefficient construction more conceptually as follows. Let
(V.,m) € M(G). Then the matrix coefficient construction (v,A) — ¢, € C*°(G) is bi-
linear. Thus it gives rise to a linear map MC = MCy : V@ VY — C*°(G). Now for two
td groups G1,Gse, and V3 € M(G1),Va € M(Gs), V1 ® Vs is naturally a smooth G x G-
representation, by (g1, ¢g2) - v1 @ va = (g1v1) ® (g2v2). Thus V@ V¥ € M(G x G). Tt can be
easily checked that MC : V @ VY — C*(G) is G x G-equivariant, where the action on the
target is

(g91,92) - f =1Ug1)r(g2)f : g — (g1 " 992).

Note that we have a natural G x G-equivariant map ® : V@ V¥ — Endc(V),v @ A —
(z = A(z)v), where the action on the target is (g1, 92)¢ = 7(g1) o pom(gy*). Since Vo VV
is a smooth G x G-representation, ® lands in the smooth part Endc (V) of Endc (V) (with
respect to the G x G-representation on End¢(V)).

Lemma 12.4. Let (V,7) € M(G) be admissible. Then ® : V @ VY — Endc(V)™ is an
isomorphism.

Proof. Since the source and target are both smooth G x G-representations, it suffices to check
that for any compact open subgroup K C G, ® induces an isomorphism (V @ VV)ExK =,
Endc(V)EXE | Injectivity is easy to see. We prove surjectivity by counting the dimensions.
Using the projection m(ex) : V. — VE_ it is easy to check that the restriction induces an
injective map Endc(V)E*K — Endc(VE). Thus dim(Endc(V)5*E) < dim(VE)? (which
is finite). But VX @ (VE)* maps injectively into (V@VV)E*XK (recall that (V5)* = (VV)K).
Hence dim(V5)? < dim(V @ VV)ExE, O

The upshot is, for a smooth admissible (V,7), we can think of the matrix coefficient
construction as a G x G-equivariant map

MCy.y : Ende(V)* 2V @ VY — C°(G).

Now let (V,7) € M(G) be compact and finitely generated. Then it is admissible, and
MCy . lands in C°(G) C C*°(G). From now on we assume that G is unimodular and fix
a Haar distribution p. Using p we identify C2°(G) with H(G). Since p is bi-G-invariant,
the G x G-action on C¢°(G) considered before corresponds to the natural G x G-action
on H(G) by left and right translation. In this case, we have obtained a map of smooth
G x G-representations

MCy,; : Endc(V)® — H(G).

Note that for any (W, 7) € M(G), the map 7 : H(G) — Endc(W),a — 7(a) is G x G-
equivariant, and in particular lands in End¢(W)°°. (For this we do not need the assumption
that G is unimodular, as long as we consider the natural G x G-action on H(G).)

Theorem 12.5. Assume G is unimodular and second countable, and let (V, ) € M(G) be
compact and irreducible (in particular finitely generated and admissible). Let (W, 1) € M(G)
be irreducible. Then the composition

Ende(V)® 227 2(G) Z Ende (W)™
is zero if (V,m) is not isomorphic to (W,T), and is a non-zero scalar c¢(V,m) depending
proportionally on p if (W, ) = (V, 7).

Proof. First assume V is not isomorphic to W. It suffices to prove that for each fixed A € V'V
and w € W, the composition

VP, A a—T(a)w
I

1% H(G W



Lect.19, Mar 8

30 YIHANG ZHU

is zero. One checks that this map is G-equivariant, and so it must be zero since V and W
are non-isomorphic irreducible G-representations.

Now assume (W, 7) = (V, 7). By the exercise below, End(V)>® = V ®VV is irreducible as
G x G-representation. By Schur’s Lemma, the map in question must be a scalar. To show
it is non-zero, first let & be a non-zero element of the image of MCy, . (For instance we can
pick v € V,; A € V'V such that (\,v) # 0. Then ¢, x(1) # 0.) If 7(a)) = 0, then there must be
an irreducible representation 7, not isomorphic to 7, such that 7(«) # 0 by the Separation
Lemma. This is a contradiction to what we have already shown. O

Exercise 12.6. Let G1,G2 be td groups, and V; an irreducible smooth representation of
G;. Then V3 ® V5 is an irreducible smooth representation of G X Go. If V; is irreducible and
admissible, then V}Y is irreducible (and admissible) as a smooth Gj-representation. (Use
‘/'1 o~ Vl\/\/.)

Definition 12.7. The inverse of ¢(V, ) is called the formal degree of (V, ), denoted by
d(V,m)."

Example 12.8. Let G be a second countable, compact td group. Then G is unimodular,
and every smooth representation is compact. It is easy to see that every irreducible smooth
representation is finite-dimensional. Its formal degree is its dimension, if we normalize the
Haar distribution such that G has volume 1. Indeed, to verify the last statement we easily
reduce to the case where G is finite, by modding out the kernel of G — GL(V'). Now assume
that G is finite. Take T = id € End(V). Then MC(T') sends g to the trace of w(g~1), i.e.,
it is the complex conjugate of the character x of (V, 7). We have

T(MC(T) = GI7" Y x(9)n(9).

geG

If we take its trace, we get |G|~} >4 X(9)x(g), which is 1 by the Schur orthogonality rela-
tions satisfied by irreducible characters. Hence the original 7(MC(T)) = ¢(V') idy must be
(dim V)~ idy.

Proposition 12.9. Let G be a td group for which Schur’s lemma holds (e.g., if G is count-
able at infinity). If a compact irreducible representation of G exists, then the center Z(G)
of G is compact.

Proof. Let (V, ) be such a representation. By Schur’s lemma, Z(G) acts on V by a character
X:Z(G) — C*. For any v € V and X € VV, we have

Pualg) = (A (g™ ")v) = x(9) 7 (A v)
for all g € Z(G). We can choose v, A such that (A\,v) # 0. Then ¢, » is non-vanishing on
Z(G). But ¢, is compactly supported, so Z(G) is contained in a compact subset of G.
One easily checks that in general Z(G) is a closed subgroup of G. Hence in our case it is
compact. O

Remark 12.10. When we study representation theory of p-adic reductive groups, compact
representations usually do not exist, since Z(G) is usually non-compact. (For instance, for F
a non-archimedean local field, the center of GL,, (F') is F'*, which is non-compact.) However,
there is a closely related class of representations, called supercuspidal representations. They

will be the building blocks of all representations in a suitable sense.

10T he inversion is overlooked in [Ren10, §IV.1].
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13. DECOMPOSITION WITH RESPECT TO A FIXED COMPACT REPRESENTATION

From now on, let G be a second countable, unimodular td group. Fix a compact rep-
resentation (W,7) of G. (Assume it exists.) Our next goal is the following: For any
(V,m) € M(G), we would like to have a decomposition V' = V; &V, into sub-representations,
such that Vj is a direct sum of copies of (W, 1), and V> is such that every irreducible sub-
quotient of it is non-isomorphic to (W, 7). Here a subquotient of a representation U means
a representation of the form U /Us, where 0 C Uy C Uy C U are sub-representations.

Theorem 13.1. For any compact open subgroup K C G, there is a unique element ek . €
H(G) with the following property: For any irreducible (V,m) € M(G), m(ek, ) = n(ex) if
w271, and w(ex,r) = 0 otherwise.

Proof. The uniqueness follows from the Separation Lemma. For the existence, we can take
exr = c(W,7)""MCw.,(r(ex)). It satisfies the desired property since for any irreducible
m, we have m o MCyy,; = ¢(W, 7) when 7 = 7 and = 0 otherwise, by Theorem 12.5. O

Proposition 13.2. For two compact open subgroups K, K' of G with K' C K, we have
eK/ T ¥ €K, T = EK 7 ¥ €K/ = €K/ r ¥EK = €K ¥ €K/ r = €K 7.

In particular, ek ; is idempotent, and it lies in H(G)k = exH(G)ek.

Proof. Use the unique characterization of ex . For instance, ex * exs ; acts on m = 7 via

m(ex)m(ek’) = w(ek), and acts on irreducible 7 not isomorphic to 7 via w(ex)o0=0. O

Proposition 13.3. For any compact open subgroup K C G and any g € G, we have

Wg)r(9)exr = egrg—1,r-

Proof. In general, for any (V,7) € M(G), the map © : H(G) — Endc(V),a — 7(a) is
G x G-equivariant. It follows that 7(I(g)r(g)a) = m(g)m(a)m(g)~!. Using this one checks
that I(g)r(g)ex, satisfies the characterizing properties of e g -1 ;. O

Let (V,m) € M(G). Define p, : V. — V as follows. For v € V, find a compact open
subgroup K C G fixing v. Then define p,(v) := 7w(ex r)v. (Here V is not necessarily
irreducible, so it is not the case that m(ex ) is either 0 or m(ex).) This definition is
independent of the choice of K. Indeed, for K/ C K, we have

mlex: - )v =7m(eg: )m(ex)v = (e +)v,

where the first equality is because v is fixed by K, and the second equality follows from
Proposition 13.2.

Lemma 13.4. The map p; : V — V is idempotent.
Proof. Let v € V. Assume that v is fixed by a compact open subgroup K. Then p,(v) =

mlex,v) = mlex * ex . )v € wlex)V = VE. Hence p2v = w(ex,)mlex)v = mlex  *
ex,r)v =7m(ex - )v = pr(v). O
Since p;, is idempotent, we have a canonical decomposition

Vp, Vel -p)V.

Lemma 13.5. The map p, : V — V is G-equivariant. In particular the above decomposition
is a decomposition into sub-representations.

Lect.20, Mar 10



32 YIHANG ZHU

Proof. Let g € G. We need to check only check 7(g)p, = p,n(g9). Let x € VE. Then
7(g)z € V9K We have

prm(g)x = megrg—1,.)7(9)x = 7(U(g)r(9)ex.)m(9)zx = m(g)m(ex,+)m (g~ )m(g)x = w(g)p-(x).
0

It follows directly from the definition of p,, that if we have a morphism ¢ : V — V' in
M(G), then ¢ is compatible with p, € Endg(V) and p, € Endg(V’). In other words, p.
is in the Bernstein center Zg = Z(M(G)). Recall that Z¢ is canonically isomorphic to
the inverse limit of the centers of H(G)x. The projection of p, in the center of H(G)k is
nothing but ex -.

Now let p be an arbitrary idempotent element of Z5 (such as p;). Then for any V €
M(G), we have a decomposition V = pV @ (1 — p)V into sub-representations. Moreover
this decomposition is functorial in V'€ M(G), i.e., it is preserved by arbitrary morphisms
in M(G). Since p is idempotent, we have p = id on pV, and p = 0 on (1 — p)V. Conversely,
if p = id (resp. 0) on V, then V = pV (resp. V = (1 — p)V). Thus if we define M(G)P=!
(resp. M(G)P=%) to be the full subcategory of M(G) consisting of (V,7) on which p = id
(resp. p = 0), then we have a decomposition of category

M(G) = M(G)P=1 & M(G)P=".

Here note that there are no non-zero morphisms between objects from the two subcate-
gories (because they must intertwine p), so a morphism in M(G) is indeed determined by
morphisms in the two subcategories independently. That is to say, we have

Hom () (V, V') = Hom g (gye=2 (pV, pV") & Hom py(cye=0 ((1 — p)V, (1 — p) V).

Proposition 13.6. The following statements hold.

(1) The subcategory M(G)P=C consists of (V,7) all of whose subquotients are not iso-
morphic to (W, ).

(2) The subcategory M(G)P~=1 consists of those (V,m) which are direct sums of copies
of (W,T).

Proof. We prove (1) assuming (2). If (V,7) € M(G)P~=°, then any irreducible subquo-
tient of it is also in M(G)P~=°, and hence non-isomorphic to (W, 7). Conversely, suppose
(V,m) € M(G) is such that all its irreducible subquotients are non-isomorphic to (W, 7).
We decompose V = Vi @ Va, with V; € M(G)P7=! and Vo € M(G)P==°. If V; # 0, then
by (2), V4 contains an irreducible sub-representation isomorphic to (W, 7). This contradicts
with our assumption on V. Hence Vi =0 and V =15 € M(G)pfzo.

Now we prove (2). If (V,7) is a direct sum of copies of (W, ), then clearly it belongs
to M(G)P~=1. Conversely, let (V,7) € M(G)P~=!. It suffices to show that V is the sum
of sub-representations isomorphic to (W, 7) (since the sum is automatically direct by the
irreducibility of (W, 7)). Let v € V, and suppose v € VE. The map

Or,y

\V2 MCW,T
—

fWew H(G) 5 Ende(V)

is G-equivariant, where G acts on W ® WV via the factor W. But recall that by construction
ek r € im(MCw ;). Hence v = p;v = (e - )v € im(f). Now W@WV as a G-representation
on the first factor, is isomorphic to a direct sum of copies (W, 7). Hence im(f) is generated
by sub-representations isomorphic to (W, 7). |
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14. A GENERAL DECOMPOSITION RESULT

Let G be an arbitrary td group. The terminology in the following definition is non-
standard.

Definition 14.1. A non-zero irreducible smooth representation (W, 1) of G is called quasi-
compact, if M(G) decomposes into a direct sum of subcategories M(G), & M(G)", where
M(G), is the full subcategory consisting of representations that are a direct sum of copies
of (W,7), and M(G)7 is the full subcategory consisting of representations none of whose
subquotients are isomorphic to (W, 7).

In the previous section we showed that if G is second countable and unimodular, then
irreducible compact representations are quasi-compact. This is the motivation for the above
definition.

Recall that an object X of an abelian category A is called injective, if the (contravariant)
functor A — {abelian groups},Y — Hom(Y, X) is exact. It is called projective, if the
covariant functor ¥ — Hom(X,Y) is exact.

Lemma 14.2. Any irreducible quasi-compact representation (W,T) is simultaneously an
injective and a projective object in M(QG).

Proof. We prove projectivity and leave injectivity as an exercise. By general nonsense, it
suffices to check that any surjection p : V. — W in M(G) admits a section, i.e., a morphism
qg: W — V in M(G) such that po ¢ = idy. We decompose V =V, @ V7 where V, is
a direct sum of copies of (W, 7), and V" has no subquotient isomorphic to (W, 7). Clearly
p(V7) =0, and so p(V;) = W. Write V, = @,.; Wi, with each W; isomorphic to (W, 7).
Then there must exist ¢ € I such that p(W;) # 0, ie., p(W;) = W. Then p|w, is an
isomorphism W; — W, and we define ¢ to be the inverse of it. O

Lemma 14.3. FEvery non-zero smooth representation has a non-zero irreducible subquo-
tient. Fvery mon-zero finitely generated smooth representation has a non-zero irreducible
sub-representation.

Proof. Since every smooth representation contains a finitely generated sub-representation,
the first statement follows from the second. To show the second, we apply Zorn’s lemma to
the set of proper sub-representations of a finitely generated (V7). The finitely generated
condition guarantees that any totally ordered union of proper sub-representations is still
proper. Hence there exists a maximal proper sub-representation V3 C V. The quotient
V/Vy is then irreducible. O

From now on, we fix a set F' of isomorphism classes of non-zero irreducible quasi-compact
representations of G. Here F can be finite or infinite, and it can be the set of all isomorphism
classes of such representations.

Definition 14.4. Let M(G)Fr (resp. M(G)¥') be the full subcategory of M(G) consisting
of representations all of whose irreducible subquotients are isomorphic to a member of F'
(resp. non-isomorphic to any member of F).

Proposition 14.5. The category M(G)g is semi-simple, with simple objects being the
irreducible representations whose isomorphism classes belong to F. In other words, every
representation in M(G)r is a direct sum of irreducible representations whose isomorphism
classes belong to F'.
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Proof. Let (V,m) € M(G)r. Let V1 C V be the vector space generated by the irreducible
sub-representations of V. It suffices to show that V' = Vi, since V] is necessarily a direct sum
of irreducible representations (because irreducible sub-representations of V' have no non-zero
overlap), and the isomorphism classes of these irreducible representations are clearly in F'.
Suppose V # Vi. Then V/V; # 0. Take an irreducible subquotient W of V/V;. This is also
a sub-quotient of V', so its isomorphism class is in F', and in particular W is quasi-compact.
But then W is projective, so V/V; has a sub-representation isomorphic to W. Again by
projectivity, the inclusion W — V/V] lifts to a map W — V whose image is not contained
in Vi, a contradiction with the definition of V;. [l

Consider the following finiteness condition:

(FC): For every compact open subgroup K, there are only finitely many isomorphism
classes [(W,7)] in F such that W¥ # 0.

Theorem 14.6. Assume (FC). Then M(G) = M(G)r & M(G)F.

Proof. Tt is easy to see that there are no non-zero homomorphisms between objects of the
two subcategories. The question is to show that every (V,7) € M(G) admits a functorial
decomposition V =V @ VF.

Let (V,7) € M(G). For each isomorphism class [(W,7)] in F, we have a decomposition
V =V, @ V7 by the assumption that (W, 7) is quasi-compact. Let p, : V — V; be the
projection. Now define p: V — V as follows. Let v € V, and assume v € VX, Define

)= p-(v).

[(W,T)]eF

Note that p,(v) is non-zero only when (W, 7) has non-zero K-fixed vectors. Hence by (FC),
we know that the above sum is finite. It is easy to check that p is idempotent, G-equivariant,
and functorial in V'€ M(G). In other words, p is an idempotent element of the Bernstein
center Zg.

We check that p: V — V is idempotent. Let v € V, then

Po=Y_ ppr(v),
[r],[T']eF

where the double sum is still finite. If [7] # [7'], then p;p,» = 0 since p,/ (V) is a direct sum

’

of copies of 7 and therefore lies in M(G)™ . Hence
pPv = Z piv = ZPT’U = p(v).
[r]eF

This proves that p is idempotent.
As before we have a decomposition

M(G) = M(G)P=L & M(G)P=°.

It remains to show M(G)P=! = M(G)r and M(G)P=° = M(G)F.

Using Proposition 14.5, it is easy to check M(G)r C M(G)P=L. Conversely, if (V,7) €
M(G)P=1 then any irreducible subquotient of (V,n) is still in M(G)P=!, and therefore its
isomorphism class is in F. Hence (V,7) € M(G)F.

Similarly, it is easy to show M(G)P=° C M(G)¥. For the reverse containment, let
Ve M(G)E. Write V = V; @ Va with V; € M(G)P=! and Vo € M(G)P=°. Tt suffices to
show Vi = 0. Suppose not. Then by what we have already shown, we have V; € M(G)p,
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and therefore V7 has an irreducible subquotient in F'. But this is also a subquotient of V,
a contradiction. O

15. UNITARY AND SQUARE INTEGRABLE REPRESENTATIONS

Let G be a second countable td group. We call a smooth representation (V, ) unitary, if
there is a positive definite Hermitian form (-,-) on V such that G-acts on V via isometries,
ie., (m(g)v,m(g)w) = (v,w) for all ¢ € G,v,w € V. We also say that G preserves (-,-).
The motivation for the terminology “unitary” is that each m(g) is a unitary operator (with
respect to the given Hermitian form).

It turns out that the notion of a unitary representation behaves well when coupled with
the admissible condition.

Lemma 15.1. Let (V,7) € M(G) be irreducible admissible. Then on V there is at most
one, up to scaling, positive definite Hermitian form preserved by G.

Proof. Any such Hermitian form defines a non-zero G-linear map V — V'V, and is deter-
mined by the latter. Recall from Exercise 12.6 that V'V is irreducible. (This uses that V is
admissible.) Hence any non-zero G-linear map V — VY must be an isomorphism, and is
unique up to scaling. O

Lemma 15.2. Let (V,7) € M(G) be unitary and admissible. Then V =2 VV.

Proof. Let (-,-) be a positive definite G-invariant Hermitian form on V. Then we have a
G-linear map ¢ : V. — V¥, v+ (-,v). It suffices to check that ¢ is an isomorphism. For
this, we only need to show that for each compact open subgroup K, ¢ : VE = (VV)K,
Recall that (VV)X = (VE)* and the induced map ¢ : VE — (VE)* is the usual map
arising from the positive-definite form on VX. Since V¥ is finite dimensional, this map is
an isomorphism. |

Lemma 15.3. Let (V,7) € M(G) be unitary and admissible. For any sub-representation
W C V, the orthogonal complement W+ = {v € V | (v,w) = 0,Yw € W} is also a
sub-representation, and V=W @ W,

Proof. Only the fact that V = W + W+ is unclear. Consider a compact open subgroup
K. Then V¥ is finite dimensional by admissibility. Now VX inherits the hermitian form
from V, and the orthogonal complement of W¥ in V& is (W+)X. Indeed, if v € VE is
perpendicular to WX then for any w € W we have (v, w) = (exv,w) = (v, exw) = 0 since
exw € WE. Hence VE = WK @ (W)X and in particular VX ¢ W + W+. Taking the
union over K we get the desired result. |

Lemma 15.4. Let (V,7) € M(G) be unitary, admissible, and non-zero. Then (V,7) has a
non-zero irreducible sub-representation.

Proof. We know that V' has an irreducible subquotient. Up to shrinking V', we may assume
that it has an irreducible quotient f : V' — W. Then ker f # V, and by Lemma 15.3,
W' := (ker f)* # 0. Then W' is a non-zero sub-representation of V, and it is irreducible
since it maps injectively into W (hence isomorphic to W). |

Proposition 15.5. Let (V,7) € M(G) be unitary and admissible. Then (V,7) is semi-
simple, i.e., isomorphic to a direct sum of irreducible representations.
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Proof. Let Vi3 C V be the vector subspace generated by all irreducible sub-representations
of V. As we have seen several times, it suffices to show V = Vj. Suppose not. Then
V = Vi @ Vit with Vi # 0 by Lemma 15.3. Clearly V;* is also unitary and admissible.
By Lemma 15.4, V;* contains an irreducible sub-representation, a contradiction with the
definition of V;. O

Now we assume that G is unimodular.

Fact 15.6. If G is unimodular, then G/Z(G) is a unimodular td group. We fix a Haar
measure u(g) on it.

Definition 15.7. By a character on Z(G), we mean a continuous homomorphism y :
Z(G) — C*, where continuous just means it kills an open subgroup. We say x is unitary if
Ix(2)| =1 for all z € Z(G). Similarly, we define the notion of a (unitary) character for G.

Definition 15.8. Fix a unitary character x of Z(G). Let L?(G, ) be the C-vector subspace
of C*°(G) consisting of f such that
(1) f(gz) = f(g9)x(z) for all g € G,z € Z(G). (We say that f translates under Z(G)
via x.) In particular, |f| descends to a smooth function on G/Z(G).
(2) |f] is square integrable on G/Z(G), i.e., fG/Z(G) |£(9)?1(g) < co. Here the integral
is a priori an infinite series of positive terms.

Exercise 15.9. Work out the explicit definition of | G/2(G) | /| as an infinite series for general

f € C>®(G/Z(@)) (using that f takes only countably many different values since G/Z(G)
is second countable), and show that this is well-defined (as an element of RU{+00}). Show
that L%(G, x) is a sub-representation of the G x G-representation C°°(G). Show that on
L?(G, x) we have a G x G-invariant positive definite Hermitian form given by

U o) = / (@) f(@)ul@).
G/Z(G)

In particular, L?(G, x) is a unitary G' x G-representation.

Definition 15.10. We call (V,7) € M(G) square integrable, if the following conditions are
satisfied:
(1) Z(G) acts on V by a unitary character y. (We say that (V,m) has unitary central
character.)
(2) Every matrix coefficient ¢,  (for v € V, A € VV) lies in L*(G, x).

Remark 15.11. Condition (1) above already implies every matrix coefficient ¢, x € C*(QG)
satisfies condition (1) in Definition 15.8.

Remark 15.12. Any compact representation admitting a central character is square inte-
grable. Indeed, the existence of such a representation implies that Z(G) is compact, and
hence the central character in question must be unitary since its image in C* is a finite
subgroup.

Definition 15.13. We call (V,7) € M(G) essentially square integrable, if there is a char-
acter w of G (trivial on a compact open subgroup) such that (V,wm) is square integrable.
Here (wm)(g) :=w(g) - m(g) € End(V).
Lemma 15.14. Let (V,7) € M(G) be irreducible. The following statements hold.

(1) If (V, ) is essentially square integrable, then it is admissible.
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(2) If (V,7) is admissible, has unitary character x, and there is one pair (v,\) € VxVV
such that 0 # ¢, x € L*(G, ), then (V,7) is square integrable.

Proof. (1) We may assume that (V| 7) is square integrable, with unitary central character x.
For simplicity assume Z(G) = 1; the general case is treated similarly. Let K be a compact
open subgroup, and suppose V¥ is infinite dimensional for the sake of contradiction. Fix
a non-zero v € V. Then V is spanned by {7(g)v | ¢ € G}, and hence VE = 7(ek)V is
spanned by {w(ex)m(g)v | g € G}. Hence there exist infinitely many g1, g2, -+ € G such
that m(ex)m(gn)v € VE are linearly independent. Recall that (V)X = (VE)* Hence we
can find X € (V)X such that A(m(ex)m(gn)v) = 1 for all n. One easily shows that

L 160aR = 30 Irler)nla™ ) vl K).

geG/K

Clearly the images of g, in K\G are distinct. Hence the above is greater or equal to
vol (K Z IA( (gn)v)|? = o0,

a contradiction.

(2) Since (V,7) is irreducible and admissible, we know V'V is irreducible in M(G), and
V ® VV is irreducible in M(G x G). The matrix coefficient construction is a G x G-
linear map V ® V¥V — C*°(G). We conclude by noting that L?(G,x) C C*®(G) is a
sub-representation. O

Proposition 15.15. Let (V,7) € M(G) be admissible and square integrable. Then it is
unitary (and hence semi-simple by Proposition 15.5).

Proof. Consider a finitely generated sub-representation W C V. Let Ann(W) be the anni-
hilator of W in VV. Then WY = VV /Ann(W). Indeed, it suffices to show that the natural
map V'V — WV is onto. For this use that (V)X = (VE)* and (WV)E = (WK)*.

Let wi,- -+ ,w, be generators of W as a G-representation. For A1, Ao € WV, define

A17>\2 ZL/Z(G wi, )\1 w17>\2

where \; € VV is a lift of \; € WY 2 VV/Ann(W). Then this is a well-defined, positive-
definite Hermitian form on W invariant under G. We only check positive-definite: Suppose
(A, A) = 0. Then ¢, 5 = 0 for each i. Hence A kills everything in the G-orbit of w;, and

therefore A € Ann(1). This means A = 0.

Thus we have shown that WV is unitary. Since V is admissible, so are W and WV.
We conclude that W is unitary by Lemma 15.2. Now V is the union of all finitely gener-
ated subrepresentations, and the latter are unitary admissible and therefore semi-simple by
Proposition 15.5. Tt easily follows that V' is semi-simple. Writing V' = @, ; Vi with V; irre-
ducible, we have each V; is unitary since it is finitely generated. Let (-, -); be a G-invariant
positive-definite Hermitian form on V;. Then we can define (Y~ v;, >, v5) := >, (v;, v}); (all
sums being finite), which is a G-invariant positive-definite Hermitian form on V. ]

Next we discuss Schur orthogonality for square integrable representations. As usual, for
any function f on G, we write f for g+ f(g~1).

Theorem 15.16. Let (V,7) € M(G) be irreducible, admissible, square integrable. The
following statements hold.
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(1) There exists d(m) € Rsq (depending on the choice of Haar measure on G/Z(QG)),
called the formal degree of (V, ), with the property that for all vi,v2 € VA1, A €
V'V, we have

/ gbvl,/hévz,)\z = d(ﬂ-)_l)‘l(UQ))‘Q(vl)'
G/Z2(G)

(2) Let (Va,ma) satisfy the same assumptions as (V, ), but non-isomorphic to (V, ).
Assume that Vo has the same central character as V. Write (Vy,71) for (V, ). For
any v; € Vi, \; € VY (i =1,2), we have

/ ¢U1,)\1¢EU2,>\2 = O
G/Z(G)

Sketch of proof. The integrals all make sense by the square integrable assumptions and the
assumption on the central characters.

By Proposition 15.15, (V,7) is unitary. We may then identify V = V'V as in Lemma
15.2. Sending (v1 ® A\, A2 ®v2) € (VR V) x (V®V) to the two sides of the equation in
(1) respectively, defines two positive-definite Hermitian forms on V ® V. They are both
G x G-invariant. Since V ® V is an irreducible G x G-representation, these Hermitian forms
must differ by a positive scalar, by Lemma 15.1. This proves (1).

For (2), fix vo and A;. Define V; — V5V by sending v; € Vi to the map

‘/2 > (%) — ¢’U1,)\1(ZB’L)2,>\2'
G/Z(G)
This map is G-linear and hence must be 0 since V,” = V5 is non-isomorphic to V;. ]
Exercise 15.17. Let (V1,m1), -+, (Vi,, ™) € M(G) be pairwise non-isomorphic, irreducible
admissible square integrable. Let ¢; be a matrix coefficient for (V;, ;). Then ¢1, - , ¢y,

are linearly independent in C*°(QG).

16. REDUCTIVE GROUPS

We recall some aspects of the general theory of reductive groups over a field. Standard
references in this subject are [Spr09], [Spr79], [Bor91]. We also recommend [Mill7].

Let F be a field of characteristic zero, and fix an algebraic closure F. By an algebraic vari-
ety over F'; we mean a reduced scheme of finite type over F such that each connected compo-
nent is irreducible. In particular, an affine F-variety is of the form Spec A = ]_[;Lzl Spec A;,
where A = H?Zl A; and each A; is a finitely generated F-algebra and is an integral domain.
We often identify a variety V with its set of F-points V(F) (which is also in bijection with
the set of closed points of the scheme V'), when no confusion arises. Note that we have a
natural action of I'p := Gal(F/F) on V = V(F). The fixed points are exactly the F-points
of V, denoted by V(F). We denote the base change of V to F by V4.

Recall that a linear algebraic group over F' is an affine F-variety G together with F-
variety maps m : G xp G — G,i: G — G,e : Spec F' — G satisfying the usual axioms of
multiplication, inversion, identity, for a group. For any F-algebra R, the R-points of G is
then an actual group G(R). As usual, by Yoneda, G as a linear algebraic group is determined
by the functor R — G(R) from F-algebras to groups. Similarly, a homomorphism G — G’
is determined by a functorial family of homomorphisms G(R) — G’(R) for all F-algebras
R.
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Example 16.1. We have a linear algebraic group G = GL,, over F'. The functor of points
is given by R — GL,(R) = {n x n invertible matrices over R} = {A € M,,x,(R) | det A €
R*}. We can also describe the variety G and the structure maps m, e, i explicitly. Namely,
G = Spec Fla11,a12, "+ , Gnn, det(a,;j)’l]. The map m : G x G — G is given by, at the level
of the rings,

F[aij, det(aij)fl] — F[bij,det(bij)fl] RF F[cmdet(cij)*l],aij — szk X Clj-
k

That is, it sends the ij-th coordinate function to its pull-back under the matrix multiplica-
tion (B,C) — B - C. We omit the description of ¢ and e.

Fact 16.2. FEvery linear algebraic group over F is a closed subgroup of GL,, (over F') for
some n. The converse is also true. So we can think of a linear algebraic group concretely
as a subvariety of GL,, closed under the group operations.

Let G be a linear algebraic group over F. An element g € G (meaning g € G(F)) is called
unipotent, if for every algebraic homomorphism Gz — GL, & (for all n), the image of g is
a unipotent matrix in GL,,(F'), that is, a matrix A such that A — I,, is nilpotent. Similarly,
an element g € G is called semi-simple, if for every algebraic homomorphism G — GL,, %
(for all n), the image of g is a diagonalizable matrix (one that is conjugate to a diagon’al
matrix). We call G unipotent, if every g € G is unipotent. Note that all these definitions
depend only on G, not on G.

Fact 16.3 (Jordan decomposition). Let G be a linear algebraic group over F, and g € G.
Then there is a unique decomposition g = gsg, with gs, gy, € G such that gsg, = gugs, gs s
semi-simple, and g, is unipotent.

Fact 16.4. A linear algebraic group over F is unipotent if and only if it isomorphic to a
closed subgroup of U,, for some n, where Uy, is the closed subgroup of GL,, (over F) consisting
of the upper-triangular matrices with 1°s on the diagonal.

Fact 16.5. Let G be a linear algebraic group over F'. Then G has a mazimal closed
subgroup which is connected, normal, and unipotent. Moreover, this subgroup is defined
over F.'* It is called the unipotent radical of G, and denoted by R,(G).

Definition 16.6. A linear algebraic group G is called reductive, if R, (G) = 1.

Remark 16.7. We allow a reductive group to be disconnected.

Remark 16.8. By definition G is reductive if and only if G is reductive.

Remark 16.9. For a linear algebraic group G over F, the connectedness of the F-scheme

G is equivalent to the connectedness of the F-scheme G, since G has a section over F
(namely the identity e : Spec F — G).

Example 16.10. The group GL,, is reductive. Note that GL,, has the closed subgroup U,
which is connected and reductive, but this is not a contradiction, because U, is not normal
in GL,,.

Hywe say that a closed subgroup H of G is defined over F, if the following two equivalent conditions
are satisfied: (1) Viewed as a subgroup of G(F), H is Gal(F/F)-stable. (2) Viewed as a closed F-subvariety
of G, H arises as the base change of a (unique) closed F-subvariety of G.

Lect.25, Mar 29



40 YIHANG ZHU

Example 16.11. Consider the closed subgroup B,, of GL,, consisting of the upper triangular
invertible matrices. Then B,, contains U,, as a closed normal subgroup. In fact R, (B,) =
U,,. Hence B,, is not reductive for n > 2.

Example 16.12. Let G and G5 be reductive (resp. connected), then Gy x G5 is reductive
(resp. connected).

In the beginning of the course we already gave some examples of reductive groups. (More
precisely, we gave examples of the Q,-points of reductive groups over Q,.) We somewhat
repeat them here.

Example 16.13. Let V be a finite dimensional F-vector space, and let (-, -) be a symmetric
or anti-symmetric non-degenerate bilinear form on V. We have a closed subgroup G of
GL(V) (isomorphic to GL,) such that for each F-algebra R, G(R) is the subgroup of
GL(V)(R) = Autpain(V ®F R) consisting of g € GL(V)(R) preserving the R-bilinear form
on V®p R induced by (-, -) and such that det(g) = 1. (The condition det(g) = 1 is automatic
in the anti-symmetric case.) We usually write G = SO(V, (-, -}) in the symmetric case, and
write G = Sp(V, (-,-)) in the anti-symmetric case. They are called the special orthogonal
group and the symplectic group respectively. In both cases G is connected and reductive.

Example 16.14. Let E/F be a finite extension, and G be a linear algebraic group over E.
Then there is a linear algebraic group Resg,r G over F|, called the Weil restriction of scalars
of G from E to F, characterized by that Resp,p(G)(R) = G(R®F E) for all F-algebras R.
Here G(R ®F E) makes sense as R ®p E is an F-algebra and G is a linear algebraic group
over F.

Exercise 16.15. Prove that this functor is indeed given by a linear algebraic group Resg,p(G)
over F. (For G = GL,, this was hinted at in Example 1.1.)

Exercise 16.16. Show that (Resg/r G)7 =[]
base change of G from E to F along o : E < F. In particular, G is a reductive (resp. con-
nected reductive) group over E if and only if Resg,p G is a reductive (resp. connected
reductive) group over F'.

setomp(B,F) Go 7> Where G, 5 denotes the

Example 16.17. Let E/F be a finite extension, and let V' be a finite dimensional E-
vector space. For every F-algebra R, we have (Resg,r GL(V))(R) = GL(V)(E ®F R) =
Autpin (Ve EQ®p R) = Autgpin(V ®@p R). Thus if we write Vj for the underlying F-vector
space of V' (whose F-dimension is [E : F|dimg V'), then Resg,/p GL(V) is the F-subgroup
of GL(Vp) defined by the E-linear condition.

In the case where V is equipped with a non-degenerate E/F-hermitian form (-,-), we
have the unitary group G' = U(V,(-,-)). This is the closed subgroup of Resg,r» GL(V) such
that G(R) consists of E-linear automorphisms of V ®p R preserving (-, -). We know that G
is connected reductive.

Example 16.18. Let C' be a central simple algebra over F'. We have a linear algebraic
group G over F such that G(R) = (C ®r R)*. Since C @p F = M, «,,(F) as F-algebras, it
is easy to see that Gz = GL,, . We say that G is a form of GL,,, meaning that they become
isomorphic over F but may not be isomorphic over F. In fact, in the previous example, the
unitary group is also a form of GL,, (for n = dimg V). In general the unitary group, the
current GG associated to C, and GL,, are pairwise non-isomorphic over F.



REPRESENTATIONS OF P-ADIC GROUPS 41

17. DIAGONALIZABLE GROUPS AND TORI

Definition 17.1. A linear algebraic group G over F is called diagonalizable (resp. a torus)
if and only if G is isomorphic to a closed subgroup of Gj,, (resp. isomorphic to GJ;,) for
some n. Here G,, = GL;. A torus is called split, if it is isomorphic to G}, over F.

Remark 17.2. We can identify G}, with the closed subgroup of GL,, consisting of diagonal
matrices. This explains the terminology “diagonalizable”.

Fact 17.3. Let G be a linear algebraic group over F. Then G is a torus if and only if it is
connected reductive commutative, if and only if G is connected and diagonalizable. If G' is
diagonalizable, then the identity connected component of G' is a torus.

Write 'z for Gal(F/F).

Definition 17.4. For any linear algebraic group G over F', define X*(G) = Homf_gps(Gf, Gm),

namely the set of morphisms G — Gy, in the category of linear algebraic groups over F.
This has a natural abelian group structure, given by the abelian group variety structure on
G-

There is a continuous I'p-action on X*(G). Here continuity just means that the action
factors through Gal(E/F) for some finite Galois extensions E/F. We explain this action.
There is a natural injection from X*(G) to the abelian group of actual group homomor-

phisms x : G(F) — G,,(F) = F*. (The image consists of those homomorphisms that
are “algebraic”.) We only describe the I'g-action on the latter set. Given o € T'r and
v :G(F) = F", we define a(x) to be G(F) — F g a(x(c71(g))). Here g — o~ 1(g) is
the action of o~ on G(F).

Remark 17.5. We often denote the abelian group structure on X*(G) additively, although
it is defined by the multiplication on G,,.

Fact 17.6. The functor G — X*(G) defines an anti-equivalence from the abelian category
of diagonalizable groups over F' to the abelian category of finitely generated abelian groups
together with continuous I p-actions. We have G is a torus of dimension n if and only if
X*(G) is free of rank n (i.e., isomorphic to Z™), and G is a split torus if and only if the
above condition holds and T'r acts trivially on X*(G).

Remark 17.7. The category of diagonalizable groups is abelian, where kernels and cok-
ernels are special cases of kernels and quotients of linear algebraic groups, which will be
discussed slightly later. We point out here that the subcategory of tori is not abelian, as
it is not closed under taking kernels. (e.g. the kernel of G,, — G,z — 2™ is u,, whose
R-points is the group of n-th roots of unity in R*. This group is not connected.) Simi-
larly, the category of finite rank free Z-modules together with a continuous I' p-action is not
abelian, as it is not closed under taking cokernels.

Example 17.8. Let E/F be a finite extension. Consider T' = Resg/p Gy,. For every F-
algebra R, T(R) = (R ®p E)*. We know that T is a torus, and X*(7T) is the finite free
Z-module with basis given by the F-embeddings E — F, and the I'p-action is given by the
natural I'p-action on the set of F-embeddings £ — F.

For instance, for E/F = C/R, we can identify X*(Resc/g G,,) with 72, with complex
conjugation in Gal(C/R) acting on Z? by (a,b) — (b, a).
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In general, we have a homomorphism of F-tori
N : RESE/F G, — Gm,

which on R-points is the map

(R@FE)X —)RX,ZH(@Q’ I—)Zm@NE/FEi.

K2

Here Ng,p is the norm map F — F.
Now under the functor X*, the map N induces the map

given by Z — HaeHomF(E,F) Z,a — (a,---,a). Since X* is an equivalence of abelian
categories, if we let T! be the kernel of N : T'— G,,,, then X*(T") is the cokernel of X*(NV),

which one can check is free as a Z-module. It follows that T'! is actually a torus (as opposed
to merely a diagonalizable group).

18. CENTER, DERIVED SUBGROUP, AND ABELIANIZATION

Fact 18.1. Let G be a connected reductive group over F. Then there is a closed subgroup
Za of G, called the center of G, such that for every F-algebra R, Zg(R) = center of G(R).
Moreover, Zg is a diagonalizable group over F. We call G semi-simple, if G is connected
reductive and Zg has dimension 0.

Fact 18.2. Let G be a linear algebraic group, and H C G a closed normal subgroup (both
defined over F). Here normal means that H(R) is normal in G(R) for every F-algebra R.
Then we can form the quotient G/H, which is still a linear algebraic group over F. The
map G — G/H is characterized as universal among all homomorphisms G — G’ between
linear algebraic groups over F killing H .

Remark 18.3. We have (G/H)(F) = G(F)/H(F), but for a general F-algebra R, for
instance R = F, we only have an injection G(F)/H(F) — (G/H)(F).

Fact 18.4. Given any homomorphism ¢ : G — G’ between linear algebraic groups over
F, the kernel of it is a closed normal subgroup K C G defined over F. It is characterized
by K(R) = ker(G(R) — G'(R)) for all F-algebras R. Then ¢ induces a homomorphism
¢ : G/K — G’ which is injective at the level of R-points for all F-algebras R. We say that
¢ is injective, if the kernel is trivial, or equivalently ¢ is injective at the level of R-points
for all R.

We say that ¢ is surjective, if it is surjective at the level of F-points. This is if and only
if ¢ is an isomorphism. Thus our previous remark on the quotient applies here, namely for
a surjective ¢ : G — G', the induced map G(R) — G'(R) may not be surjective.

Fact 18.5. Let G be a connected reductive group over F. Then G/Zg is also a connected
reductive group over F, and its center is trivial. We denote G/Zg by G, and call it the
adjoint group of G. There is a minimal closed normal subgroup Gae, of G, called the derived
subgroup, such that G/Gger is abelian. We know that Gaer is connected reductive and semi-
simple, and G/Gaer is a torus. We denote the latter by G, called the abelianization of G.
We know that G is generated by Gger and Zg, in the sense that there is no proper closed
subgroup of G' containing both Gaer and Zg. We have Zg,,, C Zg.

Remark 18.6. The F-group homomorphism G — G2 is surjective, but the induced map
G(F) — G*(F) may not be surjective.
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Example 18.7. For G = GL,,, we have Zg = G,,, = the invertible scalar matrices, and
Gder = SL,,. Note that Zgr,, = i, the kernel of the n-th power map G,, — G,,. This
is disconnected, even though Zgp,, is connected. We have G* =2 G,,, and the natural
map G — G?" is identified with the determinant map GL, — G,,. Note that in this case,
GL,(F) — G,,(F) is in fact surjective (which is elementary to see).
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Definition 18.8. Let G be a connected reductive group over F'. Let X*(G) = Homz ., (G, Gn).

This is a finite rank free abelian group together with a continuous I' p-action. In fact it is
identified with X*(G?P).

Definition 18.9. We write X*(G(F)) for X*(G)'r = {x € X*(G) | o(x) = x,Vo € T'r}.

Note that X*(G(F)) consists exactly of F-group homomorphisms G — G,,. Hence for
X € X*(G(F)), we indeed obtain a character G(F') — F'*, which partially justifies the no-
tation. Alternatively, we can identify an element xy € X*(G) with an actual homomorphism
G(F) — F* (which should be “defined by polynomials over F”). Then x is fixed by I'p if
and only if the homomorphism G(F) — F isT r-equivariant, and in this case we obtain
a homomorphism between the I' p-fixed points on the two sides, namely a homomorphism
G(F)— F*.

Moreover, it is a fact that G(F') is Zariski dense in G (which holds for arbitrary connected
linear algebraic groups over F'), and hence an element y € X*(G(F’)) is uniquely determined
by the homomorphism G(F) — F* induced by itself. We sometimes call elements of
X*(G(F)) “algebraic characters on G(F)”.

19. LOCAL FIELDS

We now recall the notion of a non-archimedean local field. Let I’ be a field. By a non-
archimedean absolute value on F, we mean a function || : F' — R>( satisfying the following
axioms:

(1) |zy| = |zly|-
(2) |z| =0 if and only if x = 0.
(3) |z +y| < max(|z], [y]).
Given | - |, we can define a subring Op of F' by
O ={zeF|lz|<1}
This is a local ring, and its unique maximal ideal is
mp={z€F||z| <1}
It follows that
Op ={zeF||z|=1}.
We write kg for the residue field O /mp.

We say that F' together with a non-archimedean absolute value | - | is a non-archimedean
local field (or simply a local field), if the following conditions are satisfied:

(1) (Completeness.) The space F is complete with respect to the topology defined by
| -, i-e., every Cauchy sequence with respect to | - | converges in F.'?

12Note that the notion of a Cauchy sequence depends only on a neighborhood basis of 0. Hence it indeed
depends only on the topology, not on the metric.
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(2) (Discreteness.) The image of the group homomorphism || : F* — (Rsq, X) is a
discrete subgroup. Note that every discrete subgroup of R+ is cyclic. We take the
unique 0 < a < 1 such that |F*| = oZ.

(3) (Local compactness.) The topology on F' defined by |- | is locally compact. Equiv-
alently, the residue field kp is finite.

Let (F,|-|) be a non-archimedean local field. Note that if we replace |- | by |- |* for some
u € R — {0}, then all the axioms are still satisfied, the topology on F' remains the same,
and the subring Op C F stays the same. The generator « for |F*| will be replaced by a*.
Hence we can always arrange that « is our favorite number between 0 and 1. The canonical
normalization refers to the choice that o = ¢~ !, where ¢ is the cardinality of the finite field
kr. In the sequel we shall always take the canonical normalization, and denote the absolute
value thus normalized by | - |p.

Definition 19.1. A uniformizer in F means any element 7 € F such that |r|p = ¢ 1.

Example 19.2. F'=Q,, O = Z,,kr =TF,, and p is a uniformizer.

Then mp = 7OF for any uniformizer 7. For any = € F*, we have
Yy Yy )

2l = g @,
where vp(r) is the unique integer such that zm—v#®) € OF = {x € F | |z|r = 1}. For
instance vp(mw) = 1.

For every F-variety V, V(F') has a canonical topology, which we call the non-archimedean
topology: It is the coarsest topology such that for every Zariski open F-subvariety U C V,
the subset U(F) is open in V(F), and for every F-variety morphism f : U — A%, the
induced map U(F) — AL(F) = F™ is continuous. Here F™ is equipped with the product
topology coming from the natural topology on F' (defined by | - |r).

On V(F) we can also consider the Zariski topology, where open sets are precisely of the
form U(F) for Zariski open F-subvarieties U of V. Equivalently, this is the topology on
V(F) inherited from the Zariski topology on the F-scheme V, and also the same as the
topology inherited from the Zariski topology on the F-scheme V (F).

Exercise 19.3. Show that the last two topologies on V(F) are indeed the same.

Remark 19.4. By definition, the non-archimedean topology on V(F') is finer than the
Zariski topology.

Exercise 19.5. Let V' be an affine F-variety. Then V is a closed F-subscheme of A% =
Spec F[ X1, -+, Xy,], and in particular V(F') C A%(F) = F™ . Show that the non-archimedean
topology on V' (F) is the subspace topology inherited from F™.

For a linear algebraic group G over F, if we realize G as a Zariski closed subgroup of GL,,,
then G(F) is closed in GL,,(F') when the two are equipped with the non-archimedean topol-
ogy, and GL,, (F) is open in M, (F) & F™”. Under the non-archimedean topology, G(F) is
a td group and second countable. More specifically, a neighborhood basis of 1 in G consisting
of compact open subgroups is given by the intersections G(F) N1+ 7% M, «,(OF),n > 1.
Note that G(F) is totally disconnected, despite that G may be connected in the Zariski
topology.

Fact 19.6. If G is a connected reductive group over F, then G(F) is unimodular.
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20. UNRAMIFIED CHARACTERS

Let G be a connected reductive group over F. For each ¢ € G and x € X*(G(F)),
by considering x as a homomorphism G(F) — F* we obtain vp(x(g)) € Z. Sending x
to vp(x(g)) is a homomorphism X*(G(F)) — Z, i.e., an element Hg(g) € X.(G(F)) =
Hom(X*(G(F)),Z). Moreover, the map g — Hg(g) is a homomorphism

He : G(F) — X.(G(F)).
We denote by °G(F) the kernel of Hg. In other words,

'G(F)={g € G(F) | vx € X*(G(F)), x(9) € OF}.
We denote by A(G) the image of Hg.

Example 20.1. Let G = GL,. Then X*(G(F)) = X*(G*")I'r = X*(G*) = Z, where
a generator corresponds to the homomorphism det : G(F) — F*. Hence °G(F) = {g €
G(F) | detg € Of}.

Example 20.2. If G is semi-simple, then G(F) = "G(F).

Lemma 20.3. Let x € X*(G(F)). Consider the homomorphism |x|r : G(F) — Rs¢ that
is the composition of x : G(F) — F* and |- |r : F* — Rsq. Then |x|r is smooth (i.e.,
locally constant), and its kernel contains all compact subgroups of G(F).

Proof. Obviously the second statement implies the first, since there exist compact open
subgroups. By the definition of the non-archimedean topology, the map x : G(F) — F*
continuous. Hence the image of any compact subgroup under |x|r is a compact subgroup
of the discrete group ¢% = Z, which must be finite and hence trivial. O

Proposition 20.4. Let G be a connected reductive group over F. Then °G(F) is open,
contains all compact subgroups of G(F), and contains Gaer(F).

Proof. Immediate from the previous lemma. O

Definition 20.5. We call a homomorphism G(F) — C* unramified if it kills °G(F). Let
X(G) be the abelian group of all unramified homomorphisms G(F) — C*.

Example 20.6. For G = G,,, a homomorphism G,,(F) = F* — C* is unramified if and
only if it kills Of. This agrees with the usual terminology in local class field theory.

By definition, x(G) is identified with the group of homomorphisms from A(G) to C*,
where A(G) is the image of Hg : G(F) — X.(G(F)). Recall that X*(G) = X*(G?*") is a
finite rank free Z-module since G® is a torus. It follows that X*(G(F)), X.(G(F)), A(G)
are all finite rank free Z-modules. There is a unique (up to canonical isomorphism) torus U
over C such that X*(U) = A(G). Concretely, U = Spec C[A(G)] where C[A(G)] is the group
algebra of A(G) (isomorphic to C[X:E ... | XF1] if we fix isomorphism A(G) = Z"), and
the group structure on U is given by the identifications U —~+ Spec C[X!,--- , X =
(Spec C[XE!])™ = G,. (See the next exercise for more details.) Now mnote that a group
homomorphism A(G) — C* is the same thing as a C-algebra homomorphism C[A(G)] — C,
and the same thing as a C-point of the torus U. We conclude that

x(G) = TU(C).

Thus we say that x(G) has the structure of a complex torus.
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Exercise 20.7. Let F be a field of characteristic zero. Recall that we have an anti-
equivalence X*(-) from the category of split tori over F to the category of finite free Z-
modules (thought of as having the trivial T'p-action). Show that a quasi-inverse of this
functor is given by A — Spec F[A], where F[A] is the group algebra of A over F', and the
group structure on Spec F[A] is given by F[A] — F[A] ® F[A],[A\] — [A\]| @ [A] for all A € A
representing [A] € F[A]. Show that if we fix an isomorphism A = Z™ and hence an isomor-
phism F[A] = F[X{!, .-, XF1), the resulting isomorphism of F-varieties Spec F[A] & G,
is a group variety isomorphism.

Lemma 20.8. Let A be a split torus over a non-archimedean local field F. Then X*(A) =
X*(A(F)), X«(A) = X (A(F)). Moreover, A(A) = X.(A), and if we identify A with G}, so
that A(F) = (F*)", the subgroup *A(F) C A(F) is given by (OF)"™. In particular, *A(F)
18 compact.

Proof. The first claim follows from the fact that I'p acts trivially on X*(A). Identify A =
G, and X*(A) =2 Z™. Then X,(A) is also identified with Z™. Under these identifications,
the map Hy : A(F) — X.(A) is the map

(Fx)n - Zn7 (‘Tlv T 73371) = (U(I1)7' o ,U(JEn)).

The statements about A(A) and °A(F) follow immediately. O

21. THE SPLIT COMPONENT
Let F be a field of characteristic zero.

Fact 21.1. Let Z be a diagonalizable group over F, and let Z° be the identity connected
component of Z. Then Z has a mazimal (with respect to containment) split sub-torus A. The
inclusions A C Z° C Z corresponds to surjections X*(Z) — X*(Z°) — X*(A) described
as follows: The group X*(Z°) is the maximal free quotient of X*(Z) (i.e., the quotient by
the torsion subgroup), equipped with the induced I'p-action. (Note that the I'p-action on
X*(Z) automatically stabilizes the torsion subgroup.) The group X*(A) is the maximal free
quotient of X*(Z°)r,., equipped with the trivial T p-action. Here for any T p-module M, we
write Mr,. for the group of I'p-coinvariants, namely the quotient of M by the submodule
generated by {gm —m | g € T'p,m € M}.

Exercise 21.2. Show that X*(A) is also the maximal free quotient of X*(Z)r,..

Definition 21.3. Let G be a connected reductive group over F'. By the split component of
G, we mean the maximal split sub-torus of Zg. We denote it by Ag.

Example 21.4. Let G be the unitary group over F associated to a quadratic extension
E/F and a hermitian space over E. Then Zg = Z2 = (Resg/p Gm)!, i.e., the kernel of the
norm map Ng/p : Resg/p G,y = Gp. (In particular, Zg(F) = {z € E* | Ng/p(z) = 1}.)
Recall that under X*(-), the norm map Ng,p corresponds to
X*(NE/F) : X*(Gm) =7 — X*(RESE/F (Gm) =7Z®7Z, a+—— (a,a).
Here I'p acts on Z @ Z by its quotient Gal(E/F) and the non-trivial element o € Gal(E/F)
acts by (a,b) — (b,a). Hence
X*(Zg) = coker(X*(Ng,p)) =2 Z,

where I'r acts by the quotient Gal(E/F) and ¢ acts by a — —a. Then X*(Zg)r, = Z/2Z,
and its maximal free quotient X*(A¢) is trivial. We conclude that A is trivial in this case.
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Lemma 21.5. Let M be a finitely generated abelian group together with a continuous I'g-
action. Then the natural maps M'F < M — Mr, induce an isomorphism of Q-vector
spaces

M'F ®zQ = Mr, ®z Q.

Proof. Let T be a finite quotient of I'x such that the I'p-action on M factors through I'.
Then the inverse map is given by [m] — (3, cp gm) ® I, for any m € M representing
[m] S MFF- O

Proposition 21.6. The following statements hold.
(1) The natural map X*(G(F)) — X*(Ag) (given by restriction along Ag(F) — G(F)
if we think of the elements as homomorphisms G(F) — F* and Ag(F) — F*) is

injective and the image has finite indez.
(2) If F is a non-archimedean local field, then °Ag(F) = Ag(F) N°G(F).

Proof. From G = ZgGger, we know that the map Zg — G?P is surjective and with finite
kernel (in the category of diagonalizable groups). Thus the map X*(G*) = X*(G) —
X*(Zg) is injective and the image has finite index. In particular, the map X*(G)'F @ Q —
X*(Za)'F ® Q is an isomorphism. Now X*(Ag) is identified with the free quotient of
X*(Za)rp, and X*(G(F)) is identified with X*(G)'*. Hence by Lemma 21.5 the natural
map X*(G(F))®Q — X*(Ag)®Q is an isomorphism. Since X*(G(F')) is torsion free, part
(1) follows.

For (2), the direction “C” follows immediately from the fact that any x € X*(G(F))
restricts to an element of X*(Ag). Conversely, let a € Ag(F)N°G(F) and let x € X*(Ag).
We need to show that |x(a)] = 1. Now by part (1) there exists n such that x™ lies in the
image of X*(G(F)) = X*(Ag). Hence |x"(a)| =1, and it follows that |x(a)| = 1. O

Corollary 21.7. The natural map X.(Ag) — X.(G(F)) is injective and the image has
finite index.

Proof. By Proposition 21.6 (1) or its proof, the natural map X*(G(F))®Q — X*(Ag)®Q is
an isomorphism. By dualizing, we know that hte natural map X, (Ag)®Q — X.(G(F))®Q
is an isomorphism. Since X,(A¢) is torsion free (being dual to the finite free Z-module
X*(Ag)), the corollary follows. O

Lemma 21.8. Let S — T be a surjection of tori over a mon-archimedean local field F.
Then the cokernel of S(F) — T(F) is finite.

Sketch of proof. We have X*(T) — X*(5). First assume that the cokernel X*(S)/X*(T)
is torsion free. Then ker(S — T) is a torus U. Associated to the short exact sequence
1—-U— S —T — 1 we have a long exact sequence

1= U(F)—= S(F)—=T(F)—H (F,U) - -

Since F' is non-archimedean local, by Tate-Nakayama duality, the Galois cohomology group
H!(F,U) is isomorphic to the torsion part of X,(U)r,, and is hence finite.

In the general case, let T} be the quotient torus of S such that X*(77) C X*(95) is the
saturation of X*(T), i.e., X*(T1) = {z € X*(S) | In € Z,nx € X*(T)}. (This makes
sense since the saturation of X*(T") in X*(S) is indeed a I'p-stable Z-submodule.) We have
surjections S — 77 — T. Then by the previous paragraph, the cokernel of S(F) — T (F)
is finite. It remains to show that the cokernel of T} (F) — T'(F) is finite. Write ¢ for the
surjection 77 — T'. We have n- X*(T}) C X*(T) C X*(T}) for some n € Z. Hence the n-th
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power map [n] : T — Ty factors (uniquely) through ¢ : Ty — T. Write [n] = 9 o ¢, where
1 : T — Tj. Since ker v is finite, by the snake lemma applied to

1 1 Ty (F)

l @ i[n]
1 ——> ker §(F) —— T(F) — "> $(T(F)) — 1

we have reduced the problem to showing that [n] : T (F) — T3 (F') has finite cokernel.
Let E/F be a finite Galois extension such that the I'p-action on X*(T}) factors through
Gal(E/F). Consider

M := Z[Gal(E/F)] @z X*(T\) = X*(Resg/r Gp) @z X*(T1),

equipped with I'gz-action only on the first factor via left translation. Then we have a ' p-
equivariant map M — X*(T1),[g] ® © — gz. Note that M is just the direct sum of
r = rk(X*(7T1)) many copies of Z[Gal(E/F)] = X*(Resg/r G;,). Hence we have a closed
F-embedding T} — L := Resg/p G},. By the snake lemma, in order to show that [n] :
T, (F) — T1(F) has finite cokernel, it suffices to show that [n] : L(F)/T1(F) — L(F)/Ty(F)
has finite kernel, and that [n] : L(F') — L(F') has finite cokernel. For the first statement,
we have L(F)/T1(F) C (L/T1)(F), and the latter is just a direct sum of copies of F*, so
clearly the n-th power map on that has finite kernel. For the second statement, it suffices
to show that the n-th power map on E* has finite cokernel. This is a basic property of
non-archimedean local fields. O

Remark 21.9. Over Q, we have a surjection of tori [2] : G,, = Gy, but the map [2] :
Q* — Q* has infinite cokernel. This does not happen for a non-archimedean local field.

Fact 21.10. Let ¢ : G — H be a map of linear algebraic groups over a non-archimedean local
field F. Then ¢(G(F)) C H(F) is closed with respect to the non-archimedean topology. If ¢
is surjective, then ¢(F') : G(F) — H(F') is an open map with respect to the non-archimedean
topology, and in particular ¢(G(F)) C H(F) is open (and hence closed).

Sketch of proof. To show the second statement, we know that ¢ : Gz — Hz induces a
surjection of F-vector spaces Lie Gz — Lie H by the surjectivity of ¢. It follows that ¢
induces a surjection of F-vector spaces Lie G — Lie H. By a suitable version of the inverse
function theorem, this implies that ¢(F') is an open map (cf. [PR94, p. 133, Prop. 3.2]).
The first statement follows from the second statement applied to the image of ¢, which is a
Zariski closed subgroup of H such that ¢ is a surjection from G to it. ]

Definition 21.11. A torus T over a field F' of characteristic zero is called anisotropic, if
X*(T)'r = 0.

Lemma 21.12. Let T be a torus over F. Then there is a maximal anisotropic sub-torus
B C T. Moreover, if A is the mazximal split sub-torus of T, then the multiplication map
A x B — T is surjective with finite kernel.

Proof. It B" C T is anisotropic, then the map X*(T) — X*(B’) is a surjection killing
X*(T)F'F. On the other hand, M = X*(T)/X*(T)"F is free and M'F = 0 (exercise, using
that the T p-action factors through a finite quotient). Therefore B exists and corresponds
to the quotient X*(T) — M.
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To show the second statement, it suffices to show that the map X*(T) — (X*(A) @ Q)&
(X*(B) ® Q) is an isomorphism. This follows immediately from the previous construction
of B, and Lemma 21.5. O

Example 21.13. Let T'= Resg/r Gy,. Then the maximal anisotropic sub-torus of T is the
norm-1 torus (Resg,p Gm)*.

Lemma 21.14. Let T be an anisotropic torus over a non-archimedean local field F'. Then
T(F) is compact.

Proof. As in the proof of Lemma 21.8, we have a closed F-embedding 7" < Resg,r G7,.
Since T is anisotropic, it must be contained in the maximal anisotropic subgroup of the
right hand side, namely the n-th power of the norm-1 torus. Hence it suffices to show that
{z € E* | Ng,px = 1} is compact, which is clear. O

Corollary 21.15. Let T be a torus over a non-archimedean local field F'. There is a finite-
index, closed (and hence open) subgroup of T(F) of the form A(F)B(F), where A C T s
the maximal split sub-torus, and B C T is the mazimal anisotropic sub-torus. Moreover
B(F) is compact.

Proof. Finite index follows from Lemma 21.8 and Lemma 21.12. Closedness follows from
Fact 21.10. Compactness of B(F') is Lemma 21.14. O

Proposition 21.16. Let G be a connected reductive group over a non-archimedean local
field F. The subgroup °G(F)Ag(F) C G(F) is normal and of finite index. The group
YG(F)N Zg(F) is compact. If Zg(F) is compact, then "G(F) = G(F).

Proof. Normality is clear. To show finite index, we have
G(F)/ °G(F)Aq = coker(Ag(F) — A(G)) < coker(Ag(F) — X.(G(F))).

Now the map Ag(F) — X.(G(F)) factors as Ag(F) — X.(Ag) — X.(G(F)), where the
first map is H4, and surjective by Lemma 20.8, and the second map is the natural map
which is injective and the image has finite index by Corollary 21.7. Hence G(F)/°G(F)Acq
is finite.

To show the second statement, first note that Z2(F) is of finite index in Zg(F) since the
quotient injects into (Zg/Z%)(F) which is finite. Also Z&(F) is closed in Zg(F) since it
is Zariski closed, and therefore also open. By Lemmas 21.8 and 21.14 applied to the torus
72, we know that Z2(F), and hence Zg(F), has a finite-index open subgroup of the form
Ag(F)B(F), with B(F) compact. It suffices to show that °G(F) N Ag(F)B(F) is compact.
Since "G(F) contains all compact subgroups of G(F), we have B(F) C °G(F). Hence it
suffices to show that "G (F)N Ag(F) is compact. This follows from Proposition 21.6 (2) and
Lemma 20.8.

We now show the third statement. If Zg(F') is compact, then Ag(F') is compact, and
hence Ag(F) C "G(F). Hence by the first statement, °G(F) is of finite index in G(F). This
implies that they are equal since the quotient G(F)/°G(F) = A(G) is torsion-free. O

22. INERTIA CLASSES OF REPRESENTATIONS

Let G be a connected reductive group over a non-archimedean local field F. Denote
by II(G) the set of isomorphism classes of smooth representations of G(F), and denote by
Irr(G) C TI(G) the set of isomorphism classes of irreducible smooth representations. In
general, given (m,V) € M(G(F)) and a one-dimensional w € M(G(F)), we have 1 @ w €
M(G(F)). Concretely, if we think of w as a smooth character G(F) — C*, then the
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representation 7 ® w is on the same vector space V', and the map G(F) — Aut(V) is given
by g — w(g) - m(g). Clearly a subspace of V is a sub-representation with respect to 7 if and
only if it is a sub-representation with respect to m ® w. Hence 7 is irreducible if and only if
7 ®w is irreducible. Also, when w is fixed, the isomorphism class of 7 and the isomorphism
class of 7 ® w determine each other. We conclude that the abelian group of all smooth
characters G(F') — C* acts on II(G), stabilizing Irr(G).

Recall that x(G) is the abelian group of characters w : G — C* killing "G(F), and each
such w is smooth. Thus we have a twisting action of x(G) on II(G) and Irr(G).

Proposition 22.1. For each w € Irr(Q), the stabilizer of m in x(G) is finite.

Proof. Recall that x(G) = Homgz(A(G),C*), where A(G) is the image of Hg : G(F) —
X.(G(F)). Moreover, we have a commutative diagram

Ag(F)—G(F)
e
A(Ag) = X.(4q) A(G)S X (G(F))
Identify Ag with G?,. Then the homomorphism Ha,, : Ag(F) — X.(A¢) is identified with
the map (F*)" — Z", (x1, -+ ,&n) — (vp(z1), -+ ,vp(zy)). Thus if we fix a uniformizer
@ € F, then Ha, has a section (which is a homomorphism) (k1,--- , ky) = (@1, @whn).

Denote the image of this section by C C Ag(F'). By Schur’s Lemma, C acts on 7 via a
character A : C' — C*. Now if w € x(G) stabilizes 7, then it must stabilize A. On the other
hand, w sends A to A 4+ §, where § is the image of w under the restriction map

x(G) = Homz(A(G),C*) — Homgz(A(Ag), C*) = Homg(C, C*).

We conclude that w must lie in the kernel of the above map, i.e., w is identified with a
character A(G)/A(Ag) — C*. By Corollary 21.7, A(G)/A(A¢) is finite, so there are only
finitely many choices of such w. |

We call each x(G)-orbit in II(G) an inertia class. The above shows that each inertia class
in Irr(G) is a principal homogeneous space under x(G)/A, where A is a finite subgroup of
X(G) (depending on the inertia class). Recall that x(G) has the canonical structure of a
complex torus, isomorphic to Spec C[A(G)]. We leave it as an exercise to show that x(G)/A
also has the canonical structure of a complex torus. Thus each inertia class in Irr(G) has
the canonical structure of a principal homogeneous space under a complex torus.

23. PARABOLIC AND LEVI SUBGROUPS

There is an inductive scheme of studying the representation theory of G(F'), for a con-
nected reductive group G over a non-archimedean local field F'. Namely, inside the F-
algebraic group G there are distinguished subgroups called parabolic subgroups and Levi
subgroups, the two classes being closely related to each other. The Levi subgroups are
connected reductive groups of smaller dimensions than G. We shall define a smooth rep-
resentation of G(F') to be supercuspidal if, roughly speaking, it does not “interact” with
representations of M (F') for proper Levi subgroups M of G. The representation theory
for G(F) is then divided into understanding the supercuspidal representations and under-
standing those representations that are constructed inductively from M (F') for proper Levi
subgroups M. In general, the construction and classification of supercuspidal representa-
tions is indeed difficult. Nevertheless, they enjoy nice structural properties. Most notably,
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by a theorem of Harish-Chandra, they are exactly those representations that are “almost
compact”, in the sense that the restrictions to YG(F) are compact.

We now discuss parabolic and Levi subgroups in general. Let G be a connected reductive
group over a field F'. In the following, by a subgroup of linear algebraic group over F we
always mean a (Zariski) closed F-subgroup variety.

Definition 23.1. By a parabolic subgroup of G, we mean a connected subgroup P C G such
that the homogeneous space G/ P (with the natural algebraic variety structure) is projective.

Fact 23.2. Let P C G be a parabolic subgroup. Then there exists a subgroup M C P such
that P = M x R, P. The choice of M is unique up to conjugation by elements of (R, P)(F).
Such M 1is called a Levi factor of P.

Remark 23.3. We have M = P/R, P, from which we know M is connected reductive.

It is customary to write Np or simply N for R, P, when P is fixed. We shall also write
simply P = M N to indicate that we have made the choice of a Levi factor M of P. The
decomposition P = M N is usually referred to as a Levi decomposition.

Example 23.4. In G = GL,, the parabolic subgroups are those subgroups that are G(F)-
conjugate to P, ... n,, where (ni,---,ng) is an ordered partition of n, and P,, ... », is
the group of invertible block upper triangular matrices with block sizes nq,--- ,ng on the
diagonal (counting from the left upper corner to the right lower corner). In P, . ,,, the
unipotent radical Ny, ... », is the subgroup with identities matrices on the block diagonal.
A choice of Levi factor is given by M, ... ,, consisting of invertible block diagonal matrices.

Definition 23.5. By a Levi subgroup of G, we mean a Levi factor of a parabolic subgroup
of G.

Fact 23.6. There is a inclusion-reversing bijection from the set of all Levi subgroups of G
to the set of all split tori inside G containing Ag, sending M to Ap;. The inverse map
sends A to the centralizer of A in G.

Fact 23.7. All maximal split tori in G (which automatically contain Ag) are conjugate to
each other under G(F). Equivalently, all minimal Levi subgroups of G are conjugate under
G(F).

Fact 23.8. All minimal parabolic subgroups of G are conjugate to each under G(F). If we
fiz a minimal parabolic subgroup Py, then every parabolic subgroup P of G is G(F')-conjugate
to a unique parabolic subgroup P’ containing Py. (The normalizer of P in G is P, so the
element of G(F) conjugating P to P’ is also unique up to multiplication by P(F).) If we
further fix a Levi decomposition Py = MyNy, then for every parabolic P containing Py, P
has a unique Levi factor containing M.

Definition 23.9. Fix a minimal parabolic subgroup and a Levi decomposition Py = MyNy.
Then parabolic subgroups of G containing Py are called standard. For a standard parabolic
P, the unique Levi factor of it containing My is called the standard Levi factor of P. A Levi
subgroup of G is called standard, if it is the standard Levi factor of a standard parabolic
subgroup.

It is clear from the above discussion that every parabolic subgroup (resp. Levi subgroup)
of G is G(F)-conjugate to a standard one. Moreover, we have a surjective map from the set
of standard parabolic subgroups to the set of standard Levi subgroups, sending P to the
standard Levi factor of P, i.e., the unique Levi factor of P containing My. This map is also
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injective. There is a combinatorial classification of all standard parabolic subgroups (hence
standard Levi subgroups) in terms of root systems. We will come back to this later when
needed.

However, we have the following subtlety: Every parabolic subgroup is G(F)-conjugate
to a unique standard one, but a Levi subgroup of G may be G(F')-conjugate to multiple
standard ones. In other words, there may exist two distinct standard parabolic subgroups
such that their standard Levi factors are G(F)-conjugate.

Definition 23.10. Two parabolic subgroups of G are called associated, if their Levi factors
are G(F)-conjugate.

By the above discussion, association is an equivalence relation between parabolic sub-
groups that is weaker than G(F')-conjugation.

Fact 23.11. Fiz a parabolic subgroup P C G and a Levi factor M. Then there is a unique
parabolic subgroup P C G, called the opposite of P (with respect to M), with the property
that PN P = M. In this case, LieG = Lie Np @ Lie M ® Lie N5. The adjoint representa-
tion of Apr on LieG (as an algebraic representation, by which we mean a homomorphism
from a linear algebraic group to the general linear group of a wvector space; in this case
Ay — GL(Lie G)) is trivial on Lie M and stabilizes Lie Np and Lie Np. Moreover, the
representations of on Lie Np and Lie Np decompose into one-dimensional representations
(just as any algebraic representation of a split torus)

LieNp= P X", LieNpg= fH  xIm@
()LER(A]M,NP) OLER(AZM,N[})

where R(Anr, Np), R(Anr, Np) are subsets of X*(An)—{0}, and X, is the one-dimensional
representation Ay — GL1 corresponding to a. Moreover, we have

R(An, Np) = —R(An, Np).

Definition 23.12. Elements of R(Apr, Np)UR(Apr, Np) are called roots, whereas elements
of R(Apr, Np) are called positive roots.

Example 23.13. Consider G = GL(V),dimV = n. The parabolic subgroups of G are
in bijection with filtrations of V', where a filtration means a string of subspaces 0 C V; C
-+ C Vi = V. The parabolic subgroup corresponding to a filtration is the stabilizer of that
filtration in G. Let P be a parabolic subgroup, corresponding to a filtration 0 C V4 C --- C
Vi = V. Then the set of Levi factors of P correspond to splittings of this filtration, i.e.,
choices of a complement of V; in V4 for all <. Given such a splitting, we obtain a gradation
of V: V=W ®&Wy---®Wy, where W; = V;/V;_;. The corresponding Levi factor of P is
GL(W7) x --- GL(W})) embedded in P C G in the obvious way. The Levi subgroups of G
are in bijection with gradations of V' up to permuting the indexing of the summands.

The choice of a minimal Levi subgroup is equivalent to the choice of a basis of V' up
to reordering and scaling its members. The choice of a minimal parabolic subgroup is
equivalent to the choice of a complete flag, i.e., a filtration 0 C V; C --- C V,, = V with
dim V; = i. The choice of a minimal parabolic Py together with the choice of a Levi factor
My, is equivalent to the choice of an ordered basis of V' up to scaling its members. Fix an
ordered basis compatible with Py and M in this sense. Then G is identified with GL,,,
and Py is the group of invertible upper triangular matrices, My is the group of invertible
diagonal matrices, and Ny = Np, is the group of upper triangular matrices with 1’s on the
diagonal.
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Standard parabolic subgroups (and hence Levi subgroups) are classified by ordered par-
titions of n. Given such a partition n = ny + - -+ + ng, the corresponding standard par-
abolic P = P, ... », is the group of invertible block upper triangular matrices of block
sizes ni,--- ,ng. The standard Levi M is the group of invertible block diagonal ma-
trices, and the unipotent radical of P is the group of block upper triangular matrices
with identity matrices on the block diagonal. The opposite parabolic P is the group
of invertible block lower triangular matrices, and its unipotent radical is the subgroup
with identity matrices on the block diagonal. We have M = GL,, x--- x GL and
Ay 2 GF  diag(z1 1y, 5 2kln,) = (21,00, 25)-

We can canonically identify Lie Np with the affine space of all block upper triangular
matrices with 0’s on the block diagonal. It has basis {F; ;} where (7,j) runs through the
positions in the n x n matrix strictly above the block diagonal, and E; ; is the elementary
matrix with 1 on the (i,j)-entry and 0 elsewhere. (E.g., P = P13 C GLg3, then Lie Np
has basis {E12, E13}.) Each Span(FE; ;) is an eigenspace for the action of Ay = Gk, and
the corresponding root is (21,---,2k) = 2Zu@)/zu(j), Where u(i) is such that ny + --- +
Nu(i)—1 <1 <Ny + -+ + Ny(y), and similarly for u(j). From this we see that R(Ay, Np) =
{(z1,-++ ,2k) = 2/2zj | 1 <i < j < k}. Similarly, we check that

R(AM,NIS) = —R(AM,NP) = {(Zl,~'- ,Zk) »—>zj/zi | 1 §Z<] Sk‘}

NK-»

Two standard parabolics are associated if and only if the corresponding partitions are
obtained from each other by re-ordering.

24. DECOMPOSITIONS INVOLVING COMPACT OPEN SUBGROUPS

Let G be a connected reductive group over a non-archimedean local field F'. Fix a minimal
parabolic and a Levi decomposition Py = My Ny, and we shall use this to talk about standard
parabolic subgroups and standard Levi subgroups.

Consider a standard parabolic P = M N with standard Levi factor M. Recall that
X.(Apn) = AMAy) — A(M) — X.(M(F)), and both inclusions have finite index. (E.g.,
G =GL,, M =GL,, x--- x GL,,,. Then A(M) = X,(M(F)), and the index of A(Ay) in
it is ny ---ng.) Thus we have a canonical identification X, (Ay) ®z R =2 X, (M(F)) ®z R,
and we denote them commonly by ap;. Inside the R-vector space a,s, we have a cone a&
defined by the inequalities (-, a) > 0, for all & € R(Apr, N). Let A}, be the inverse image of
this cone under Hy,, : Ay (F) — apr, and let MT be the inverse image of this cone under
Hyr : M(F) — apr. Similarly, we define AY;" and M+ using the interior a};" of the cone
ax/l, i.e., replacing the non-strict inequalities by the strict inequalities.

Explicitly, A}, (resp. Af;") is the set of a € Ap(F) such that all eigenvalues of a acting
on Lie N (which are in F) satisfy vg(-) > 0 (resp. > 0). However, the sets M+ and M++
are harder to describe in this manner.

Example 24.1. Consider P = P15 C G = GL3. Then Ay = G2, = {diag(z1, 22, 22) €
GL3} and M = GL; x GLg = {diag(g1, g2) € GL3 | g; € GL;}. We have

R(AM,NP) = {(21,2’2) — 21/22}.

Hence A}, = {(21,22) | vr(21) = vp(22)}, and M+ = {(g1,92) | vr(det g1) > Fvp(det g2)}.
Indeed, we can identify X, (Ays) with Z? such that the map Ha,, : Ay (F) — Z%is (F*)% 3
(v1,22) — (vr(21),vr(72)), and we can identify X,(M(F)) with Z? such that the map
Hyr e M(F) — Z2 is GL1(F) x GLa(F) > (g1,92) = (vr(det g1),vp(det g2)). But then the
map X, (Ap) = X.(M(F)) is not the identity map on Z?, but rather (a,b) — (a, 2b).
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The discussion below on compact open subgroups of G(F') belongs to the subject of
Bruhat-Tits theory, which has a vast literature. An entry point is [Tit79], with a more
recent update in [Yu09]. See also the very recently published book [KP23]. Our discussion
follows [Renl0, V.5].

Fact 24.2 (Iwasawa and Cartan decomposition). There exists a (mazximal) compact open
subgroup Ko C G(F) satisfying the following conditions:
(1) (Iwasawa decomposition.) We have G(F) = Py(F)Ky = KoPy(F).
(2) For each standard parabolic P = M N with standard Levi M, we have P(F)N Ky =
(M(F) N Ko)(N(F) N Ko).
(3) (Cartan decomposition.) We have

G(F)= |J KoK,
aeMF

Moreover, for a,b € My, we have KoaKo = KobKy if and only if a,b have the same
image under Hyy, © Mo(F) — A(Mo) C Xu(Mo(F)), i-e., a =b mod "Mo(F). In
particular, if for every A € A(Mp) N aLﬂ we fiz a lift X € My(F), then we have

GF) = [[ Kok
AeA(Mo)majg,o

Remark 24.3. We say that K is special and adapted to Mg, or to Apg,. (This notion
depends only on the choice of a minimal Levi subgroup My C G, not on Fy.)

Exercise 24.4. Let K be as above. Using the Iwasawa decomposition and the fact that all
minimal parabolic subgroups are G(F')-conjugate, show that G(F') = P}(F)Ky = KoPj(F)
for arbitrary minimal parabolic P} C G.

Remark 24.5. In the language of Bruhat-Tits theory, here Ky is the maximal compact
open subgroup associated with a special vertex in the apartment of A,;,. From the modern
point of view it is often more useful to replace Ky by the parahoric subgroup associated to
that vertex, which is a compact open subgroup of finite index in K. Then the Iwasawa and
Cartan decompositions still hold, but in the Cartan decomposition the condition for two
double cosets to be the same is more refined: Instead of a,b having the same image under
Hyy,, we require that they have the same image under the Kottwitz map M (F) — 71 (M),
which is a stronger condition.

Corollary 24.6. For any parabolic subgroup P C G, G(F)/P(F) with the quotient topology
(induced by the non-archimedean topology on G(F')) is compact.

Fact 24.7 (Iwahori decomposition). There ezists a neighborhood basis of 1 in G(F') con-
sisting of compact open subgroups K C G(F') satisfying the following properties:
(1) K is a normal subgroup of Ky in the previous fact. ~
(2) (Iwahori decomposition.) For each standard P = MN, let N be the unipotent radical
of the opposite parabolic. Then we have
K =KyKuKn,

where Ky = KN N(F),Ky = KN M(F),Ky = KN N(F). Moreover, for all
g € MT, we have gKnyg~' C Ky and g 'Kyg C Ky. Also Ky is normal in

Lect.34, Apr 21
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(3) Let m € M*+. Then m'Kxym™" — 1 for I — 400 and m'Kym~' — N(F) for
I — —oo. Similarly for Ky replaced by Kg, with 1 — 4+00” and 1 — —o0”
switched.

(4) More generally, for every e > 0, let M+ (€) be the set of m € MTT satisfying the
“c-strengthened” inequalities used to define M. That is, in the definition of the
cone at;t, we replace the inequalities (-, ) > 0 by (-,a) > €,Vao € R(Apr, Np). Then
for any open neighborhood U of 1 in N(F) and every compact subset V in N(F),
there exists (a very large) € such that for all m € MT*(¢), we have mKym~! Cc U
and m™1Kym D V.

Remark 24.8. Here is the heuristics of why m!(K N N(F))~™' — 1 as | — +o0, for m €
M™+. By definition, all eigenvalues A of the adjoint action of m on Lie Np satisfy vg(X) > 0,
ie., [A|lF < 1. Hence at the group level, the adjoint action of m on N(F') is “shrinking”
everything to 1.

Example 24.9. For G = GL,, and the standard choice of Py = MyNy, we can take Ko =
GL,,(OF), and take the K’s in the Iwahori decomposition to be the principal congruence
subgroups 1+ @w® M, (OF), k > 1, where @ is a uniformizer. The Cartan decomposition has
the explicit form

GL,(F)= [ GLn(Op)diag(=w",- - ,@*")GL,(OF),
ky>e >k,

where w is a uniformizer, and the disjoint union is over all n-tuples of non-increasing integers.

Exercise 24.10. Prove the three decompositions for GL,,, with the above choices of Ky, K.
(For the Cartan decomposition, use the Smith normal form of matrices in M,,(OF).)

Corollary 24.11. For any parabolic subgroup P C G, Np(F') is the union of an increasing
sequence of compact open subgroups.

25. PARABOLIC INDUCTION AND THE JACQUET MODULE

Let P be a subgroup of an abstract group G. Let (m, V) be a representation of P, i.e.,
V is a C-vector space (of arbitrary dimension) and 7 is a homomorphism P — Autc V.
We define a representation algIndIGgw of G, called the algebraic induction of m from P to G,
as follows. The underlying vector space is the space of all functions f : G — V satisfying
f(pg) =7(p)f(g) for all p € p,g € G. The action is given by right translation, i.e., for g € G
and f € alglndgw,

g-f:G—V, h+— f(hg).

This construction is functorial in 7 in the following way: If we have a P-linear map ¢ :
(m,V) = (7', V'), then we obtain a G-linear map Ind%(¢) : Ind% 7 — mdS 7/, f — ¢ o f.

Now let G be a connected reductive group over a non-archimedean local field F. Let
P C @ be a parabolic subgroup. In the following we write M(G) for M(G(F)) = the
category of smooth G(F)-representations, and similarly for subgroups of G. We define a
functor

md% : M(P) — M(G)
by sending m € M(P) to the smooth part of the G(F)-representation algIndIGDEg w. Thus
the underlying vector space of Indg 7 consists of functions f : G(F) — V such that f(pg) =

m(p)f(g) for all p € P(F),g € G(F) and such that f is right invariant by some compact
open subgroup of G(F') (which depends on f).
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Proposition 25.1. The functor Indg preserves admissibility, and is exact.

Proof. Let (w,V) € M(P), and let K C G(F) be a compact open subgroup. If f €
(Ind$ 7)%, then f is a right K-invariant function G(F) — V satisfying f(pg) = n(p)f(g)
for all p € P(F),g € G(F). Thus f is determined by f(g;) where {g;} C G(F) is a family
of representatives of P(F)\G(F)/K. By Corollary 24.6, P(F)\G(F)/K is finite, so we can
write {g;}7_,. Now for each i = 1,--- ,n, define K; := P(F)Ng;Kg; ', which is a compact
open subgroup of P(F). For pK;, we have

m(p) f(g:) = f(pgi) = f(9ig; ' pgi) = f(9:),

where the last equality is because g; 'pg; € K. Hence we have obtained an injective linear
map

(25.1) (ndEm)* — EPVE, fFr— (Fg)i
1=1

It is easy to see that this map is also bijective.

Now if (7, V) is admissible, then the RHS of (25.1) is finite dimensional, and so Ind$ =
is admissible since K in the above discussion is arbitrary.

We now show that Indg preserves is exact. Let 0 — V3 — Vo — V3 — 0 be a short
exact sequence in M(P). Fix a compact open subgroup K, and let {g;} be as above. It
suffices to show that 0 — (Ind§ V4)X — (Ind% V2)X — (Ind$ V)X — 0 is exact. Using
the isomorphism (25.1) for Vi, Vs, V3 respectively, we reduce to showing that for each i =
1,---,n, the sequence 0 — VlKi — Vot = Vg — 0 is exact. Only the surjectivity of
V2Ki — V3K is unclear. For this, use the averaging operator ms (e, ). ]

Proposition 25.2 (Frobenius reciprocity). The restriction functor Res$ : M(G) — M(P)
is left adjoint to Tnd%. That is, given (o,W) € M(G) and (m,V) € M(P), there is a
canonical bijection

® : Homp(p) (o, 7) — Homg () (0, Ind% )

which is functorial in o and w.

Proof. Given o € LHS, we define ®(«) € RHS as follows. For w € (o, W), define ®(«)(w) €
Ind$% 7 to be the function f : G(F) — V,g — a(gw). For p € P(F), we have f(pg) =
a(pgw) = p-a(gw) = p- f(g), where the second equality is because « is P(F’) linear. Hence
f indeed lies in alglndg 7. Moreover, since (o, W) is smooth, f is clearly right K-invariant

for some compact open subgroup K (as long as K fixes w). Hence f lies in Indg .

We now need to check that ®(«) is G(F)-linear. Thus let go € G. Then ®(«o)(gow) : g —
a(ggow) = f(g9g90) = (90 - f)(9)-

To define ®~1, let 3 € RHS. Define ®~1(8) : (o, W) — (m, V), w — B(w)(1). To check it
is P(F)-linear, let p € P(F). Then ®~'(8)(pw) = B(pw)(1) = (p- B(w))(1) = Bw)(1-p) =
B(w)(p-1) =p- [B(w)(1)].

We leave it as an exercise to show that ® and ®~! are indeed inverse maps, and that ®
is functorial in o, 7. |

Let P be a parabolic subgroup of G, and fix a Levi decomposition P = M N. We have
a functor M(M) — M(P) as follows: For each (m,V) € M(M), we extend the M(F)-
action on V trivially along N(F) to get a P(F)-action on V; equivalently, we identify
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M (F) as the quotient P(F)/N(F), and then pull-back the M (F')-representation to a P(F')-
representation. We then consider the composite functor

Ind§

By abuse of notation, we still denote this functor by Indg. This functor is called the
parabolic induction, and it obviously still preserves admissibility and exact sequences as in
Proposition 25.1 (since the functor M(M) — M(P) trivially has these properties).
Remark 25.3. One can also define Ind§; : M(M) — M(G) by taking the smooth part of
algIndff{p). This functor is different from Ind% : M(M) — M(G), and will never be con-
sidered in the sequel. For instance, for a compact open subgroup K of G(F), (Ind$, (triv))X
is the space of all functions M (F)\G(F)/K — C, and this is in general infinite dimensional.
Thus Indf/[ does not preserve admissibility.

In the reverse direction, we consider the following composite functor

.G
Resp

Iy : M(G) M(P) Y M),
where the first functor is restriction from G(F') to P(F'), and the second is taking N (F)-
coinvaiants. Let us explain the second functor: Let (V,7) € M(P). Then
V(N) :=span{m(n)v —v |n € N(F),v € V}

is a sub-representation, and so the coinvariant space

Vn :=V/V(N)
is naturally a smooth P(F)-representation. Moreover, this P(F)-representation factors
through the quotient P(F)/N(F) = M(F). We thus have the functor (-)y : M(P) —

M(M). We call Jy = (-)n o Res$ the Jacquet module functor. For m € M(G), the
representation Jy (7w) € M(M) is called the Jacquet module of m with respect to P = MN.

Proposition 25.4. The functor Jy : M(G) — M(M) is left adjoint to Ind% : M(M) —
M(G).

Proof. Let 0 € M(G),m € M(M). By Proposition 25.2, we have

Homp(py (o, ) = Homg(p) (o, Ind% 7).

Here on the two sides 7 is viewed as in M(P). But since by definition N(F') acts trivially
on 7, the LHS is canonically identified with Hom;(p)(on,7) = Homp () (Jn(0), 7). O

Lemma 25.5. Let (V, ) be a smooth representation of N(F'), and as before let V(N) =
span{r(n)v —v | n € N(F),v € V}. Then V(N) = |Jg kerm(ex), where K runs over
compact open subgroups of N(F).

Proof. We use the fact that N(F') is the union of an increasing sequence of compact open
subgroups, as in Corollary 24.11. Let v € V(N). Then v = Y.._ nwv; — v; for n; €
N(F),v; € W. Find a compact open subgroup K C N(F) such that all n; are in K. Then
m(ex)n;v; = m(ex)v;, and hence m(ex)v = 0. Conversely, let v € V such that 7w(ex)v =0
for some compact open subgroup K C N(F). Recall that m(ex)v is the average over the
finite K-orbit of v. Say the K-orbit of v is {kyv,--- ,k.v}. Then ) . kv = 0, and hence

v = - Z(kzw —v) € V(N).

r -
i=1
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Proposition 25.6. The functor Jy : M(G) = M(M) is ezact.

Proof. In general, taking co-invariants is right exact, so we only need to check that Jy
preserves injections. Thus for V' € M(G) and a sub-representation W C V, we need
WNV(N)=W(N). This follows immediately from Lemma 25.5. O

26. NORMALIZATION AND TRANSITIVITY

Let P = MN be a parabolic subgroup of G. Let dp : P(F) — Rso be the modulus
character on P(F).

Fact 26.1. The character dp factors through P(F)/N(F) = M(F). Moreover, for m €
M(F), §p(m) = |det(Ad(m) | Lie N)|'. Here |- | is the canonical normalization of the
absolute value on F'.

If for 7 € M(M) we denote by 7’ its image in M(P), then (7 ® 6;1/2)’ = 6;1/2.

Here on the LHS §p is viewed as a character on M (F). In the following we write both of

1/2

them simply as 7 ® 0" °. We define the normalized parabolic induction functor to be

iG M(M) — M(G), 7 Ind$(r®dp"?).
Similarly, we define the normalized Jacquet module functor to be
rS: M(G) — M(M), 7 Jy(r) @ 64>

Corollary 26.2. The functor r$§ is left adjoint to i%. Both are ezact, and i% preserves
admissible representations.

The following is the main motivation for introducing i% in place of Indg.

Fact 26.3. The functor i% is compatible with taking contragredient (i.e., i%(7V) = (i%m)V),

and it preserves unitary representations.

Remark 26.4. We explain the rough idea for compatibility with contragredient; the perse-
verance of unitarity is similar. Let us try and define a pairing between Ind% 7 and Ind% (")
in order to identify the latter with the contragredient of the former. If f € Indgw and
f' € Ind$(xY), then we obtain a function F : G — C,g — (f(g), f'(g)). This function is
left P(F)-invariant. We would like to define (f, f') to be the “integration of F' over the
compact set P(F)\G(F)”. However, there is not a well-behaved right G(F')-invariant func-
tional “fP(F)\G(F)” that takes a smooth function P(F)\G(F) — C to a complex number.
The problem is precisely that G(F') is unimodular while P(F) is not. Instead, we have such
a right G(F')-invariant integral if the integrand is a function F' : G(F') — C that is not
left P(F)-invariant but rather satisfies F(pg) = 05" (p)F(g) for p € P(F),g € G(F). Now
if we take f € iG7 and f' € i§(7"), then the function F(g) = (f(g), f'(g)) does satisfy

F(pg) = 05" (p)F(9)-

Fact 26.5 (Transitivity). Let P = MN,Q = LU be standard parabolic subgroups of G with
standard Levi decompositions. Suppose that P C Q. Then M C L and N D U. Moreover,
PN L is a parabolic subgroup of L and M is a Levi factor of it. We have i§ = zg oik .,
and r§ =1k po rg.
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27. SUPERCUSPIDAL REPRESENTATIONS

Definition 27.1. We call (7, V) € M(G) supercuspidal, if for all proper parabolic subgroups
P C G, we have Vi, = 0.

Remark 27.2. Clearly this is equivalent to the condition that for any standard proper
parabolic P = M N, we have r}% = 0, or equivalently, Jym = 0. By adjunction, this is
equivalent to the condition that for all ¢ € M(M), we have Homg(r)(m,i%0) = 0, and
equivalently for Indg in place of iIGD. Thus 7 is supercuspidal if and only if there is no

non-zero G(F')-map from = into any properly parabolically induced representations.

Theorem 27.3 (Harish-Chandra). Let (7, V) € M(G). The following statements are equiv-
alent.
(1) (m,V) is supercuspidal.
(2) The restriction of (m,V) to °G(F) C G(F) is a compact representation.
(3) Fuvery matriz coefficient of (m,V') is compactly supported modulo Zg(F'). That is,
the support has compact image in G(F)/Zq(F).

Remark 27.4. If Zg(F) is compact, then °G(F) = G(F) by Proposition 21.16. Thus in
this case supercuspidal representations are the same as compact representations. The reason
that we do not want to make this assumption in our theory is that even if we do so, the
proper Levi subgroups M of G (if they exist) will no longer satisfy this assumption, because
Ay is non-trivial.

Proof. Since °G(F) is open in G(F), a vector in V* is smooth with respect to the G(F)-
action if and only if it is smooth with respect to the °G(F)-action. Hence the set of matrix
coefficients for 7log(py is obtained by restricting the matrix coefficients for = to °G(F).
Hence the equivalence of (2) and (3) would follow if we show that a smooth function G(F) —
C is compactly supported modulo Z¢ (F) if and only if its restriction to °G(F) is compactly
supported. The “only if” direction is true because ker(°G(F) — G(F)/Za(F)) = Zg(F) N
YG(F) is compact (Proposition 21.16). The “if” direction is true because Zg(F) °G(F) has
finite index in G(F') (Proposition 21.16).

“(2) = (1)7. Let P = MN be a standard proper parabolic, and we show that Vy = 0.
Let v € V. We need to show that v € V(N).

Let K be a compact open subgroup of G(F) satisfying Fact 24.7 and fixing v. For any
compact subgroup L of G(F'), we write v(L) : V' — V for the map sending a vector to the
average of the (finite) L-orbit of that vector. (If L is open, then (L) is just w(er).) By
Lemma 25.5, in order to show that v € V(N) it suffices to find a compact open subgroup
U C N(F') such that y(U)v = 0.

We claim that °G(F) N A} # 0. Indeed, let s € Af;". Then any positive power of
s still lies in A};", while one of them satisfies Hg(s") € A(Ag) C A(G), since A(Ag) is
of finite index in A(G). Pick a € Ag(F) such that Hg(a) = Ha.(a) = Hg(s™). Then
t:=a"1s" € °G(F) N AL

Let t € °G(F) N A};". The set {Ha,,(t") | n > 1} is unbounded in ap;. The map Hay,,
is continuous (with respect to the real vector space topology on ays), so {t" | n > 1} is not
contained in any compact subset of A/ (F). But 7T|0G( F) 18 a compact representation, so
the map °G(F) — V,g — 7(ex)n(g)v is compactly supported. (Recall that K C °G(F).)
Therefore there exists n > 1 such that m(ex)m(t")v = 0. In particular m(es—ngsn)v = 0.
Now

K = (8K ) (Kt (K gt),
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where t " Knt" t " Ky t",t " K yt" are compact open subgroups of N(F), M(F), N(F)
respectively. By Exercise 27.6 below, we have

0=m(ef-ngyn)v =7t "Kt")o =yt " Knt" )yt " Kpt" )yt T K 5t" ).

Now t "Kyt" C Ky C K (because Ad(t~1) is “shrinking” on N(F)) and ¢t "Kpt" =
Ky C K because t is central in M(F). Hence both vy(t " Kpt") and v(t~ " Kxt") fix v.
Therefore

~(t " Knt")v = 0.

But ¢t~ K nt" is a compact open subgroup of N(F'), so we are done.

“(1) = (2)”. Suppose (2) is false. Then there exist v € V and A € VV such that
the function ¢ : °G(F) — C, g — (\,7(g)v) is not compactly supported on °G(F)."* Let
{m;}i>1 and P = MN be as in Lemma 27.5, applied to the support of ¢. Since ¢ is bi-
invariant under a compact open subgroup K’ of G(F) (as long as K’ fixes v and ), and
since we may assume that K’ is normal and of finite index in K, we can find r,s € K
such that up to extracting a sub-sequence we have ¢(rm;s) # 0 for all i. Replacing v, A by
sv,r =\, we then have ¢(m;) # 0 for all i. We now find a sufficiently small compact open
subgroup K C G(F) which fixes v and A and satisfies Fact 24.7.

Since Vy = 0, by Lemma 25.5 there is a compact open subgroup U C N(F) satisfying
y(U)v = 0. For sufficiently large i, we have m; 'Kym; D U by Fact 24.7 (4), so we have
y(m; ' Kym;)v = 0. In particular, v(Ky)7(m;)v = 0. But X is fixed by K and in particular
fixed by K, so we have

0 # ¢(mi) = (A, w(mi)v) = A, (En)m(mi)v) =0,

a contradiction. O

Lemma 27.5. Let C be a non-compact closed subset of °G(F). Let Ko be as in Fact 24.2.
Then there is a standard parabolic P = MN and a sequence {m;};>1 in MTT N°G(F)
such that m; € MYV (e;) for a sequence ¢; € Rsq tending to +oo (see Fact 24.7 (4) for the
notation) and such that C meets Kom; Ko for all i.

Proof. Let Py = MyNy be the fixed minimal parabolic with M, the fixed Levi factor. We
use the Cartan decomposition

G(F) = U KomK.
mEMJr

Note that since Ko C °G(F), a double coset KomKj as above is a subset of YG(F) if and
only if m € M N°G(F), if and only if KomKyN°G(F) # 0.

Since C'is non-compact and closed, it is not contained in any compact set, and so it meets
Kom;Ky for a sequence {m;};>1 C My N°G(F) such that {m;} is not contained in any
compact subset of G(F). Since A(Ayy,) is of finite index in A(Mp), up to extracting a sub-
sequence we may assume that all m; are of the form mga; for some fixed mg € Mj N°G(F)
and for a; € Ay, (F) N°G(F). We now use without proof the fact that

(27.1) [ () ker(a: A, = Gp)]” = A
OCER(AN[O,N())

L3This function is g— ¢v7)\(g_1) where ¢, » is the matrix coefficient associated with v, A.
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Here []° denotes taking the identity connected component under the Zariski topology. In
particular, the kernel of the map

D oA (F)NOG(F) — (F*)@FAu:No)
OZER(A]\JO,NO)

contains Ag(F) N YG(F) with finite index, and is therefore compact by Proposition 21.16.
Since {a;};>1 is not contained in any compact set, there exists o« € R(Ang,, No) such that
{a(a;)}i>1 does not lie in a compact subset of F'*. We have a (split) short exact sequence

1= 0F > F* 25750

with Of compact. Hence vp(a(a;)) takes infinitely many different values. But they are
bounded from below (as moa; € MO+ ). Hence up to extracting a sub-sequence, we may
assume that vp(a(a;)) = +00. Now R(Aps,, No) has a minimal subset A, called the set of
simple roots, with the property that all elements of R(Ayy,, No) are sums of elements of A.
We may assume that o € A. Then by the classification of standard parabolic subgroups,
there exists a (maximal proper) standard parabolic subgroup P = M N such that R(Ays, N)
consists of only positive multiples of «|4,,. Then up to extracting a sub-sequence, we have
m; € MTT NOG(F) and m; € M+ (¢;) for all i > 1. 0

Exercise 27.6. In general, for arbitrary two compact subgroups Ly, Lo of G(F) such that
Lo normalizes Ly, we have a compact subgroup LiLy = LoL; of G(F) and we have

YL1Ly = YLy ©YLy = VL1 © YLy
Exercise 27.7. Prove (27.1) for G = GL,,.
Exercise 27.8. For G = GL,, and the standard choices of Py, My, we have Ay, = My = the

diagonal torus, R(Ang, No) = {ev; | 1 <i < j < n} where o ;(diag(z1,--- ,2n)) = 2/2j.
Moreover A = {aq,2, 23, + , ®n—1,,}, and the standard parabolic corresponding to a; ;11
is Pi,n—i~

Lemma 27.9. The functor r§ : M(G) — M(M) sends a finitely generated representation

to a finitely generated representation.

Proof. Let (m,V) € M(G) be generated by vy, ,v,. Let K C G(F) be a compact open
subgroup fixing all v;. Let ¢1,---,gx € G(F) be representatives of P(F)\G(F)/K (which
is finite). Then as a P(F)-representation, (m, V') is generated by {g,v;}. O

Proposition 27.10. Let (7,V) € M(G) be irreducible. Then there is a standard parabolic
P = MN such that the following are satisfied:

(1) r$7 # 0 and is supercuspidal.

(2) There exists an irreducible supercuspidal o € M(M) such that 7 is a sub-representation

of i%o.

Proof. By transitivity of the Jacquet module functor, we can find P = M N satisfying (1)
by taking P to be minimal such that r&r # 0. (If 7 is supercuspidal, then we take P = G.)
By Lemma 27.9, rgw is finitely generated, so it admits an irreducible quotient o. By the
(right) exactness of the Jacquet module functor, o is also supercuspidal. By adjunction,

Homg(p)(w,igo) &~ HomM(F)(rgw,o) #0.

Since 7 is irreducible, this means that 7 is a sub-representation of iIGDU. |

Lect.38, May 1
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Remark 27.11. The second statement says that all irreducible representations “can be
built” from supercuspidal representations of Levi subgroups.

28. RESULTS ON ADMISSIBILITY
Theorem 28.1. Let (w,V) € M(G) be irreducible. Then it is admissible.

Proof. By Proposition 27.10, we may assume that m = igo for an irreducible supercuspidal
(o,W) € M(M). Since i% preserves admissibility, it suffices to show that o is admissible.
Since every compact open subgroup of M (F) is contained in "M (F). It suffices to show that
o is admissible as a "M (F)-representation. We write o’ for oo M(F)- We already know that
o’ is compact, and recall that any finitely generated compact representation is admissible.
It remains to show that ¢’ is finitely generated. Let vg € W — {0}. Then o is generated by
v as a M (F)-representation. Moreover, since ¢ is irreducible, by Schur’s lemma, Zy,(F)
acts on o by a character x : Zy(F) — C*. By Proposition 21.16, Zy(F) °M(F) is
normal and of finite index in M (F'), so we can fix representatives g1,---,g, € M(F) of
(Zy(F) °M(F))\M(F). Every v € W is a C-linear combination of M (F)-translates of v,

SO
T s t
v= Z Z Z Cijkzilgivo = Z ¢i,j ke X(25)higivo
i=1 j=1 k=1
for ¢;j, € C,z; € Zy(F),hi;, € °M(F). Thus v is a C-linear combination of M (F)-
translates of g1vo, - - , grvo. Hence the ° M (F)-representation o’ is finitely generated. I

Our next goal is to prove the following stronger result:

Theorem 28.2 (Uniform admissibility, Bernstein). Fiz a compact open subgroup K C
G(F). Then there exists a constant N such that for every irreducible (w,V) € M(G) we
have dim V¥ < N.

We need some preparation. Let Ky be as in Fact 24.2, and K be as in Fact 24.7.

Proposition 28.3. We have a decomposition
H(G(F))x = H(Ko)k - D - C - H(Ko)k,

where D is a finite dimensional C-vector subspace, and C' is a finitely generated commutative
C-algebra. Here the decomposition means that every element of H(G(F))k can be written
as zyzw with x,w € H(Ko)k,y € D,z € C. Moreover, the number of generators of C
as a C-algebra is bounded from the above by the number of generators of X.(Ap,)" =
X (Ap) N uLO as a monoid.**

If Ay, = My, then D = C. In general, D accounts for the possible failure of the existence
of a group-theoretic section of My(F) — A(My). We will sketch a proof of Proposition 28.3
later. We also need the following fact, whose proof is found in [BZ76, Lem. 4.10] or [Ren10,
CI.

Fact 28.4 (Bernstein—Zelevinsky). Any commutative subalgebra of Myxr(C) generated by

. . 1—1
I elements has dimension < k2=2 .

14The fact that X. (Ap)T is indeed finitely generated as a monoid follows from Gordan’s lemma: Let
A, , Mg € Homg(Z™,Z). Then the monoid {z € Z™ | \;z > 0,Vi} is finitely generated. (The statement
is equivalent if we allow A; € Homgz(Z™,Q), but it becomes false if we allow A; : Z™ — R to take irrational
values.)
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Proof of Theorem 28.2. Recall that VE is a simple unital #(G) g-module. Let k = dim V¥,
which is finite by Theorem 28.1. By Burnside’s theorem, for every algebraically closed field
C, every unital C-algebra R, and every simple R-module M that is finite dimensional over
C, the map R — Endc(M),r + r - (-) is surjective. Hence 7 : H(G)x — Endc(VE) is
surjective. Without loss of generality, we may assume that K is as in Fact 24.7. Then we
can apply Proposition 28.3. Clearly H(Ky)k is finite dimensional (of dimension [Kj : K]).
Hence
k? = dim7(H(G) k) < ddim7(C)

for a constant d = [K( : K]?>dim D > 0. By Fact 28.4, if [ is the number of generators of C,
then

k'2 < dk27217l
from which
k<d .
O
Exercise 28.5. For GL,,, we have X.(An,)" = {(a1, -+ ,an) € Z" | a1 > -+ > a,}.
This monoid has generators (1,0,---,0),(1,1,0,---,0),---,(1,---,1),(=1,---,—1). Also

Apr, = My. Hence in the above proof we can take d = [Ky : K%, and | = n + 1. Thus for
K as in Fact 24.7 and for irreducible (m, V) € M(G) we have

2n+1

dim V¥ < [Ky : K]
We now discuss the proof of Proposition 28.3. For each g € G(F), let
ag =ag Kk =¢€x *x0g*xex = e * (I(9)ex) € H(G(F))k.

If we fix a left Haar distribution on G and identify H(G(F)) with the K-bi-invariant functions
in C°(@G), then
ag = vol(KgK) 1 yx.

Hence H(G(F))x has a C-basis {a,} where g runs over a set of representatives of K\G(F)/K.
The key to the proof of Proposition 28.3 is the following lemma, which will also be needed
later independently.

Lemma 28.6. For gi,g2 € M, we have ag, a4, = ag,g,-
Proof. We claim that for any (m, V) € M(G), we have
m(ex)m(g1)m(ex)m(ex)m(g2)m(ex) = m(ex)m(g1)m(g2)m(ek ).

The lemma then follows since we can take (,V) to be H(G(F)) itself. Similar to the proof
of Theorem 27.3, we compute (omitting the subscript 0 in My, Ny, No):

LHS = n(ex)m(g91)y(KEn)Y(Kn)v(EKx)m(g2)7(ek)
= m(ex )V Engr V(g Kngr )m(9192)7(95 ' Kxg2)7(ek).

Now glKNgf1 C Ky C K and glKMgfl =Ky C K, so W(eK)'y(glKNgfl)v(glKMgfl) =
m(ex). Also g5 ' Kygs C Ky C K, s0 v(g5 'Kyga)m(ex) = m(ex). O

Sketch of proof of Proposition 28.5. For simplicity, assume that Ay, = M. We fix a group
theoretic section of Ha,, : An,(F) — X.(An,) (which exists since this map is isomorphic
to (F*)" — Z",(x;) — (vr(z;))), and in the following we use this section to identify
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X.(Ap,) with a subgroup of Ay, (F). Write X for X, (A, )", identified with a subgroup
of ALO. Under our simplifying assumption, the Cartan decomposition is of the form

G(F)= ] KorKo.

AEXT

Fix {\1,--+, A} to be a set of generators of the monoid X*. By the Cartan decomposition,
any g € G(F) is of the form ky AT - - - Al'rkg for k1, ko € Ko and ny,- -+ ,n, € N. Write h for
ATt - AL Then in C; °(G(F)) we have

Qg = ek * O, % Op * O, k€ = (€ * Ok, ¥ g ) % (€ %0 * € ) * (€ * Opy ¥ €Kc) = Gy * Ap, * Ay,

where the second equality follows from the fact that ki, ko normalize K (from which eg *
Ok, = Ok, * ex). We have ag, € H(Ko)k. Define D = C, and define C to be the linear span
of ay for A € XT. Then aj, € C, so by the above we get the decomposition

H(G(F))xk = H(Ko)k - C - H(Ko)k-

By Lemma 28.6, we have aymipme = ag\f -~-a§: € C, from which C is a commutative
algebra generated by ay,. (|

Remark 28.7. In general, if there exists a group theoretic section of Hyy, : Mo(F) —
A(My), then our proof of Proposition 28.3 immediately generalizes and gives rise to the
following variant of Proposition 28.3: We have

H(G(F))k = H(Ko)k - C - H(Ko)k,

where C' is a finitely generated commutative sub-algebra, and the number of generators is
bounded by the number of generators of the monoid A(My)™* := A(My) ﬂaﬂo. It is expected
by experts that such a group theoretic section always exists, but it seems that a complete
proof has not appeared in the literature.

Corollary 28.8. Fiz a compact open subgroup K C G(F). There is a compact subset
Q C °G(F) such that for every irreducible supercuspidal representation (7,V) € M(G) and
every K-bi-invariant matriz coefficient ¢ for w, we have supp(¢) N G(F) C Q.

Sketch of proof. For simplicity assume that Zg = 1 (in particular G(F) = °G(F)) and
assume that Ap;, = Mp. For the proof in the general case see [Renl0, V.5.3]. Without
loss of generality, we may assume that K is as in Fact 24.7. We use the notation in the
proof of Proposition 28.3, and as in that proof we identify X+ with a subgroup of ALO. In
particular, the Cartan decomposition is of the form

G(F) = H Ko\K.
AeX+

If ¢ is a K-bi-invariant matrix coefficient for (7, V'), then the function ¢(g~!) is of the form
g — (A m(g)v) = (A, m(ay)v) for v e VE X e (VV)E. Hence we only need to show that for
every irreducible supercuspidal (7, V'), the map G(F) — Endc(V), g — m(ay) is supported
on some compact ) which is independent of (7, V).

We claim that there is a constant integer N > 1 independent of (, V') such that for every
non-trivial A € X+ we have 7(ay)" = 0.

Assuming the claim, we finish the proof as follows. Pick a set of generators {Ay, -, A}
of the monoid X+ with each \; non-trivial, and take €2 to be the union of KoA* - - A" K
over ny, -+ ,ny € {0,1,---, N}. To see that this works, let g ¢ Q. Then g = k1 A" -+ AXl'mko
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with n1,--- ,n, > 0 and some n; > N, and with ki, ks € Ky. Since Ky normalizes K, and
by Lemma 28.6, we have

m(ag) = mw(ex)m(k)w(AL" - - A )w(ke)m(er) = w(k)m(er)m(Ar" - Al )w(ex ) (ka)
(k) (ayp o) (ke) = w(k)m(ax, )" - - m(ax, )" w(ks).

This is zero because m(ay;)"™ = 0.

To prove the claim, note that 7m(a))* = 7m(ayx) by Lemma 28.6. When k — o0,
\F e ALO leaves any given compact set because its image in Xt C apy,, namely k- A,
gets arbitrarily far away from the origin. Therefore, by the fact that m is supercuspidal
(= compact), and by the definition of compact representations, for every v € V we have
7(ax)*v = m(ayr)v = 0 for sufficiently large k (in a way that a priori depends on (7, V) and
v). But 7(ay) is determined by its restriction to V¥ and the latter has dimension bounded
by some N which is independent of (m, V') by Theorem 28.2. Hence m(ay)" = 0. O

29. THE SUPERCUSPIDAL PART OF THE CATEGORY OF SMOOTH REPRESENTATIONS

Proposition 29.1. Let m € M(G) be irreducible. Write o for wlogpy € M(°G(F)). The
following statements hold.

(1) mo is a direct sum of finitely many irreducible representations of °G(F), and their
isomorphism classes form precisely one G(F)-orbit. (There may be multiplicities
in the irreducible decomposition of mg.) Here G(F) acts on the set of isomorphism
classes of representations of °G(F) by its conjugation action on °G(F).

(2) Let n’' € M(G) be another irreducible representation. The following statements are
equivalent:

(a) mo X m.
(b) 727’ ®w for some w € x(G) = Hom(G/ G (F),C*), i.e., ® and 7' lie in the
same inertia class.

(C) Homog(p)(’ﬂ'o,’fré) 7& 0

Proof. Part (1) is an easy consequence of the fact that °G(F)Zg(F) is of finite index in
G(F), and the fact that Zg(F) acts on 7 by a character by Schur’s lemma. We leave the
proof as an exercise. For (2), the implications (b) = (a) = (c¢) are trivial. We show (¢) =
(b). By (1) and Schur’s lemma, the space H = HomoG( 7)(mo, ) is finite dimensional. The
group G( ) acts on it by g- f = 7'(g) o f ow(g~"). This action factors through the abelian
group A(G ) G(F)/°G(F), and therefore there is a common eigenvector f € H. That is,

7(g)fr'(g71) = w(g)f for some w € x(G). But then f is an isomorphism 7’ @ w — 7. [

Exercise 29.2. Prove part (1).

Definition 29.3. Let Irr,. be the set of isomorphism classes of irreducible supercuspi-
dal representations 7 € M(G). Let Irr?, be the set of isomorphism classes of irreducible
representations of YG(F) which appear in Tlog(ry for some 7 € Irrge.

We know that every element of Irr?, is (the isomorphism class of) an irreducible compact
representation. The converse is also true, but we will not need it.

Corollary 29.4. Fiz a compact open subgroup K C G(F). There are only finitely many
x(G)-orbits of ™ € Irr,. such that © # 0. There are only finitely many elements o € Irrgc
such that o™ # 0.
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Proof. The two statements are equivalent to each other in view of Proposition 29.1. For each
o € Trr?, satisfying o€ # 0, we can take a K-bi-invariant matrix coefficient for ¢ (because
(oY) = (¢5)* #£ 0), and for varying o these functions on °G(F') are linearly independent of
each other by Exercise 15.17. However, all these functions are K-bi-invariant and supported
on a common compact subset  C® G(F) which depends only on K, by Corollary 28.8. The
space of all K-bi-invariant functions on {2 is finite dimensional. Hence there are only finitely
many elements o of Irr’_ such that ¢ # 0. O

Theorem 29.5. We have
M(OG(F))E( D M(OG(F»U)@M(OG(F»W

0
o’EIrrSc

where M(°G(F)), is the full subcategory consisting of representations which are direct sums
of copies of o, and M(°G(F))nsc is the full subcategory of representations none of whose
subquotients are in Irrgc.

Proof. Since Irrgc is a subset of the set of isomorphism classes of irreducible compact rep-
resentations of °G(F), we only need to check that Trr?, satisfies condition (FC) and then
apply Theorem 14.6. By Corollary 29.4, Irr?_ satisfies condition (FC). O

By Theorem 29.5 and some more work, we obtain the following;:

Theorem 29.6. We have

M(G) = M(G)se ® M(G)ing = ( M(G)m) ® M(G)ina.

[m]€lrrse /Xx(G)
Here M(G)sc (resp. M(G)ina, resp. M(G)(x)) is the full subcategory consisting of objects all
of whose irreducible subquotients are supercuspidal (resp. not supercuspidal, resp. members

of [r])-

Let 7 € Irr,e. Next we state without proof a structure theorem for the category M(G)z.
Fix an irreducible °G(F) sub-representation (o, W) of Tlog(ry, and let II be the compact
induction of o from °G(F) to G(F). That is, consider the space of functions f : G(F) — W
satisfying f(hg) = o(h)f(g) for all h € °G(F),g € G(F), and such that f is compactly
supported modulo °G(F) (meaning that the support of f has finite image in A(G)). Equip
this space with a G(F')-action by right translation. Then define II to be the smooth part of
this G(F)-representation.

Theorem 29.7. The functor from M(G)x to the category of right unital modules of the
ring Endg(p)(I), sending V' to Homgpy(I1, V'), is an equivalence. In particular, the center
of the category M(G)x) is identified with the center of the ring Endg(p)(IT).

After more work, one obtains a geometric description of the center of M(G), as fol-
lows. Recall that the inertia class [r] = x(G) - 7 is a principal homogeneous space under
X(G)/ Stab,(x(G)), which is a complex torus. In particular, the set [x] has a canonical
structure of (the complex points of) a complex affine algebraic variety. Let O([r]) denote
the ring of regular functions on this variety.

Theorem 29.8. The center of the category M(G)(y is canonically identified with O([x]).

More precisely, let f € O([x]) and 7" € [r]. Clearly 7" is an (irreducible) object of M(G)(z)-
The endomorphism of @' € induced by f is the scalar f(x') € C.
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30. THE BERNSTEIN DECOMPOSITION THEOREM

Definition 30.1. By a cuspidal datum for G, we mean a pair (M, o) where M is a Levi
subgroup of G (not necessarily standard) and o is an irreducible supercuspidal representation
of M(F). Two such pairs (M,0),(M’,0’) are called associated, if there exists g € G(F)
such that gMg=' = M’, and the isomorphism Int(g) : M(F) — M'(F) takes o to o’
Write £2(G) for the set of cuspidal data modulo association.

Theorem 30.2. Let (M,0),(M’,c") be cuspidal data. Let P, P’ be parabolic subgroups of
G having M and M’ as Levi factors, respectively. Let # = iG%o and 7' = ig:a’. Then 7 and
7' are of finite length, and the Jordan—Hélder factors of m (counting multiplicities) depend

only on (M, o), not on P. Moreover, the following are equivalent:
(1) (M,0) and (M',0") are associated.
(2) HOPHGF)(7T ') #0.
(3) m and 7" have the same Jordan—Holder factors (counting multiplicities).
(4) 7 and " have at least one Jordan—Hdlder factor in common.
We thus have a well defined map CS : Irr(G) — Q(G) sending 7 to (M, o) such that = is
a subquotient of i%o for some P having M as a Levi factor. (Here CS stands for “cuspidal
support”.)
We now introduce an equivalence relation on the set of cuspidal data, which is coarser
than association. It is the equivalence relation generated by association, and the requirement
that (M,o) ~ (M,o ® w) for all cuspidal data (M,o) and all w € x(M). Write #(G) for

the set of cuspidal data modulo this equivalence relation. We thus have a natural map
QG) — B(G). Write IS for the composition Irr(G) 5, QG) — B(G), standing for

“inertia support”.

Theorem 30.3. We have
= P M@
s€AB(G)
where M(G)s is the full subcategory consisting of representations such that each irreducible
subquotient 7 satisfies IS(m) = s.

Remark 30.4. If s is represented by a cuspidal datum of the form (G, 7), then

s={(G,n) | 7" €[] = x(G) - 7},
and M(G)s is the same as M(G)[5 as in Theorem 29.6.

Let s € B(G), and let (M, o) be a representative of s. With significantly more work,
we have the following structure theorem for M(G)s, generalizing Theorem 29.7. Fix an
irreducible sub-representation 7 of oo M(F), and let 3 be the compact induction of 7 from
YM(F) to M(F). Let P C G be a parabolic subgroup having M as a Levi factor.

Theorem 30.5. The functor from M(G)s to the category of right unital modules of the
ring Endg(r) (i8%), sending V to Homg(r) (iG%,V), is an equivalence. In particular, the
center of M(G)s 1is identified with the center of the ring EndG(F)(igZ).

We also have a geometric description of the center generalizing Theorem 29.8. We state
this result. The inverse image Q(G)s of s in Q(G) is the quotient of [o] = x(M) - o by
the action of the stabilizer of [o] in the finite group W§i := Ng ) (M (F))/M(F). Here
W§; acts on Irr(M) via the conjugation action of Ng(py(M(F)) on M(F). In general, if
v € Autp(M), then v permutes X*(M(F)) and hence ~ stabilizes M (F). Therefore ~y
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permutes x(M) by an automorphism of the torus x(M) (induced by the automorphism of
the free abelian group A(M) induced by 7). Thus if we pick a base point ¢ in an inertia
class [o], then v stabilizes [o] if and only if v(0) = ¢ ® wy for some wy € x(M), and in
that case (0 @ w) = 0 ® (wp - y(w)) for all w € x(M). From this we see that v acts on
[0] via an algebraic variety automorphism of [o]. Thus Q(G)s is the quotient of the affine
algebraic variety [o] by a finite subgroup of the automorphism group of the algebraic variety
[0]. As such Q(G)s obtains the structure of an affine algebraic variety. One checks that this
structure is independent of all choices.

Theorem 30.6. The center of M(G)s is identified with the ring of regular functions on
Q(G)s. Let f be such a function and let w be an irreducible object of M(G)s. Then the
endomorphism of  induced by f is the scalar f(CS(m)).

Corollary 30.7. The category M(G)s is indecomposable, i.e., not a direct sum of two
sub-categories.

Proof. The center of this category has no idempotents, since the variety Q(G)s is connected.
If M(G)(r were decomposable, then the projection to a direct summand defines an idem-
potent in its center. (|

31. ILLUSTRATION OF THE GEOMETRIC LEMMA

Finally, we say a few words on the proof of Theorem 30.2. The key is to understand,
when given two parabolic subgroups with Levi decompositions P = M N and @Q = LU (none
assumed to be standard), and given o an irreducible supercuspidal representation of M (F),
the structure of Tgiga as an L(F)-representation. To this end we have the following result.
By general theory, there is a set W@ C G(F) of representatives for P(F)\G(F)/Q(F)
such that for each w € WF, M Nw - Q is a parabolic subgroup of M with Levi factor
M Nw- L and unipotent radical M Nw-U, and LNw~!- P is a parabolic subgroup of L with
Levi factor L Nw™! - M and unipotent radical LNw™ - N. (Here w- (---) and w™t - (--+)
denote the conjugation action.)

Theorem 31.1 (Geometric lemma). The L(F)-representation rgiga has a filtration, whose
associated graded pieces are

-L * M
‘Lnw-1.p W © TMmu.Q(U)a

where w* runs through W@ and w* denotes the functor M(MNw-L) = M(LNw™!- M)
induced by the isomorphism of groups LNw™'- M —~ M Nw- L given by conjugation by w.

We illustrate the theorem in the case where G = GLo, P = @Q = the group of upper
triangular invertible matrices, and M = L = the diagonal torus. Then W5 = {1,w =
<(1) é)}, and the automorphism w : M — M is diag(a,b) — diag(b,a). An irreducible
supercuspidal representation of M (F) is just a one dimensional representation diag(a, b) —
x1(a)x2(b), where x1, x2 are smooth characters F* — C*. We denote this representation
by 0y, .x.- The functor w* sends oy, v, t0 0y, y,- Thus the theorem says that r3i%o,, ,
has a filtration with graded pieces

Ox1,x25 Ox2,x1-
We now prove this in the special case where x; = | - |7/2,xo = | - |1/2, so that 0y, ,, =
5113/2. Then G0y, y, = Ind% triv, and this is the space of smooth functions on P(F)\G(F)
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equipped with the G(F)-action by right translation. The right N(F)-action on P(F)\G(F)

has two orbits, represented by ((1) ?) and (1) é) . In fact, P(F)\G(F) = P}(F), and

the two orbits can be identified with A'(F) and {co}. Up to suitably choosing coordinates,
the action of N(F) on A'(F) is given by
1 =z

N(F)%Fa( .

) AN F)=F — A F)=F, yr—a+ty.

We have an exact sequence
0 — CX(AY(F)) = C(PH(F)) = C({oc}) — 0.
Taking N (F)-coinvariants, we get
0 = C(ANE)) nry = INISOy 1y — triv — 0.
The space C° (A (F)) n(p) is identified with V := C2°(N(F)) n(r). Clearly V is 1-dimensional
and generated by 1 for any compact open subgroup K C N(F). If we fix a Haar distribu-
tion p on N(F), then the dual space of V has a basis [ : V — C, f — (i, f). The action of
M(F) on V is given as follows: For t = diag(a,b) € M(F), it acts on V by f + foAd(t™1),
where Ad(t71) is the automorphism of N given by conjugation by t~1. Thus t : V — V
maps lg to 15,1, which is equal to [tKt~! : K]lx in V. (Here, for two compact open
subgroups K1, Ky of N(F), we write [K; : Kp| for [K7 : K1 N Ks][Ks @ K1 N K]™t) We
have
(Kt K] = |a/b| = 65" (t).

We conclude that the M (F)-representation V is isomorphic to 6;1.

In conclusion, Jyi%oy, y, has a filtration with graded pieces 6;1 and triv. Twisting by
5113/2, we see that rgigath has a filtration with graded pieces 5;1/2 and 6113/2, that is,
Ox1,x2 and Oxa,x1°
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