INTRODUCTION TO THE LANGLANDS-KOTTWITZ METHOD

YIHANG ZHU

1. INTRODUCTION

This chapter is a survey of Kottwitz’s two papers [Kot92] and [Kot90]. The first step towards under-
standing the (étale) cohomology of Shimura varieties is to study the trace of a Hecke operator away from p
composed with a power of the Frobenius at p, where p is a prime of good reduction. In the paper [Kot92],
Kottwitz obtains a formula for this trace, for PEL Shimura varieties (which are assumed to be compact
and not of type D). Kottwitz’s formula involves orbital integrals away from p and twisted orbital integrals
at p. We shall refer to it as the unstabilized Langlands—Kottwitz formula. The shape of this formula is
reminiscent of another formula, which stems from automorphic representation theory rather than Shimura
varieties, namely the elliptic part of the Arthur—Selberg trace formula. In fact, the main idea of the so-
called Langlands—Kottwitz method is that the Langlands—Kottwitz formula could be compared with the
Arthur—Selberg trace formula, and the comparison should eventually reflect the reciprocity between Galois
representations and automorphic representations.

However, apart from very special situations, the unstabilized Langlands—Kottwitz formula is not directly
comparable with the Arthur—Selberg trace formula. One has to stabilize both the formulas in order to com-
pare them. Recall from [Harll] that the elliptic part of the Arthur—Selberg trace formula can be stabilized,
in the sense that it can be rewritten in terms of stable orbital integrals on the endoscopic groups. In a similar
sense, the unstabilized Langlands—Kottwitz formula could also be stabilized, and this is the main result of
the paper [Kot90]. The stabilization procedure for the Langlands—Kottwitz formula in [Kot90] is analogous
to the stabilization procedure for the elliptic part of the Arthur—Selberg trace formula, to which Kottwitz
also made major contributions (see [Kot84] [Kot86], and also the exposition in [Harll]). At the same time
there are also important differences between the two stabilization procedures, which mainly happen at the
places p and oo.

After the stabilization, the Langlands—Kottwitz formula is expressed in terms of the elliptic parts of the
stable Arthur—Selberg trace formulas for the endoscopic groups. See Theorem for the precise statement.
In the special case of unitary Shimura varieties, the stabilized formula is stated in [CHLII, (4.3.5)], which
is among the main inputs to the chapter [CHL11]. The present chapter, to some extent, could be viewed as
an extended explanation of the formula [CHL11l (4.3.5)].

In our exposition of the unstabilized Langlands—Kottwitz formula, we shall specialize to the case of unitary
PEL Shimura varieties. More precisely, we only consider the unitary similitude group of a global Hermitian
space over a field, as opposed to over a more general division algebra. This is already enough for the chapter
[CHL11], and our main purpose for restricting to this special case is to gain some concreteness and to
simplify certain proofs. We hope that nothing essential in the general PEL case is lost. Our exposition of
the stabilization procedure is, however, for a general Shimura datum, under some simplifying assumptions
of a group theoretic nature.

In the paper [Kot90], Kottwitz assumes several hypotheses in local harmonic analysis, including the
Fundamental Lemma for Endoscopy, the Fundamental Lemma for Unstable Base Change, and the Langlands—
Shelstad Transfer Conjecture. These hypotheses are all proved theorems now, and we shall point out the
references when they are invoked in the argument.

Here is the organization of this chapter. In §2] we describe the problem. In §3]- §5] we discuss the
unstabilized Langlands—Kottwitz formula in [Kot92]. In §6|we discuss the stabilization procedure in [Kot90].
In §7] we make some brief remarks on developments following Kottwitz’s work.
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2. DESCRIPTION OF THE PROBLEM

2.1. The unitary PEL and Shimura data. We follow the setting of [CHL1I] but work slightly more
generally. Let F' be a totally real field and let K/F be a totally imaginary quadratic extensionﬂ Denote
by ¢ the nontrivial element in Gal(XC/F). Let (V,[-,-]) be a non-degenerate Hermitian space for IC/F, i.e.,
V is a finite dimensional K-vector space and [-, ] is a c-sesquilinear form satisfying [z, y] = c([y, z]) for all
z,y € V. We assume that (V,[-,]) is anisotropic, which means [z, x] # 0 for all x € V — {0}. For instance,
the Hermitian spaces V; and V5 considered in [CHL11) §3] are both anisotropic.

Fix an element € € K such that c(e) = —e. We define

(2.1.1) () := Tricyq(el-, )
Then (-, -) is a Q-bilinear Q-valued non-degenerate alternating form on V. It satisfies
(az,y) = (z,c(a)y), Yo,y € V,a € K.

It can be easily checked that [-,-] is in turn uniquely determined by (-, -), via .

Finally we choose h : C — Endg i (V ®gR) to be an R-algebra morphism such that (h(z)z,y) = (x, h(2)y)
for all z,y € V ®g R and such that the symmetric bilinear form (z,y) — (z, h(i)y) on V ®g R is positive
definite. Then in the terminology of [GN| Definition 3.4.1], the datum

(B =K, %= C,V,<'7'>7h)

is a rational PE-structure. Our datum is in fact a special case of the unitary PEL data (in a broader sense)
considered in [Nic], and of course they are all special cases of the PEL data considered in [GN], following
[Kot92].

We write C for the algebra Endy (V) and write * for the involution on C' given by the alternating form

(-,+), characterized by
(cz,y) = (x,c*y), Ve, y € V,c e C.

The reductive group G over Q associated to the above data as in |[GN| §3.5] and [Roz, §1.1] is the same
as the unitary similitude group GU(V, [, ]) defined in [CHL11] §1.1]. By definition, for any Q-algebra R, we
have

G(R) = {g € GLc(V ®@q R)|Fw(g) € R* Va,y €V, [g,g9y] = v(g)[z,y]}
= {9 € GLc(V ®q R)|[Fv(g) € R* Vz,y €V, (gz,g9y) = v(9){z.y) }
={9€(CogR)*[Fv(g) € R*,g"g=v(9)}.
Moreover, the factors of similitude v(g) in the above three descriptions are the same, and we have a Q-
morphism v : G — G,,.

Let E be the reflex field of the PE-structure (see [GN|, §34])E| The R-algebra morphism £ induces a
homomorphism between R-algebraic groups

S = ReSC/R Gm — GR,
which we still denote by h. Let X be the G(R)-conjugacy class of
'S — Gg.
LOur K plays the same role as the simple Q-algebra B in [Kot92]. In [Kot92], the center of B is denoted by F', which for us is
of course still B = K. Note our different usage of the notation F'.

2This notation is not to be confused with the imaginary quadratic field E in [CHLII].
2



Then (G, X) is a Shimura datum whose reflex field is EE|

Remark 2.1.1. We record two important facts about the reductive group G, which are easy to check and
simplify the theory greatly.
(1) The derived subgroup G is simply connected.

(2) The center Zg satisfies the condition that its maximal R-split subtorus is Q-split. (This subtorus is
Gm.)

The following lemma also plays an important role in [Kot92]:

Lemma 2.1.2 ([Kot92, Lemma 7.1]). Let Q be any algebraically closed field of characteristic zero. Then
two elements in G(Q) are conjugate if and only if they have the same image under v and their images in
GLi(V ®g @) = GLdime v (Q) X GLaimy v (Q) are conjugate. 0

We next fix p-integral data as in [Roz, §1.2]. Let p be a rational prime that is unramified in K. We need
to choose a Z(p)—order Op in B and a Z,-lattice A in Vo, such that A is stable under Op and self-dual under
(-,-). We take Op := Ok @ Z,), and fix the choice of A.

Of course the existence of A is a non-trivial assumption on the prime p, and in particular implies that
Gq, is unramified. More precisely, as in [Roz], the choice of A determines a reductive model G over Z, of
G, and a hyperspecial subgroup K, := G(Z,) of G(Q,).

2.2. The integral models. Fix a prime p of E above p. Given the above data, we obtain a smooth quasi-
projective scheme Sk» over O (,) for each small enough compact open subgroup K” of G (Afc). (In fact, the
choice of A is not needed for the construction of Sk».) Roughly speaking, Sk» parametrizes Z,)-polarized
projective abelian schemes with an action of Op respecting the determinant condition, equipped with KP-
level structure, up to prime-to-p isogeny. This is the topic of [Roz]. Moreover, our assumption that (V, [-,-])
is anisotropic implies that G is anisotropic modulo center, which further implies that Sgk» is projective over
Og,(p)- See the Introduction of this volume for a general discussion of the issue of projectivity of the integral
models. In the following, all compact open subgroups K? of G(AI;) that appear are understood to be small
enough.

When KP varies, we obtain a natural tower @ P Skr,p with finite étale transition maps. The group
G(A%) acts on the tower by acting on the level structures in the moduli problem. Thus for any g € G(A%)
and any compact open subgroups K7, K3 C G(A%) satisfying g~'K7g C K3, we have a finite étale morphism

[9] = ['Q]Kf,l{g :Sgr — Skr.
These morphisms are called the Hecke operators. In particular the transition maps in the tower 1£n P Skr.E
are the Hecke operators [-1]g» gz .
For any reductive group H over Q, denote by kerl(Q, H) the pointed set
ker(H' (Q, H) — H*(A, H)).
Recall from [Rozl, §7] that the generic fiber of the tower 1&1 v Skr, i, as a tower of schemes over E, is identified

with the disjoint union of ’kerl((@, G)‘ copies of the tower m, Shgrk, (G, X) of canonical models for the
Shimura datum (G, X) = (G, h_l)ﬂ The reader is referred to [GN] or [Mil05] for the theory of canonical
models. This identification is equivariant with respect to the G (A?)-actions on both sides. On C-points, the
Hecke operator
[-9] : Shgrk, (C) — Shirg, (C)
where g, K¥, K are as above, is the map
GQ\X x G(Af)/KTKp) — GQN(X x G(Af)/KFK)
(z,h) — (x,hg).

3To be more precise, when G(R) is compact modulo center, which is possible in our setting, the pair (G, X) would violate the
axiom [Del79, (2.1.1.3)] for a Shimura datum. However for our purpose this does not matter too much. One may actually use
the PEL datum and the associated moduli problem to replace the theory of Shimura varieties in such a case.
4When G(R) is compact modulo center, the pair (G, X) is not a Shimura datum, and we understand Shkr i, (G, X) simply as
the (zero-dimensional) locally symmetric space G(Q)\(X x G(Ay)/KPKp). See footnote
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See [Nic] for more discussion on the C-points of unitary Shimura varieties and Hecke operators between
them.

Remark 2.2.1. There are different conventions in the literature on the notion of canonical models, and they
are related by replacing h by h~!. Our convention here, which is the same as that in [CHLII], follows
[Kot92]. Note that there is a mistake in [Kot90] which switches h and h~!, see the remark at the end of
[Kot92], cf. also [CHLI11 §3].

2.3. M-adic automorphic sheaves. Fix a finite dimensional representation £ of G(C). It descends to an
algebraic representation over a number field L(§). Let A be a place of L() coprime to p. Let £ := A g. Then
¢ induces a M-adic representation of G(Qy). Using the action of G(Q¢) C G(A") on the tower fm,  Skr, we
obtain a A-adic automorphic sheaf on the tower. More precisely, we obtain the following datum:

(1) For each K? (small enough), we have a A-adic sheal Fg» on Sk».

(2) For each Hecke operator [-g] : Skr — Skr, where K, Kj are as in (1) and g € G(A}) is such
that g7'K?g C KL, we have a canonical identification 7 : [~g]*32K§ = ﬁKf, satisfying certain
compatibility conditions.

For more details of the construction see [Kot92l §6], cf. also [Pin92al, §5.1], [HTO01, §I11.2], [Car86l §2.1], in
which the constructions can be easily adapted to the G (A’})-tower of integral models here.

Remark 2.3.1. In order to construct Fk» for a fixed KP, it is crucial that the sub-tower @1 Ko ke K Sk
over Sk» has Galois group KP, or equivalently, that for any open normal subgroup K’ of K? the Galois
covering Sk» — Skr has Galois group K?/K'P. This is indeed guaranteed by property (2) in Remark
when KP? is small enough. This point is not emphasized explicitly in [Kot92], but in fact all the PEL
Shimura data of types A and C treated in [Kot92] satisfy property (2) in Remark (This holds even

more generally for all Hodge-type Shimura data, but may fail for abelian-type Shimura data.)

2.4. The goal. Let F; = F),» be the residue field of I at p. Fix a small enough compact open subgroup
K? C G(A}]’c). Let the symbol k£ denote either Fq or E. Consider the M\-adic cohomology groups

H;;,KT’ = H*(SK:DJC, 9}{1)).

Of course H% ., is the direct sum of |ker1 (Q, G)| copies of the analogous cohomology group of Shr i, (G, X)%-
The G(AIJZ) action on the tower l'&nK,p’K/pcKp Sk endows Hj, x, with the structure of a module over the
Hecke algebra

Hir = H(G(A})//K", L(€))
consisting of L(§)-valued KP-biinvariant locally constant compactly supported functions on G(A’}). See

below for a more precise description of the Hecke action Moreover Gal(E/E) (respectively Gal(F,/F,))
acts on H*E v (Tespectively H%q, x») Dy transport of structure, and this action commutes with the action of
Hiw. _
Since Sk» is proper smooth over Op (), we know that the Gal(£/E)-action on H*E,Kp is unramified at
p, and we have a canonical isomorphism
HE oo 2 Hy 1o

as (Hxr» x Gal(F,/F,))-modules.
The main goal of this chapter is to understand the Euler characteristic

TG, 7)== 3 _(=1) Te(®] x f7, H )

= )T X fEY ) € L)

where

e &, is the geometric ¢-Frobenius in Gal(F,/F,)

5Strictly speaking one also needs to choose a Haar measure on G(A?) to pin down the action of Hxpr. We always choose the
one giving volume 1 to KP.
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o fp,oo € Hir
e j € N is large enough.

Without loss of generality, we may assume fP*>° is the characteristic function of K?g~1KP for some g €
G(A%), as such functions span Hr. We write T(j, g) for T(j, f7°°) in this case.

2.5. Applying the Lefschetz—Verdier trace formula. We shall apply the Lefschetz—Verdier trace for-
mula (or rather its simplified version conjectured by Deligne) to compute T'(j, g). Denote

P ._ P D1
Ky :=KPNngKPg .
Consider the cohomological correspondence

u(j,g) : [ () Freo 2 [ Frr —> Fr — [-g]" Ficr

n n—1t
supported on the geometric correspondence
(2.5.1) Skr, |
a:=[-g] c:\dﬂo[.l]Kngp
SKP,FQ SKP,?Q
Here ® denotes the g-Frobenius endomorphism of the variety S, 7 , and we have used the natural isomor-
. a
phism Fg» = (P7)* Fgp in the above definition of u(j,g). We have an induced endomorphism (4, g). on
Hg . See [Pin92b, §1] for more details on this formalism
qs
By definition, when j = 0, the endomorphism u(j, g). gives the action of f»> = lgp,-1x» € Hge on
H: .
7, KP

Lemma 2.5.1. T'(j,g) is equal to the Fuler characteristic
Tru(jg)e = 3 (-1) T (uj.0) B, ,,)
of u(j, 9)«
Proof. This follows from the definition of the H j»-module structure on H*(F,, K?) mentioned above, and

the compatibility between the geometric Frobenius ®, € Gal(F,/F,) and the Frobenius endomorphism @ of
Si» 7. acting on A-adic cohomology. O

To compute Tru(j, g)«, let Fix(j,g) denote the (geometric) fixed points of (2.5.1)), namely
Fix(j,g) = {o' € Sy (F,) : ala!) = (@)}

By general consideration (see [Pin92bl Lemma 7.1.2]) we know that Fix(j,¢) is finite if j is large enough.
Recall that the general Lefschetz—Verdier trace formula asserts:

Tru(j, )« = Y, LTa,
z'€Fix(j,9)

where LT, are abstractly defined local terms and are in general difficult to compute. According to a
conjecture of Deligne, when j is large enough, we have a similar formula:

(2.5.2) Tru(jg). = LI,
z’ €Fix(7,9)

where LTzfm’e are the so-called naive local terms, which are much easier to compute. Deligne’s conjecture
has been proved by Pink [Pin92b] in special cases (which already suffices for us) and by Fujiwara [Fuj97] in
general (cf.also [Var05]). It is this version (2.5.2) of the Lefschetz—Verdier trace formula that we shall use.

6Note that in [Pin92b] a would be denoted by a right arrow and ¢ would be denoted by a left arrow.
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naive
ml

In our case, for ' € Fix(j,¢) and x := a(z’), the naive local term L is given by the trace on the

stalk .Zk» 5 of the endomorphism

Frers 2 (¢ Fn e LD (a* Fin)y = Frera.

See [Kot92, §16] and [Pin92b, §1.5]. This turns out to be quite easy to understand once we have a good
parametrization of Fix(j, g). Hence the main problem is to understand Fix(j, g), or to “count its points”.

Ezample 2.5.2. When g = 1, we have Fix(j,g) = Sg»r(Fy).

2.6. The strategy for understanding Fix(j, g). Recall from [Roz, §3.1] or [Kot92, §5] that the F,-points
on Sg» correspond to isomorphism classes in the Z,)-linear category ¢z , where
q
e the objects in 45 are quadruples
q
(A, ¢,7)
where (A, ), 1) is a Zpy-polarized abelian variety over F, with an action of O = O ® Zp) satistying
the compatibility between c and the Rosati involution for A, and satisfying the determinant condition
with respect to h, and 7 is a KP-level structure.
e the morphisms from (A, A, ¢,7) to (A1, A1, ¢1,71) are the elements of Hom (A, B) ®z%Z, that preserve
the additional structures (where we only require the polarizations to be preserved up to a scalar).
To compare with [Rozl §3.1], the groupoid Fx»(F,) in that chapter is obtained by considering all objects in
%% and only isomorphisms between them.
a .
~Write ¢/ as p". For a moment we suppose g = 1. Then by Example 2.5.20 we know that an object
(A, N\ ,7) € %ﬁq represents a point in Fix(j, ¢) if and only if (A4, A,¢,7) is “defined over F,n” in a suitable
sense. In this case, by forgetting 7 we obtain a triple (4, ), t), which should be “defined over Fp»” in a
suitable sense. - B
Now let g be general. If (A, A, ¢, 7) represents a point in Fix (7, g), we can still equip (A, A, ¢) with a “virtual
Fpn-structure”. (The precise definition is to be given later.) We will define a Q-linear category ¥, i poi Of
such triples (4, A, ¢) equipped with a virtual F,n-structure. Thus we get a well-defined map f from Fix(j, g)
to the set .# of isomorphism classes in ¥, k poi. In order to understand Fix(j, g), it suffices to understand
the subset im(f) of ., and to study the fibers of f.
We carry out the strategy outlined above in §3] - §5] arriving at the unstabilized Langlands-Kottwitz
formula for T'(j, g) in Theorem

3. HONDA-TATE THEORY FOR VIRTUAL ABELIAN VARIETIES
3.1. Virtual abelian varieties with a polarizable condition.

Definition 3.1.1. Let n € N and let o be the arithmetic p-Frobenius. Let ,Q{E be the category of abelian
varieties over Fp. Define the Z,)-linear category ¥,7 of virtual abelian varieties over Fpn up to prime-to-p
isogeny as follows:
e the objects are pairs A = (fl,u), where A is an object of .;zfﬁp ® Zpy and u is an isomorphism
o"(A) - Ain JAVFP ® Zpy- Here 0™ (A) denotes the base change of A along the map 0" : F, — ).
e the morphisms from (Aj,u1) to (Ag,uz) are morphisms f : A3 — As in ‘Q{E, ® Zpy such that
fur = u20™(f).

For A = (A,u) € ¥, define its Frobenius endomorphism

A € End%p ®ZL(p) (A) = End(A) X Z(p)

to be the composition of the p”-Frobenius homomorphism A — ¢™(A) with u. In particular, Endy»(A) is

the centralizer of m4 in End(A) ® Z,).

Definition 3.1.2. Let ¥;, be the isogeny category ¥? @z, Q. For A,B € 7,, we write End(A4)q and
Hom(A, B)g for the Q-vector spaces Endy, (A) and Homy, (A, B) respectively. Denote by Q[mr4] the Q-
subalgebra of End(A)g generated by 4.



Definition 3.1.3. Let ¢ € Q and A € ¥,. By a c-polarization of A, we mean a Q-polarization A of A such
that 7% A = cA. This only exists when ¢ > 0. If there exists a c-polarization of A we say A is c-polarizable.
Let 77, ¢ be the full subcategory of #;, consisting of c-polarizable objects.

Remark 3.1.4. Let A be an abelian variety over F,». Then A defines an object of 7, by taking A to be Aﬁp

and u to be the canonical isomorphism. For such A, a p™-polarization is the same as a polarization A — AV
defined over [Fpn.

Definition 3.1.5. Let ¢ € Qs0. By a c-number we mean an element 7 € Q whose images under all
embeddings Q — Q,, have non-negative valuations and whose images under all embeddings Q — C have

absolute value ¢!/2.

Ezxample 3.1.6. Suppose ¢ = p”. Recall that a Weil p™-number is by definition an algebraic integer all of
whose complex embeddings have absolute value p*/2. Hence a p"-number 7 in the sense of Definition
is a Weil p™-number if and only if 7 is a unit at all places of Q(7) coprime to p. (To check this equivalence,
use the product formula.) For example, let p = 7. Then 7(1 + 2i)/(1 — 2i) is a 72-number but not a Weil
72-number.

In the following theorem we summarize results about ¥, . proved in [Kot92, §10]. The theorem can be
viewed as a generalization of Honda-Tate theory, and its proof also heavily relies on the latter.

Theorem 3.1.7 (Kottwitz). For c € Q, the category ¥, . is nonempty only if ¢ > 0 and vy(c) = n. Assume
this is the case. Then ¥, . is a semi-simple abelian category with all objects having finite length. For any
simple object A of V.., the Q-algebra End(A)q is a division algebra with center Q[ma] (which is a field). The
Hasse invariant of End(A)q at all places of Q[ma] are given by explicit formulas, see [Kot92, Lemma 10.11].
The image of w4 under any embedding Q[ra] — Q is a c-number. Moreover A — ma induces a bijection
from the set of isomorphism classes of simple objects in ¥y, . to the set of Galois orbits of c-numbers. ]

3.2. The endomorphism structure.

Definition 3.2.1. Let ¥, . x be the category whose objects are pairs (A4, ¢) with A € 7, . and ¢ a Q-algebra
map K — End(A4)g, and whose morphisms are morphisms in ¥;, . that are compatible with the K-actions.
In the following we also use the simpler notations Endx (4, ¢)q or Endx(A)q to denote Endy,, . (4,¢).

As shown in [Kot92, Lemmas 3.2, 3.3], we can formally deduce the structure of ¥#;, . x from that of ¥, .,
and obtain the following corollary.

Corollary 3.2.2 ([Kot92, Lemma 10.13]). Let ¢ € Q such that ¢ > 0 and v,(c) = n. Then ¥, .k is a
semi-simple abelian category with all objects having finite length. Fiz an embedding K — Q. The simple
objects of Vy,.c.xc are classified by c-numbers in Q up to conjugacy over K.

Sketch of proof. We only give the definition of the simple object X, in ¥, . x (up to isomorphism) corre-
sponding to a c-number m, in terms of the classification in Theorem Let A, be the simple object in
Yn,e corresponding to 7 as in Theorem Choose a Q-vector space isomorphism K =2 Q¢. Then the
action of K on itself by multiplication gives an embedding K < M4(Q). Consider A, ®q K := A%9 € 7, ..
Define ¢ to be the composition

K s My(Q) 22EUe by (End(Ay)g) = End(A, ©g K)q.

Then X is given by (Ar ®q K, ¢). O
Remark 3.2.3. With the notation in the above proof, we have
End;g(Xﬂ)Q =K ®qg End(AW)Q.

4. KOTTWITZ TRIPLES

4.1. The notion of a Kottwitz triple and its Kottwitz invariant. Denote I' := Gal(Q/Q), and T, :=
Gal(Q,/Q,) for all places v of Q. For each v we choose an embedding @ — Q,, and correspondingly
we have an embedding ', — I'. For each n € N, denote W,, := W(F,») (the ring of Witt vectors) and

L, :=W,[1/p] = Frac(W,,). Denote W := W(F,) and L := W{[1/p] = Frac(W).
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Definition 4.1.1. Let n € N. An F,.-Kottwitz triple is a triple (0,7, ), where 7o is a stable conjugacy
class of semi-simple R-elliptic elements in G(Q), 7 is a conjugacy class in G(A?), and ¢ is a o-conjugacy
class in G(L,,), satisfying the following conditions:

(1) ~o is stably conjugate to ~.

(2) 7o (viewed as an element of G(Q,)) is an n-th norm of 4, i.e., 7o is conjugate to 5o () ---o™1(d) in
G(Q,). Here recall that the n-th norm of § is well-defined as a stable conjugacy class in G(Qy). See
[Kot82] for more details.

(3) Let B(Ggq,) be the set of o-conjugacy classes in G(L). We require that the image of ¢ under the
Kottwitz map B(Gg,) — X*(Z(G)r) is equal to —puy1, where pq is the natural image in X*(Z(G)'»)
of the Hodge cocharacter uy : G,, — G¢ associated to h : S — GRD See [Kot89] for fundamental
facts about B(Ggq,) and the definition of the Kottwitz map, and see [Kot90, §2] for how pj has a

natural image in X*(Z(G)").
Remark 4.1.2. Note that vy (up to stable conjugacy) is uniquely determined by .

Remark 4.1.3. In general, if G is a reductive group Q that has a Shimura datum, then Ggr has elliptic
maximal tori. For such G, the two notions of ellipticity over R for semi-simple elements of G(R) (p. 392 of
[Kot86]) are equivalent. For a semi-simple element vy € G(Q), we say it is R-elliptic if vo € G(R) is elliptic
over R.

Definition 4.1.4 (cf. [Kot86], [Harlll §4]). Let 7o € G(Q) be a semi-simple elliptic element. Let Iy := G.,.
Define £(70/Q) = £(Io/Q) to be the finite abelian group consisting of elements in mo((Z(Ilp)/Z(G))') =
(Z(1y)/Z(G))" whose images in H' (I, Z(QG)) are locally trivial.

In [Kot90, §2], Kottwitz attaches an element a(vg,7,d) € &(70/Q)P (where the superscript D denotes
the Pontryagin dual) to each F,~-Kottwitz triple (vo,7,d). The construction also depends on the Shimura
datum. We call a(vo,7,9) the Kottwitz invariant of (yo,7,d). We will sketch its construction below. Of
course, now we view 7o as an element of G(Q) on the nose as opposed to a stable conjugacy class, so that
the group Iy := G, is defined. When ~, varies in the stable conjugacy class, the groups R(vo/Q) are
canonically identified with each other and the elements a(7,7,d) are compatible with respect to the these
identifications.

We now sketch the construction of a(vg,7,d). As recalled in [Harlll §3], at each finite place v # p the
difference between the v-component of v and the element vy € G(Q,,) is measured by a class «, in

ker(H'(Qy, In) = H'(Q,, G)).
Recall that Kottwitz’s “abelianization map” gives a canonical bijection (see e.g. [Harlll §4]):
H'(Q,, H) = mo(Z(H)"™)",
for H = Iy or H = G. Hence «, can be viewed as a character
a1 Z(Io)" — C*

whose restriction to (Z(Io)T»)°Z(G)F is trivial.
At v = p, by a theorem of Steinberg we can find ¢ € G(L) such that cyoc™ = do(8) - 0™~ 1(§). Define
b := ¢ '60(c). Then b is a well-defined element in B(Iyg,). Define o, to be the image of b under the
Kottwitz map (see [Kot85])
B(log,) — X*(Z(Io)™).
At v = 0o, Kottwitz uses the homomorphism A : S — Gg to construct an element
(4.1.1) (oo € X*(Z(I5)"),

which depends only on the G(R)-conjugacy class of h. Its image in X*(Z(@)Fw) is equal to p1, see [Kot90,
p. 167].

"Recall that h is involved in the PEL datum, and the Shimura datum in question is (G,h~!). On p.419 of [Kot92] Kottwitz
formulates this condition by requiring § to have image equal to w1, which should be a mistake. In fact, any ¢ that contributes
non-trivially to the right hand side of [Kot92} (19.5)] must have image —p.

8



Thus at every place v of QQ, we have constructed a character
(4.1.2) oy Z(I)Tr — C*.
By condition (3) in Definition the a,’s can be extended to characters
By : Z(I)™ Z(G) — C%,

such that
M, V=00
ﬂU|Z(/G\) = —H1, v=Dp
1, else.

Recall that our goal is to define a character

a(70,7,9) : R(70/Q) = C*.
Let xk € R(7/Q). Using the Chebotarev density theorem, it is easy to see that

f(70/Q) = [ﬂzzofv &)1z,

Thus k has lifts x, € Z(Io)"* Z(G) for all v. We define
(,70?’77 Hﬁv K/’U

This definition is independent of the choices of «,,.

4.2. Associating Kottwitz triples to virtual abelian varieties with additional structures. Let A
be an abelian variety over Fy». Let A := Az . We have the following well-known constructions:
P

(1) We have the A%-Tate module Hy (A, A}) of A, which is a finite free A-module with a distinguished
endomorphism, namely the action of m4.

(2) We have the cristalline homology A = H,(A/W), which is by definition the W-linear dual of the
usual cristalline cohomology HY ;. .(A/W). Thus A is a finite free W-module, and the usual Frobenius
on H(ljm(A/ W) induces a o-linear automorphism ® of A[1/p], still called the Frobenius. We have

®(A) O A. Moreover, the W,,-linear dual A = H;(A/W,,) of H..(A/W,,) provides a canonical W,,-
structure for A. In other words we have a canonical isomorphism A @y, W — A. The Frobenius
® on A[1/p] stabilizes A[1/p]. We refer the reader to [Hai05l §14] for a good introduction to these
constructions, including a discussion on the duality.

We would like to generalize the above constructions to all A € ¥,. The generalization of (1) is verbatim.

On p. 403 of [Kot92] Kottwitz shows how to generalize (2), which is in fact already needed in the proof of

Theorem More precisely:

Lemma 4.2.1. For all A= (A,u) € ¥,, let A = H,(A/W) be the W -linear dual of H:,,(A/W). There is a
canonical Wy,-structure for A, denoted by A = H,(A/W,,), which is functorial with respect to the morphisms
in ¥,. The Frobenius ® on /_\[1/;0] stabilizes A[1/p]. Moreover, the operator ®~™ on A coincides with the
endomorphism of A induced functorially by m4 € End(A4)g.

Sketch of proof. The key point is that A and A’ := H;(c™(A)/W) are related by a canonical isomorphism
A@won WA,
Hence u induces a o™-linear automorphism u of A. We define
A= {z€Auz=2a}.

The rest of the properties are easy to check. O



Fix ¢ € Q¢ with v,(c) = n. Coilsider A € 7, and a c-polarization A of it. Then A induces an
A’ (1)-valued alternating form on H;(A, A%), denoted by (-,-)», satisfying

(4.2.1) (mav, maw)y = c(v,w)x, Yo, w € Hl(fLA’;).

Similarly, we have an alternating form (-,-)) on the L,-vector space Hy(A/W,)[1/p], well-defined up to
a scalar in WX, satisfying

(Pv, dw)y = do(v,w), Yv,w € Hy(A/W,)[1/p],

for some ¢’ € L whose norm to Q, is ¢~ 1. See [Kot92, p.404] for details. Now suppose in addition that
we have a Q-algebra map ¢ : K — End(A)g which is compatible with X in the sense that ¢ is equivariant
with respect to the automorphism ¢ on K and the Rosati involution on End(A)g defined by A. Then
by functoriality we have actions of K on Hy(A4,A%) and on Hy(A/W,)[1/p], commuting with 74 and ®
respectively.

We now refine the category 7, . x in by including a c-polarization as part of the structure.

Definition 4.2.2. Define the category 7, ¢k pot Of c-polarized virtual abelian varieties over Fp» as follows.
The objects are triples (4, ¢, A), where (A4,:) € ¥, . x and X is a c-polarization of A which is compatible with
¢ in the sense mentioned above. The morphisms are the morphisms of ¥, . . that preserve the polarizations
up to a scalar. Define ”//nGc to be the full subcategory of ¥}, .k por consisting of objects (A4, ¢, ) satisfying the
following two conditions:

(1) Fix an arbitrary A-linear isomorphism A% 22 A% (1). There is an A’i-linear isomorphism
(HI(A7A¢)7 (7 )A) - (‘/a <a >) ®q A?

which is K-equivariant and preserves the alternating forms up to a scalar.
(2) There is an L,-linear isomorphism

which is K-equivariant and preserves the alternating forms up to a scalar.

Definition 4.2.3. Let (4,¢,\) € #,%,. Choose isomorphisms as in (1) and (2) of Definition Using these
isomorphisms, we translate 7T21 to an element ~ of GL(V)(A?), and translate ® to a o-linear automorphism
§" of V. ®q L,,. Then it is easy to see that v € G(Afc) and ¢’ = § oo for some § € G(L,). Moreover the
conjugacy class of v in G(AI}) and the o-conjugacy class of § in G(L,,) are independent of the choices. We
say that (v, ) is associated to (4,¢, \).

Remark 4.2.4. From (4.2.1) we know that v in the above definition has factor of similitude v(y) = ¢~ 1.

Definition 4.2.5. Let %ff’h_l) be the full subcategory of “//nGC consisting of objects whose associated J as
in Definition satisfies condition (3) in Definition [£.1.1]

Proposition 4.2.6 ([Kot92, §14]). Let (A,¢,\) € 4//,55”’1). Let (v, 0) be associated to it as in Definition
[£:223 Then the stable conjugacy class of v contains a Q-point o, which in particular has factor of similitude
v(v0) = ¢t (see Remark|4.2.4). Moreover, (v9,7,0) is an Fpn-Kottwitz triple.

Sketch of proof. For any Q-algebra R, let I(R) be the automorphism group of (A,:, A) in the R-linear

category 7/,,(,?”‘71) ®@ R. Then the functor R — I(R) is representable by a reductive group I over Q. To
show the existence of 7y, the key claim is that any maximal torus 7" of I defined over Q admits an embedding
to G defined over Q. Once the claim is proved, noting that w4 is a Q-point of the center of I, we define g
to be the image of 7@1 under a Q-embedding T' — G.

The proof of the claim contains two steps. Let N be the centralizer of T(Q) in Endx(A)g. Then the
Rosati involution * on End(A)g induced by A stabilizes N and we have dimx N = dimg V. In fact it can be
shown that (N, *|y) is a CM algebra (i.e. a product of CM fields). The algebraic group T is recovered from
N by

T(R) = {g € (N &g R)*|gg" € R*}
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for any Q-algebra R. The first step in the proof of the claim is to show the existence of a KC-algebra embedding
N — C = Endg(V). This step is trivial in our case, as C' is a matrix algebra over K of the right dimension.
The second step is to show that one can modify the embedding N — C such that it respects the involutions
on N and C. By cohomological considerations and the theory of transferring tori, we reduce to checking that
certain local obstructions vanish. At finite places v # p, the local obstructions vanish because of condition
(1) in Definition At p and oo, the obstructions vanish more or less automatically.

Once the existence of vy is proved, it is not too difficult to check that (vo,7,9) is an Fyn-Kottwitz triple
with the help of Lemma For example, condition (3) in Definition holds by definition, and condition
(2) in that definition boils down to the relation ®~™ = 74 in Lemma O

Definition 4.2.7. In the situation of Proposition we say that (vo,7,0) is the Fyn-Kottwitz triple
-1
associated to (A4,t,\) € ”I/n(cjh ).

The following result is arguably the technical core of [Kot92].

Theorem 4.2.8 ([Kot92, Lemma 18.1]). Let (vo,7,0) be an Fyn-Kottwitz triple. Then (vo,7,0) is associated
—1
to an object (A, i, \) in ”f/n(f’h ) if and only if the following conditions hold:
(1) The factor of similitude v (o) of Yo is equal to ¢~ L.

(2) The Kottwitz invariant a(g,,0) is trivial.
(8) There is a Wy-lattice A in'V ®q Ly, such that (6o)A D A.

4.3. Sketch of the “only if” part in Theorem We only sketch the proof of (2), which is the most
difficult part. Firstly Kottwitz observes that by special properties of G, the group £(70/Q)” always maps
injectively into X*(Z(Iy)'), where Iy := G.,. For (A,1,N) € ”f/n(cjh 1), denote by «(A4,¢, ) the image in
X*(Z (IAO)F) of the Kottwitz invariant of the Kottwitz triple associated to (4,¢, A). It suffices to show that
a(A,, \) is trivial.

In fact Kottwitz proves a generalization (see Proposition [4.3.2] below) of the statement «(4, ¢, ) = 0, and
this generalization is also needed in the “if” part of Theorem [£.2:8] To state it we need an auxiliary set.

Definition 4.3.1. Let 7 *** be the set of quadruples (yo; 4, ¢, A), where (A,¢, A) is an object of ¥}, c k. pot

and v € G(Q), satisfying the following conditions:

e 7o is a semi-simple R-elliptic element with v(yg) = ¢~ 1.

e Let YV be an indeterminate over K. Define a K[Y]-module structure on V (resp.Hl(A,A?)) by
letting Y act as 7, ' (vesp.ma). We require that there exists a K[Y] ®g A?—module isomorphism

~

¢V @ AI; — Hl(f_l,Afc). Here we do not require ¢ to preserve the alternating forms (-, -) on
V ®g Al and (-,-)x on Hl(/_l,AI;) up to a scalar.

-1

Let (A, 1, A) € ”f/,ff’h ) and let (70,7,9) be the associated Fpn-Kottwitz triple. Then (yo;A4,¢,A) is an
element in ¥*“*. However in the definition of »*** above we only require (A,¢,A\) € ¥, .k por- Kottwitz
shows that the construction

(4.3.1) HLGRT 5 (A,1,0) = (A, 1,\)
can be extended to a map
(4.3.2) VU3 (0; A, 0, A) = a(yo; A, 0, N) € X*(Z(To)), To := Gy

Kottwitz then proves:
Proposition 4.3.2 ([Kot92, Lemma 15.2]). The element a(vyo; A, ¢, A) is trivial for all (yo; 4, ¢, \) € ¥44*.

4.3.3. Sketch of the construction . Consider a finite place v # p. Let ¢ be as in Definition m
The difference between the two alternating forms on V ®g Q,, given by (-,-) and ¢=*((+,-)»), is measured
by a class in H'(Q,, Iy). In fact, the Q-algebraic group Iy is the automorphism group of (V,(,-)), as a
K[Y]-module equipped with an alternating form up to a scalar. The K[Y] ®g Q,-module H; (A, Q,) is by
assumption isomorphic to V' ®g Q,,, and therefore

(Hl(Aa Qv)v ('7 )/\) ®Qv @v

11



is isomorphic to
(‘/’ <'7 >) ®q vi
as K[Y] ®q Q,-modules equipped with alternating forms up to a scalar. Thus their difference over Q, is
measured by a class in H'(Q,, Ip).
Using this class in H'(Q,, In) we construct, as in the end of §4.1| a character

Qy - Z(E))F“ — C*.
We also have a character
Qoo @ Z(Ig)T — C*
as in (4.1.1)). At p, by Steinberg’s theorem there exists a K(Y) ®g L-module isomorphism
Hy(A/W)[1/p] = V &g L

that preserves the alternating forms, where Y acts on the left hand side by 74 and on the right hand side by
Yo ! Then ® acting on the left hand side translates to some bo acting on the right hand side, for b € Iy(L)
well-defined up to o-conjugacy. We define oy, € X*(Z (IAO)F ) to be the image of b under the Kottwitz map
for Iy g,. Define

(4.3.3) a(y0; 4,0, 0) = [J(@w)l 47 -

v
The above is a sketch of the definition of (4.3.2]). We leave it as an exercise for the reader to check that
(4.3.2) indeed extends (4.3.1).

4.3.4. Sketch of the proof of Proposition [{.3.3. Our specific PEL datum with B = K simplifies the proof.
Let I be the reductive group over Q of automorphisms of (A, ¢, A) in #;, ¢ k. poi, as in the proof of Proposition
Let M := Endy(A)g. Then M is equipped with the Rosati involution * and

I(R)={9€ (M®R)*|g"g € R*}

for any Q-algebra R. Let My be the centralizer of vy in C' = Endx (V). Then similarly M, is stable under
the involution * on C and we have

I(R)={ge (My®R)*|g*g € R*}.

Consider the Iy-torsor of C-linear *-isomorphisms from My to M that take vy € My to 7121 € M. The second
condition in Definition [£.3.1] guarantees that this torsor is nonempty, and it follows that there is an inner

twisting ¢ : I — I (as algebraic groups over Q) canonical up to Io(Q)-conjugation. By the general theory
of transferring tori, we find a maximal torus T of I that transfers to Iy along i, i.e., there exists go € Io(Q)
such that (Int(gg) o4)|r : T — Ip is defined over Q. Let N be the centralizer of T in M and let N’ be the
centralizer of (Int(go) 0 ¢)(T") in Mp. Then N = N’, and it is a CM algebra containing K with K-dimension
equal to dimg V.

Essentially by replacing K with N’ in the whole discussion, we reduce to the special case where dimg V' = 1.

In this case we know that I = Iy = G =T is a torus, given by
T(R)={ge (K@ R)*|g-c(9) € R*}.

Moreover dim A = [K : Q]/2. The element a(vo; A4, ¢, A), which we would like to show is trivial, now lies in
X*(TT) = X, (T)p. The vanishing of a(70; A, ¢, A) in this case is shown in [Kot92, Lemma 13.2]. We sketch
its proof below.

Note that if we replace A by some A’ such that (yo; A, ¢, \') is still in ¥ *%* then a(vo; A, ¢, ') differs from
a(y0; A, 1, \) by the image in X, (T)r of a global class in H'(Q, T). By Tate-Nakayama, any such image is
trivial. Hence a(7o; A4,¢, A) is independent of A\. Moreover o(vo; 4, ¢, A) is independent of the virtual Fpn-
structure on the abelian variety A over R,, as long as the virtual structure is compatible with the KC-action
on A. Hence we may write a(o; A,¢) for a(v0; A, 1, \). By Tate’s CM lifting theorem, the pair (A, ¢) (up to
Q-isogeny) lifts to a CM abelian variety (A, ) with CM by K over characteristic zero.

We view A simply as the reduction of A, ignoring the “up to Q-isogeny”. After suitably choosing a
Q-symmetrization on A and a non-degenerate alternating form on V' (which need not be (-,-)), we obtain
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an element b € B(Tg,) that describes the isocrystal Hy(A/W)[1/p]. Moreover these choices can be made in

such a convenient way that the vanishing of a(vp; 4, ¢) is easily reduced to the following claim.
Claim ([Kot92, Lemma 13.1]). The image of b under the Kottwitz map for T,

B(Tg,) — X*(T"r)
(which is a bijection) is equal to the image of (4 ,) under the natural projection
X (T) = X (T)r, = X*(T"7).

Here g4,y € X.(T) is the cocharacter corresponding to the CM type of (A,¢).

The proof of [Kot92 Lemma 13.1] involves p-adic Hodge theory and the Shimura—Taniyama reciprocity,
see [Kot92], §§12, 13]. We note that Reimann and Zink proved a stronger form of [Kot92, Lemma 13.1] in
IRZ88] (for p # 2). We refer the reader to the proof of [Hai02, Theorem 7.2] for an explanation of how the
result of Reimann—Zink can be interpreted so as to imply [Kot92, Lemma 13.1]. O

4.4. Sketch of the “if” part in Theorem Let (v0,7,0) be such an F,»-Kottwitz triple. As usual
we write Iy for G,. The first step is to construct an object X’ in ¥}, ¢ k poi, such that (yo; X') € ¥ ** (see
Definition ‘ Let f be the characteristic polynomial of v; ' € GLx (V) over K. Let f = I, fi be the
irreducible factorization over IC. It can be shown that all the roots of f; are c-numbers, so each f; gives rise
to a simple object X; in 7, . x via Corollary Then X’ can be constructed by forming the direct sum
of the X;’s with suitable multiplicities and choosing a suitable c-polarization.

Having constructed X', we recall from that the invariant a(yo; X') € X*(Z(I)") is constructed
from local invariants

a(v0; X') € X*(Z(1o)™).

Also recall from (4.1.2)) that the invariant a(7g,,d) is constructed from local invariants
au(70,7,0) € X*(Z(To)"™).

Let

BU = Oév(’YO,'Y,(S) - av(’YO;X/)'

By assumption the invariant a(yo,7,d) is trivial, and by Proposition the invariant a(vyo; X') is trivial.
Therefore

[[8 =0¢€ &(I/Q)".

Let I be the reductive group over Q of automorphisms of X’ in 7}, ¢ k pot, as in the proof of Proposition

We have seen in that there is an inner twisting I — Iy which is canonical up to Io(Q)-conjugation.
Hence we have canonical identifications

R(Io/Q) = K(1/Q).

The elements 3, can be viewed as elements of X*(Z(IA)FU) whose product is zero in &(1/Q)P. Tt follows
that the 3,’s are localizations of a common global class § € HI(Q, I). We can then twist X’ by (3, to obtain
an object X = (X')? ¢ Yn.cic,pol- Here X is characterized by the property that it is isomorphic to X’ in
Ve, Kopol @ Q, and such that the functor that assigns to each Q-algebra R the set of isomorphisms X’ — X
in 7 ¢.k.pot ® R is represented by the I-torsor corresponding to 8. It can be checked that X € 7/,53”1) and
that (y0,7,9) is its associated Kottwitz triple.
Q.E.D. for Theorem [£.2.3]
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5. THE UNSTABILIZED LANGLANDS-KOTTWITZ FORMULA

5.1. Definition of orbital integrals. Let (79,7, d) be an Fyn-Kottwitz triple. Assume a(vo,7,9) is trivial.
Let Iy := G,. It is shown in [Kot90, §3] that there exists an inner form I of I, such that

e I(R) is compact modulo Zg.

o Iy, is isomorphic to G, (as inner forms of Iy g, ), for all finite places v # p.

e Ig, is isomorphic to the o-centralizer G§ of ¢ (as inner forms of Iy g, ).
We refer the reader to [Kot90), §3] for the more precise statement.

Recall that F, = F, is the residue field of E at p. Assume r|n. The cocharacter py, : G,,, — G¢ descends
to a conjugacy class of cocharacters pig over Q, and this conjugacy class is defined over E. Since Gq,
is unramified (with reductive model G over Z,), the G(@p)—conjugacy class of pig contains a cocharacter
i : Gy, = G, which is defined over L, = E, and factors through a maximal W,-split torus of Gy, . We fix
such a cocharacter p and define

¢On : G(Ly) > Z
to be the characteristic function of G(W,,)u(p~)G(W,,). Let
free G(AI}) —7Z

be the characteristic function of KP¢g~'KP, as in the end of

Fix Haar measures on Io(A%) and Io(Q,), and transfer them to I(A}) = G, (A%) and I1(Q,) = G§(Q,)
respectively. We refer the reader to [Kot88| p.631] for the notion of transferring Haar measures between
inner forms. Fix the Haar measure on G(A%) that gives volume 1 to K?. (Compare footnote ) Fix the
Haar measure on G(L,,) that gives volume 1 to G(W,,). Define the orbital integral

0,(17)= [ f7 (e ) de
G- (B)\G(A))
and the twisted orbital integral
703(0,) = | By~ 50 (y))dy.
GZ(Qp)\G(Ln)
Here
G3(Qy) == {y € G(Ln)ly 'do(y) =6} .
Define
(5.1.1) O(70,7,0) := vol(L(Q\I(A)) O (f7>°)TO5(¢pn)
(5.1.2) c(70,7,0) == vol(I(Q)\I(Ay)) |ker(ker1(Q,IO) — ker'(Q, Q)|

Then O(70,7,9) is independent of the choices of Haar measures on In(A%) and Io(Q,), whereas c(yo,7,9)
depends on the product measure on Io(Ay).

Lemma 5.1.1 ([Kot92, p.441]). Let (vo,7,9) be an Fpyn-Kottwitz triple. Assume a(vo,7,0) is trivial, r|n,
and O(v0,7,6) # 0. Then (y0,7,0) satisfies the conditions (1) (3) in Theorem[4.2.8 for some ¢ € Q¢ with
vp(c) = n. O

5.2. Counting Fix(j,g). Let n := rj, so that p" = ¢’. Consider a point 2’ € Fix(j,g). Then z’ is
represented by an object (4, \,¢,7) € %Fq (see i‘) such that there is an isomorphism

w: (AN 0,17 9) — o™ (AN 1,1) == (6"(A),0™(N),a" (1), 0™ (7))
in the category %Fq. Then (A, u,t,\) defines an object X in ¥, . x ot for some ¢ € Q. The isomorphism

class of X only depends on z’. Moreover it can be checked that X € “//,Afﬁ”‘_l), see [Kot92, pp. 430-431].

Let .#, . denote the set of isomorphism classes in "Vn(’(c;’hil), and let %, = Llce@ In.e. Thus we have a
well-defined map
f:Fix(j,9) = .
We omit the proofs of the following three results.
14



Lemma 5.2.1 ([Kot92 §16]). Let 2’ € Fix(j,g). Let (70,7,0) be the Kottwitz triple associated to f(z') as
in Definition[{.2.7] Then (0,7, 0) is trivial by Theorem[{.2.8, and so O(yo,7,0) in is defined. The

fiber of £ containing x’ has cardinality O(~o,7,9). Moreover, for any point x| in this fiber, the naive local

term LT at ) is equal to Tre(7o)- O
Lemma 5.2.2 ([Kot92, §17 and p.441]). Let (y0,7,9) be an Fpn-Kottwitz triple. Then the set of y € %,
whose associated Kottwitz triple is (vo,7,0) has cardinality either O or |ker1((@,lo)|. O
Lemma 5.2.3 ([Kot92, p.441]). Let (y0,7,0) be an Fyn-Kottwitz triple. If TOs(¢y) # 0, then § satisfies
condition (3) in Theorem[/.2.8 O

5.3. The formula. We now assemble what we have done to obtain the unstabilized Langlands—Kottwitz
formula.

Theorem 5.3.1 ([Kot92, (19.5)]). Fiz K? and g € G(A%). Let f7>° be the characteristic function of
KPg= KP. When j € N is large enough, we have
oo -1
(5.3.1) T(j, f7) [ker"(Q &) = D e(90,7,0)04(f)TO05(dn) Tre(70),
(70)7’6)
where the summation is over Iy - Kottwitz triples whose Kottwitz invariants are trivial, with n =rj.

Proof. This follows from Lemma [2.5.1} (2.5.2]), Theorem Lemma Lemma Lemma

Lemma and the following identity:

(5.3.2) ’kerl((@, )| |ker( (ker' (Q, G,) — ker' (Q, G )| = ker! (Q, ﬂm)

which is valid for any semisimple element vy € G(Q). We explain the truth of (5.3.2) . In fact, the pointed
sets ker' (Q, G,,) and ker'(Q, G) have canonical structures of abelian groups (see e.g. [Kot84]), so (5.3.2) is
equivalent to the surjectivity of ker!(Q, G) — ker’(Q, G). But ker'(Q, Zg) already maps onto ker' (Q, G),

as shown in [Kot92] §7]. O

Remark 5.3.2. The assumption that j is large enough is only needed for the validity of (2.5.2). If we had
defined T'(4,9) = T(j, f7°°) to be the right hand side of (2.5.2)), then Theorem would be true for all
j € N21~

Remark 5.3.3. By linearity, Theorem holds for arbitrary
[P e e = H(G(AR)//KP, L()).
Of course then the condition that j is large enough depends on fP°°.

Remark 5.3.4. As noted in the beginning of §2.4] the quantity

T(j, f7°°) [ker (Q.G)|
is the trace on the cohomology of Shgr, (G, X)5 analogous to T'(j, g).

6. STABILIZATION

6.1. The goal. Let f7>° € Hy» = H(G(A})//KP, L(§)). We fix a field embedding L(£) — C and think of
fP°° as taking values in C. Denote by T"(j, fP>°) the right hand side of (5.3.1)). Namely

(6.1.1) T'(j, f7%) = Y e(70,7:8)04(f")TO0s(¢n) Tre(%0)
(70,79)
where the summation is over F,»-Kottwitz triples with trivial Kottwitz invariant. Our next goal is to describe
the stabilization of T"(j, f7>°). We may and shall assume that £ is irreducible without loss of generality.
Denote by x € X*(Z¢) the central character of .
One may think of 77(j, f7>°) as the Shimura-variety analogue of T, the elliptic part of Arthur-Selberg
trace formula for G. The stabilization of 7, is the main topic of [Harll], and is of the following form (see

[Har11l Theorem 6.2]):
(6.1.2) T.(¢)= > (G H)ST!*(¢").

(H,s,nee
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Strictly speaking, in the setting of [Harll], G is assumed to be anisotropic, while our G is only anisotropic
modulo center. However for this motivational discussion we ignore this point. Here, as well as in what
follows, we replace the notation ¢ used in [Harll] by n. The stabilization of T"(j, f7»°°) is structurally very
similar to .

We recall briefly the ingredients in , which will also appear in the stabilization of T"(j, f7>>°). The
notion of an elliptic endoscopic triple for G over Q or Q, is discussed in [Harlll §5]. We let & (resp. €,)
denote a fixed set of representatives of the isomorphism classes of elliptic endoscopic triples for G over Q
(resp. Q). Each element of € (resp. &,) is a triple (H, s,n) consisting of

e a semi-simple element s € G

e a quasi-split reductive group H over Q (resp.Q,)

e an embedding 7 : H — G such that n(fI) centralizes s
satisfying extra properties. Since G9°' is simply connected, we can further extend 7 to an L-embedding
g - L@, by [Lan79), Proposition 1]. We fix such a choice and still denote it by 77 For example, an explicit
presentation of ¢, €, and the embeddings “H — G in special cases can be found in [MorIObl §2.3] and
[CHLIT, §1.3].

Remark 6.1.1. For our specific G = GU(V, [-,]), we know that H9" is simply connected for all (H,s,n) in
¢ or €&,. This will greatly simplify the theory.

For each (H,s,n) € &, the constant i(G, H) is defined as
T(G)r(H) ' A(H, 5,1),
where 7(G) and 7(H) are the Tamagawa numbers and A(H,s,n) is the order of the outer automorphism
group of the triple (H, s, 7). See [Harlll, §5] for details.
Let (H,s,n) € €. The notions of (G, H)-regular semisimple elements in H(Q), and stable orbital integrals

of them, are discussed in [Harlll §5]. Recall from [Harlll p.30] or [Kot90, p.189] that the (G, H)-regular
elliptic part of the stable trace formula for H is the distribution

(6.1.3) CZ(H(A)) 3 hs ST (h) :=7(H) Y SO, (h),

where

e ~y runs through a set of representatives of the stable conjugacy classes in H(Q) that are elliptic and
(G, H)-regular.
e each SO, (h) is the stable orbital integral of h over v, defined for instance on p. 21 of [Harll].
At this point we have described all the ingredients on the right hand side of except ¢f. The function
¢ . H(A) — C is defined to be any Langlands-Shelstad transfer of ¢.
The desired stabilization of T”(j, fP*°°) is of the same form as , except that the test function on
each H is defined differently.

Theorem 6.1.2 ([Kot90, Theorem 7.2]).
(6.14) TGy = Y G H)STE (fu),

(H,s,n)ee

where for each (H,s,n) € € the function fg : H(A) — C is a product fg = fuecofupft™". The factor
m e CE’O(H(A’})) is any Langlands—Shelstad transfer of fP°° (with respect to certain normalizations to be
specified below). The factors fr, € CX(H(Qp)) and fu,oo € C®(H(Q))) are to be explicitly specified below.
The meanings of i(G, H) and STH*(-) are the same as in .

Remark 6.1.3. The main point here is that the functions fm,p, fir . are specified in an explicit way that is
independent of fP*°.

8In general, when G9°' is not simply connected, the notion of an endoscopic datum in the sense of [LS87] refers to a suitable
quadruple (H,H,s,n : H — LG). Our endoscopic triple (H,s,n) equipped with the chosen extension of 1 amounts to an
endoscopic datum (H,H,s,n : H — LG) equipped with an isomorphism H = LH. Such an object is sometimes called an
extended endoscopic datum in the literature, e.g. [Kallll.
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Remark 6.1.4. The function fg o is not compactly supported, but it has compact support modulo center
and transforms under the split component of the center by a character. In particular the same definition
(6.1.3) of STH-*(fg) still makes sense.

Remark 6.1.5. Even if we drop the (G, H)-regular condition and allow all elliptic elements in the summation
, the equality still holds. In fact, the function f o to be specified below will have the property
that the resulting fg satisfies SO, (fu) = 0 for all elliptic non-(G, H)-regular vg. See the remark below
[CHLIT, (4.3.5)] and Remark [6.3.5]

Remark 6.1.6. As we mentioned in the introduction, Kottwitz’s proof of Theorem was conditional on
certain hypotheses in local harmonic analysis, including the existence of Langlands—Shelstad transfer for the
statement to even make sense. These hypotheses have been proved now, as we shall see later.

The rest of this chapter is devoted to explaining the definition of f and the proof of Theorem For
brevity we write T" for T"(j, f»°°). In the following we do not need to assume that we are in the special
case of unitary Shimura varieties. All we need is that (G, X) = (G,h™1!) is a Shimura datum, satisfying
the two simplifying conditions in Remark and the simplifying condition in Remark (It is also
not necessary to assume that G is anisotropic over Q.) Of course in this generality we do not necessarily
know the truth of the unstabilized Langlands—Kottwitz formulaﬂ but we may and will take as the
definition of 7" and still prove Theorem

6.2. Preliminary steps.

Definition 6.2.1. For H a reductive group over Q or Q,, we denote by Ay the maximal split torus in the
center of H, over Q or Q, respectively.

In particular, by Remark we have (Ag)r = Ag,-
Lemma 6.2.2. Let (79,7, 9) be an Fpn-Kottwitz triple such that a(vyo,,d) is trivial. The quantity c(o,,0)

defined in is equal to

7(G) |R(70/Q)| vol(Ag(R)\Ig7"P (R)) .
Here Iy := G, and I;°"" is the compact-mod-center inner form of Iogr. Note that exists because o
is R-elliptic, and is unique as an isomorphism class of inner forms of Iog. The Haar measure on I5°""(R)
being used in the definition of vol(Ag(R)O\Ig""P(R)) is characterized by its transfer to Io(R); we normalize
the latter such that its product with the chosen Haar measure on Io(Ay) is the Tamagawa measure on Io(A).

Proof. Let I be the inner form of I as in Then I5°™" can be realized as Iz. We have
vol(I(Q\I(Ay)) = 7(I) vol(Ag(R)*\Ig"" (R)) .
Moreover 7(I) = 7(Ip) by [Kot88]. Hence we have
c(v0,7,0) = |k0r(kcr1((@,]0) — ker' (Q, G))| 7(lo) vol(Ag(R)O\IgomP(R))*l.
By [Kot84] and [Kot88], we have

comp
I 0

b

7(G) = [ker'(@,6)] " |mo(2(G))

and similarly for G replaced by Iy. Thus it suffices to prove
[rer(er! (@, Io) — ker' (@, 6))| [ker' (@, )| |mo(2(To)")|
ket (@, Io)| |mo(Z(G)")] 1R(10/Q)

But this follows from the exact sequence
ker! (Q, Io) = ker (Q, G) = 8&(Io/Q)” — X" (mo(Z(Lo)")) = X*(mo(Z(G)")) = 0,

cf. [Kot86, p.395] for the dual version. The exactness at X*(m(Z(G)T)) follows from the assumption that
o is elliptic. O

=1

9See for a discussion of the known cases.
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Consequently we have

T'= Y 7(G)|R(0/Q)| vol(AaR)\IG" (R)) ™ O, (f7*)TO5(¢n) Tre(70).

(70,7,9)
a(yo,7,9)=1

We now insert the global Kottwitz sign
=e(I)

into each summand, where T is the inner form of Iy associated to (v,7,0) as in We have a product
formula

e(I) = [Jela,)

with the local Kottwitz signs (see [Kot83]), where
e The sign e(Ig) = e(1;°"") depends only on 7.
e For a finite place v # p, the sign e(Ig,) = e(G,,) depends only on the v-component 7, of v. We
write e(7,) for it. Almost all of them are equal to 1. Write e(y) for [],, ., e(7).
e The sign e(lp,) = e(GF) depends only on §. We write e(0) for it.
Denote
(6.2.1) 9(70) = (Io) = vol(Ag (R)"\I;"™" (R))e(I;"™).
Thus we have

T'= 3 7(G)R00/Q)] 5(30) " e()e(d)0- (S7°)TO5(¢n) Tre (0)-

(70,7,6)
a(v0,7,0)=1

Note that in the above formula, each summand makes sense even if «(~g,v,9) # 1. Therefore by Fourier
inversion on the finite abelian group £(v), we have

(6.2.2) T'=7(G)Y . D> () Tre(r0) Y e(1)e(d)05(f7*)TOs(¢n) (30,7, 6), ),

Yo wER(Y0/Q) (7,9)

where

7o runs through a set of representatives for the R-elliptic stable conjugacy classes in G(Q).

~ runs through a set of representatives for the conjugacy classes in G(A}]’c) that are stably conjugate
to vo-

0 runs through a set of representatives for the o-conjugacy classes in G(L,,) of which 7 is an n-th
norm, and which satisfy the condition (3) in Definition

e In the summation there are only finitely many nonzero terms.

The identity (6.2.2)) is [Kot90l (4.2)]. Note the similarity between (6.2.2]) and [Harlll, (4.8)], but also note
that the places oo and p play very different roles in the two situations.

6.3. The archimedean place. Let (H,s,n) € €. We assume that an elliptic maximal torus of Gg comes
from H. We explain the meaning of this assumption.

Throughout the whole theory of endoscopy for the group Gg, we need to fix a quasi-split reductive group
G* over R together with an inner twisting ¢ : G* — Gg. For any maximal torus T’ of Hc, there is a
canonical G*(C)-conjugacy class &7/ of embeddings 77 — G¢. Now suppose Ty C H is a maximal torus
defined over R. By an admissible embedding of Ty into Gr, we mean an embedding j : Ty — Gg defined
over R, which is the composition of an element in &7, . with . In general T may not have any admissible
embedding into Gg. For more details see [LS87| §1] or [Renlll §2].

We can now explain the meaning of our assumption: We require that there exists a maximal torus Ty
of H defined over R, and an admissible embedding j : Ty < Gg, such that Tg := j(Ty) is an elliptic
maximal torus of Gg. In particular, Ty is an elliptic maximal torus of H and Ay = Ag,. Note that the
existence of elliptic maximal tori in H is already a non-trivial assumption on H in general. We fix such a
triple (Ty,Tq,j)-

18



The definition of fy o depends on the choice of (T, T, j) as above, as well as the choice of a Borel Bg, g
of G¢ containing T c. Let (Ty, T, j, Ba,u) be fixed. In the following we denote this quadruple simply by
(4, Ba,m)- Then (j, Bg,u) determines an embedding of root systems

J« : R(He, Tac) = R(Ge, Ta ),

and determines a Borel By of Hc containing Ty by pulling back the B p-positive roots along j.. Via j,
we view the Weyl group Qp := Q(Hc, Thc) of Hc as a subgroup of the Weyl group Q := Q(Gc,Tgc) of
Gc. We also have a subset 2. of 2, consisting of elements w € § such that (wo j, Bg g) still determines the
Borel By. The multiplication induces a bijection

Qp x Q0 — 0

known as the Kostant decomposition.

Let £ be the contragredient representation of {. Let g+ be the elliptic Langlands parameter of Gr
corresponding to £*, so that the L-packet of ¢¢- is the packet of (essentially) discrete series representations
of G(R) whose central and infinitesimal characters are the same as those of £*. Let ®p(p¢-) be the set of
equivalence classes of elliptic Langlands parameters ¢ of H such that no ¢y is equivalent to ¢¢-, where n
is the fixed L-embedding “H — “G. As on p. 185 of [Kot90], we have a bijection

e — wi(eon),
characterized by the condition that ¢g is aligned with

(we(pr) " 04, Ba,u, Ba).
We refer to [Kot90, pp.184-185] for the meaning of the last condition. For general expositions of the
Langlands—Shelstad theory of L-packets of discrete series representations over R, we refer the reader to
[Adall] or [Taildl §4.2.1] and the references therein.
For any ¢u € ®r(pe-), define the averaged pseudo-coefficient

fWH = |H(90H)‘71 Z f’ﬂ"

mell(pn)

where IT(py) is the L-packet of ¢, and f € C*°(H(R)) is a normalized pseudo-coefficient for 7, constructed
in [CD85]. Note that the normalization of f. depends on the choice of a Haar measure on H(R). We also
know that each fr, and hence f,,,, transform under Ay (R)? = Ag, (R)? by the central character ! of £*.

Definition 6.3.1. Fix the choice of (j, Bg i) as above and fix a Haar measure on H(R). Define
fH7OO = (71)q(GK)<uTcas>j Z det(w*(wH))ftpH'

PHEPH (Pex)

Here pr, is the Hodge cocharacter of any G(R)-conjugate of h that factors through Ti. The pairing
(Urg,s); € C* is defined as follows: We use j to view pr, as a cocharacter of Ty, and view s as an element

of Z(H). Then we use the canonical pairing

~ ~ ~

X.(Ty) x Z(H) — X*(Z(H)) x Z(H) — C*
to define (ur,,s);. The integer ¢(Gr) is half the real dimension of the symmetric space of G(R).

On the other hand, it is a result of Shelstad (reviewed by Kottwitz on p.184 of [Kot90]) that for the
chosen (j, Be, 1), there is a normalization of the transfer factors between H and G (see [Harll]) denoted by
Aj Bg i such that for all (G, H)-regular elements vy € Ty (R) the values Aj g, ,, (vm,j(vm)) are given by
an explicit formula. We do not record this explicit formula, but only remark that it involves the Langlands
correspondence for tori over R.

Remark 6.3.2. In practice, it is sometimes necessary to compare the normalization Ajp, , with other
normalizations. For example, we obtain another normalization by realizing G as a pure or rigid inner
form of G§ and by choosing a Whittaker datum on Gp, see the introduction of [Kall6]. In principle, such
a comparison can be done by comparing the shapes of the associated endoscopic character identities. See
[Zhulg] for a special case of such a computation.
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Definition [6.3.1] is motivated by the following computation of stable orbital integrals:

Proposition 6.3.3 ([Kot90l (7.4)]). Let vy € H(R) be a semi-simple (G, H)-reqular element. If yg is not
elliptic (i.e. not in any elliptic mazimal torus), then SO, (fu,c0) = 0. Suppose vy 1is elliptic. Then

S04y (fH00) = (116, 5)5 DjBe sy (Ve 70)0(0) ™" Tre (70).

Here vo € G(R) is any element such that g is an image of yo (see [Harlll, §5] for the notion of “image”).
The term v(vo) is defined as in , with respect to the Haar measure transferred from the one on H, (R)
(where H.,, is an inner form of I5°"'") that is used to define SO.,, . O

Remark 6.3.4. Note that 7 in the above proposition exists. In fact, since all elliptic maximal tori of H are
conjugate under H(R), we may first conjugate vg into Ty and then map it to G via j, and the image is an
example of 7p.

Remark 6.3.5. As a special case of an observation of Morel [MorIl, Remarque 3.2.6], we have SO.,, (fi,0) =
0 for any semi-simple vy € H(R) that is not (G, H)-regular.

6.4. Away from p, co. Away from p, 0o, the ingredients we need from local harmonic analysis are the same as
those in the stabilization of T, discussed in [Harll], namely the Langlands—Shelstad Transfer Conjecture and
the Fundamental Lemma. They are now proved theorems thanks to the work of Ngb [Ng610], Waldspurger
[Wal97] [Wal06], Cluckers-Loeser [CLI0|, and Hales [Hal95]. See [Harlll §6] for more historical remarks.
In the following we state these two proved conjectures and their adelic consequence. The statements get
simplified by the fact that G’ and all its local and global elliptic endoscopic groups H have simply connected
derived groups in our specific case.

Theorem 6.4.1 (Langlands—Shelstad Transfer Conjecture). Let v be a finite place of Q and let (H,s,n) €
¢,. Fiz a normalization of the transfer factors between H and Gq,. Fiz Haar measures on G(Q,) and
H(Q,). For any f € C*(G(Q,)), there exists f# € C*(H(Q,)), called a Langlands-Shelstad transfer of
I, satisfying the following properties. For any semi-simple (G, H)-regular element vy € H(Q,), we have

0, ~Ym is not an image from G(Q,)

Hy _
(6.4.1) S04, (f7) = {A(VH,W)O';(JC), vu is an image of a semisimple v € G(Q,)

where in the second situation,

o the element . R
k€ R(G,/Qu) = mo(Z(G)) /mo(Z(G)™)
is the natural image of s (see [Kot86G]). The k-orbital integral OF is defined as in [Kot86l §5] or
[Harlll (4.9)].
o SO, (f) and OL(f) are defined with respect to the fized Haar measures on G(Qy) and H(Q,), and
compatible Haar measures on G~(Q,) and H, (Q,).
o A(ym,7) € C is the transfer factor.
]

Theorem 6.4.2 (Fundamental Lemma). In the situation of Theorem assume G is unramified over
Q,. Also assume (H,s,n) is unramified, meaning that H is unramified over Q, and that 7 : L L@ is
unramified at v, in the sense that the restriction of n to the inertia group at v (as a subgroup ofLH) is trivial.
Fiz Haar measures on G(Q,) and H(Q,) giving volume 1 to hyperspecial subgroups. Let K (resp. Kg) be an
arbitrary hyperspecial subgroup of G(Q,) (resp. H(Qy)). Then 1k,, is a Langlands—Shelstad transfer of 1x
as in Theorem for the canonical unramified normalization of transfer factors defined in [Hal93]. O

We now state an adelic consequence of the above theorems. Let (H,s,n) € €. Then it is unramified at
almost all places. Suppose for almost all places v at which G and (H, s,n) are unramified, that the transfer
factors at v are normalized under the canonical unramified normalization.

Corollary 6.4.3. For any f € C°(G(A})), there exists e C(H(AY)) such that the Af-analogue of

holds. Here the meaning of an adelic (G, H)-regular element is as on pp. 178-179 of [Kot90], and all

the orbital integrals are defined with respect to adelic Haar measures. O
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Remark 6.4.4. The original Langlands—Shelstad Transfer Conjecture is only stated for G-regular elements.
The more general conjecture with (G, H)-regular elements is reduced to that version by Langlands—Shelstad
[LS90} §2.4]. The same remark applies to the Fundamental Lemma.

Definition 6.4.5. Let (H,s,n) € €. Assume that an elliptic maximal torus of Gg comes from Hg. Also
assume that the reductive group H is unramified over Q, (but we do not assume that 7 is unramified over
Qp). Fix the Haar measure on G(A%) giving volume 1 to KP. Fix the Haar measure on H(A%) such that its
product with the chosen Haar measure on H(R) in Definition and the Haar measure on H(Q,) giving
volume 1 to hyperspecial subgroups is equal to the Tamagawa measure on H(A). Normalize the transfer

factors between H and G at all places away from p and oo in a way that satisfies the hypothesis in Corollary
We define fi;™ € C2°(H(A%)) to be a Langlands—Shelstad transfer of f*>° as in Corollary

6.5. The place p. At the place p, the ingredient needed from local harmonic analysis is a variant of the
Fundamental Lemma. It is a special case of the Twisted Fundamental Lemma, in the situation known as the
“unstable cyclic base change”. We shall state it in the form needed here, after recalling some facts. Again,
the statement is simplified by the fact that G and all its endoscopic groups H over @, have simply connected
derived groups.

Let k be a finite extension of Q,. Let H; be an unramified reductive group over k. Then by the Satake
isomorphism we know that the Hecke algebras H(H;(k)//K), for different hyperspecial subgroups K of
H,(k), are canonically isomorphic to each other. We denote them by the common notation H" (Hi(k)),
called the unramified Hecke algebra. Moreover, let Hy be another such reductive group and let “H; — L H,
be an unramified L-morphism. Then we have an associated algebra map H" (Hy(k)) — H" (H;(k)), defined
using the Satake isomorphism. We refer the reader to [Car79], [Bor79], [HR10], [STI16] for expositions of the
Satake isomorphism.

Fix (H,s,n) € €,. Assume temporarily the following two conditions:

(1) (H,s,n) is unramified.
(2) The element s, when viewed as an element of Z(H), is fixed by T'),.

Let R := Resy, /g, G- Then R is unramified over Q. On pp. 179-180 of [Kot90], Kottwitz uses 7 : g —ta

to construct an unramified L-morphism “H — £ R, which will serve as a component of a twisted endoscopic
datum. We then obtain a map

b: HY(R(Q,)) = H™(G(Ly)) — HY(H(Q,)).

Theorem 6.5.1 (Fundamental Lemma for Unstable Cyclic Base Change). Let (H,s,n) € €, be an element
that satisfies the above two temporary assumptions. For any f € H™(G(Ly)) and for any semi-simple
(G, H)-regular element vy € H(Qp), we have

(6.5.1) SO, (0(£)) =Y _(B(10,9), ) A(va,70)e(8)TOs (),

5
where

® 0 € G(Qp) is any semi-simple element such that vy is an image of it. It always exists because Gg,
is quasi-split.

e 0 runs through a set of representatives for the o-conjugacy classes in G(Ly,) such that vy is an n-th
norm of §.

e (3(70,9) is the character Z((/J,;)FP Z((A?) — C* defined in the same way as By at the end of . The
pairing (8(Y0,0), s) is defined in the obvious way.

o A(ym,v0) is the transfer factor under the canonical unramified normalization.

e SO,, and TO; are defined with respect to the Haar measures on H(Q)) and G(L,) giving volume 1
to hyperspecial subgroups, and compatible Haar measures on H., (Q,) and GF(Q,).

Proof. This is [Kot90, (7.3)] (with a more general function f here). In [Kot90] it is shown that [Kot90,
(7.3)] is equivalent to [Kot90, (7.2)]. In [Morl0Obl Appendix A], Kottwitz reduces [Kot90, (7.2)] to a special
case of the usual form of the Twisted Fundamental Lemma, and he also reduces the (G, H)-regular case to
the G-regular case. In [MorlOb, §9], Morel shows how the desired statement can be further reduced to the
Twisted Fundamental Lemma for the unit element in the unramified Hecke algebra.
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The general Twisted Fundamental Lemma is known for the unit element in the unramified Hecke algebra
for large p, thanks to the work of Ngo [Ngo10], Waldspurger [Wal06] [Wal08], Cluckers-Loeser [CL10] and
others. By the recent work of Lemaire, Moeglin, and Waldspurger [LMW15] [LW15], it is also known for
general elements of the unramified Hecke algebra, including the case of small p. |

Corollary 6.5.2. Let (H,s,n) € €,. We assume that the reductive group H is unramified over Qp, but we
drop the temporary assumptions (1) (2) above. Fix an arbitrary normalization of transfer factors between H
and Gq,. For any f € H"(G(Ly)), there exists a function b'(f) € H™ (H(Qy)), such that the conclusion of

Theorem holds for b'(f).
Proof. This follows from Theorem see [Kot90, p. 181]. |

Definition 6.5.3. Let (H,s,n) € € Assume that H is unramified over Q, and that an elliptic maximal
torus of Gr comes from Hg. Take the normalization of transfer factors between Hg, and Gg, such that
its product with the normalization A; g ,, at oo and the normalization away from p, oo in Definition
satisfies the global product formula (see [LS87, §6]). We define fy,, to be V' (¢,) as in Corollary [6.5.2] where
¢n is defined in §5.1]

6.6. The final step. Let (H,s,n) € €. If it does not satisfy the assumptions in Definition we define
fu = 0. Otherwise we define fr := fr,00f1; fHp> With fa oo, 117, fu,p defined in Definitions
respectively.

Consider a pair (7o, k) appearing on the right hand side of . Assume that the summand indexed by
it is non-zero. Recall from [Kot86), §9] or [Harlll, §5] that (7o, k) determines a set of endoscopic quadruples
71 (70, k). Each element of 771 (7o, k) is an endoscopic quadruple of the form (H, s,n,vx), with (H,s,n) € €
and vy € H(Q) a semi-simple (G, H)-regular element that is an image of 7o. In particular, v is R-elliptic,
and an elliptic maximal torus of Gg comes from Hr. Moreover it can be checked that Hg, is necessarily
unramified, as on p. 189 of [Kot90]. Assembling Proposition Corollary Corollary and using
the global product formula of transfer factors, it is easy to see that SO, (fm) is equal to the summand
in indexed by (y0,%). Then by the same counting argument as in [Harlll, §5] and the following
easy observation, we know that the right hand side of is equal to the right hand side of , and
Theorem is proved. The observation is that if 6 € G(L,) is an element that violates condition (3) in
Deﬁnition then TOs(¢s) = 0.

Q.E.D. for Theorem [6.1.2]

7. FINAL REMARKS

7.1. What is after stabilization? The next step after Theorem may be called “destabilization”. This
amounts to expanding the right hand side of spectrally, in terms of automorphic representations,
and then rewriting everything in terms of G alone, so that the endoscopic groups H’s no longer appear.
In this way, one would obtain a description of the cohomology of the Shimura variety in terms of the
conjectural relation between Galois representations and automorphic representations. In fact, a suitable
implementation of the destabilization step could be used to construct Galois representations attached to
automorphic representations.

Kottwitz outlines in [Kot90, Part II] the destabilization, assuming Arthur’s multiplicity conjectures and
some related hypotheses on the stable trace formula. For the special case of unitary Shimura varieties, a lot
has been known with the aid of the base change of automorphic representations from the unitary group to
GL,,. We refer the reader to [MorI0b], [Shill], and [CHLII].

For cases beyond the unitary groups, the hypotheses made in [Kot90, Part IT] have been largely verified
for quasi-split classical groups, by Arthur [Art13] (for symplectic and special orthogonal groups) and Mok
[IMokI5] (for unitary groups). Extensions of these results to non-quasi-split inner forms are available in
certain cases, see [KMSW14] and [Tail5], but the general case is still open. We remark that for the theory of
Shimura varieties it is usually insufficient to understand only quasi-split groups, as the existence of a Shimura
datum often forces the group to be non-quasi-split already at infinity. In [Zhul8|, the results from [Art13] and
[Tail5] are applied to the problem of destabilization for some special cases of orthogonal Shimura varieties,
where the special orthogonal groups in question have signature (n,2) at infinity and are not quasi-split.
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7.2. What is known beyond PEL type? An important circle of ideas that is closely related to Kottwitz’s
work [Kot92] is the Langlands—Rapoport conjecture [LR87] (later corrected by Reimann |[Rei97]). This
conjecture gives a group theoretic description of the reduction of the Shimura variety at hyperspecial primes.
It is essentially shown in [LR&7] that this conjecture implies the unstabilized Langlands—Kottwitz formula
(5.3.1)) (cf. Remark . Recently, a modified version of the Langlands—Rapoport conjecture has been
proved by Kisin [Kis17] for all abelian-type Shimura varieties. See [Kisl7] for more historical remarks and
references. In an ongoing project [KSZ]|, it is expected that the results in [Kisl7] can be refined in such
a way as to imply the generalization of the unstabilized Langlands—Kottwitz formula for all abelian-type
Shimura varieties. Also the stabilization procedure is carried out in [KSZ] in this generality, with the usual
group theoretic assumptions removed. Thus the expected main result of [KSZ] will generalize the stabilized
formula from PEL type to abelian type.

7.3. What is beyond the compact and good reduction case? Kottwitz’s work has also been gener-
alized to some non-compact Shimura varieties, where the intersection cohomology of the Baily-Borel com-
pactification turns out to be the correct object to compare with Arthur—Selberg trace formulas. See [LR92|,
[Lau97], [Morl0al, [Morl0b], [Morll], and [Zhul§|]. In an orthogonal direction of generalization, the bad
reduction of Shimura varieties is an extremely active and fruitful field of study, with profound arithmetic
consequences which are not obtainable by studying good reductions only. See e.g. [HT01], [Rap05], [Hai05],
[Shill], [Man], [Shi], [Schl], and the references therein.
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